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Counting Distinct Elements in a Data Stream

Ziv Bar-Yossef'*, T.S. Jayram?, Ravi Kumar?, D. Sivakumar?, and
Luca Trevisan®**
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luca@cs.berkeley.edu

Abstract. We present three algorithms to count the number of distinct
elements in a data stream to within a factor of 1 £ €. Our algorithms
improve upon known algorithms for this problem, and offer a spectrum
of time/space tradeoffs.

1 Introduction

Let a = a1,...,a, be a sequence of n elements from the domain [m] =
{1,...,m}. The zeroth-frequency moment of this sequence is the number of
distinct elements that occur in the sequence and is denoted Fy = Fp(a). In this
paper we present three space- and time-efficient algorithms for approximating
Fj in the data stream model.

In the data stream model, an algorithm is considered efficient if it makes
one (or a small number of) passes over the input sequence, uses very little
space, and processes each element of the input very quickly. In our context,
a data stream algorithm to approximate Fj is considered efficient if it uses only
poly(1/e,logn,logm) bits of memory, where 1+ € is the factor within which Fy
must be approximated.

Let €,6 > 0 be given. An algorithm A is said to (e, d)-approzimate Fy if for
any sequence a = ay, ... ,a,, with each a; € [m], it outputs a number Fo such

that Pr[’FO — ]3‘0‘ < eFy] > 1—46, where the probability is taken over the internal

coin tosses of A. Two main parameters of A are of interest: the workspace and
the time to process each item. We study these quantities as functions of the
domain size m, the number n of elements in the stream, the approximation
parameter €, and the confidence parameter 4.

There are several reasons for designing algorithms for Fj in the data stream
model. Counting the number of distinct elements in a (column of a relational)
table of data is a fairly fundamental problem in databases. This has applications

* Part of this work was done while the author was visiting IBM Almaden Research
Center. Supported by NSF Grant CCR-9820897.
** Work supported by a Sloan Research Fellowship and an NSF Career Award.

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 110 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 7. Bar-Yossef et al.

to estimating the selectivity of queries, designing good plans for executing a
query, etc.—see, for instance, [WVT90/HNSS96]. Another application of count-
ing distinct elements is in routing of Internet traffic. The router usually has very
limited memory, but it is desirable to have the router gather various statistical
properties (say, the number of distinct destination addresses) of the traffic flow.
The number of distinct elements is also a natural quantity of interest in several
large data set applications (eg., the number of distinct queries made to a search
engine over a week).

Flajolet and Martin [FM85] designed the first algorithm for approximating
Fy in the data stream (or what was then thought of as a one-pass) model.
Unfortunately, their algorithm assumed the existence of hash functions with
some ideal properties; it is not known how to construct such functions with
limited space. Alon, Matias, and Szegedy [AMS99] built on these ideas, but used
random pairwise independent hash functions [CW77Z/WC79] and gave an (e, d)-
approximation algorithm for € > 1; their algorithm uses O(logm) space. For
arbitrarily small €, Gibbons and Tirthapura [GT01] gave an algorithm that used
S = O(1/€*-log m) space and O(S) processing time per element; Bar-Yossef et al.
[BKS02] gave an algorithm that used O(1/€*-log m) space (and time per element)
but that had some other nice property required for their application. Cohen
[Coh97] considered this problem in the context of graph-theoretic applications;
her algorithm is similar in spirit to that of [FM85JAMS99|; specifically, it has
a high-level viewpoint similar to the first algorithm in this paper. However, the
implementation is very different, and does not yield a o(m) space algorithm.

One of the drawbacks of the algorithms of [GT01/BKS02] is that the space
and time are the product of poly(1/e) and logm. Even with modestly small
constants in the O notation and € = 0.01, the space required might be prohibitive
in certain applications (eg., a router with very little memory or a database
application where the frequency estimation is required to be piggy-backed on
some other computation). This leads to the question of whether it is possible to
obtain space/time upper bounds that are poly(1/e) + logm. In this paper we
achieve this, modulo factors of the form loglogm and log(1/e).

Results. We give three algorithms with different space-time tradeoffs for approx-
imating Fy. Each of our algorithms is an improvement over any of the existing
algorithms in either space or processing time or both.

We will state the bounds for our algorithms in terms of € and log m (suppress-
ing the dependence on n). This is without loss of generality: If indeed m < n, it
is clearly advantageous to have an algorithm whose bounds depend on logm and
not on logn. If, on the other hand, m > n, we can employ a simple hashing trick
(with O(log(m + n)) space and time per element) that reduces the description
of each stream element to O(logn) bits. Thus we will assume for the rest of the
paper that logm = O(logn). We will also assume that there exists ¢g < 1 such
that the accuracy parameter € given to the algorithms is at most €y. (Note that
this is, in fact, the interesting case. We make this assumption explicit only so
that we may abbreviate max{1/¢, o} by 1/e.)
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The following table summarizes our results. The O notation suppresses
log(1/¢) and loglogm factors. For simplicity, the dependence on §, which is
a multiplicative factor of log(1/§) for both space and time, is also dropped.

’Algorithm\ Space \ Time/element ‘
1, Thm. [} O(1/€* - log m) ~ O(logm)

2, Thm. 2|O(1/€* +logm)|  O(1/€*-logm)

3, Thm. B|O(1/€e? 4 logm)|O(logm) [amortized]

A lower bound of 2(logm) was shown in [AMS99]. It is also easy to show an
£2(1/e€) lower bound by a reduction from the “indexing” problem in the one-way
communication complexity model. An interesting open question is to obtain an
algorithm with space bound (1/€) - polylog (m), or a lower bound of §2(1/€?).

2 The First Algorithm

Our first algorithm is a generalization of the algorithm of [EMSSIAMS99] to
work for any € > 0.

To make our exposition clearer, we first describe an intuitive way to look
at the algorithm of [FM85JAMS99]. This algorithm first picks a random hash
function h : [m] — [0,1]. It then applies h(:) to all the elements in a and
maintains the value v = min}_; h(a;). In the end, the estimation is Fy = 1/v.
The algorithm has the right approximation (in the expectation sense) because
if there are F independent and uniform values in [0, 1], then their expected
minimum is around 1/Fy. Of course, the technical argument in [AMS99] is to
quantify this precisely, even when h is chosen from a pairwise independent family
of hash functions.

In our algorithm, we also pick a hash function h : [m] — [0, 1], but we keep
the t = O(1/€?) elements a; on which h evaluates to the ¢ smallest values. If we
let v be the ¢-th smallest such value, we estimate Fy = t/v. This is because when
we look at Fy uniformly distributed (and, say, pairwise independent) elements of
[0, 1], we expect about ¢ of them to be smaller than ¢/Fy. The formal description
is given below.

Theorem 1. There is an algorithm that for any €,d > 0, (¢, 0)-approzimates Fy
using O(1/€% -logm -log(1/4)) bits of memory and O(log(1/e) - logm -log(1/5))
processing time per element.

Proof. We pick at random a pairwise independent hash function h : [m] — [M],
where M = m3. Note that, with probability at least 1 — 1/m, h is injective over
the elements of a.

Let t = [96/€%]. Our algorithm maintains the ¢ smallest distinct values of
h(a;) seen so far. The algorithm updates (if necessary) this list each time a new
element arrives. Let v be the value of the ¢-th smallest such value when the entire
sequence has been processed. The algorithm outputs the estimation Fy=tM /.
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The algorithm can be implemented in O(1/€? - logm) space, since the hash
function h requires O(logm) space, and each of the t = O(1/€?) values to be
stored requires O(log m) space. The ¢ values could be stored in a balanced binary
search tree, so that each step can be implemented in O(log(1/e) - logm) time
(rather than O(1/€?-logm) which would be necessary if the elements are stored
as a list).

We can assume that 1/M < et/(4Fy). Since Fy < m, M = m3, and t > 96/€,
the condition is satisfied as long as m > /€/24. Let by,... ,bp, be the distinct
elements of a.

Let us first consider the case ﬁ}) > (14¢€)Fp, i.e., the case when the algorithm
outputs a value above (1+ €)Fy. This means the sequence h(by),... ,h(bp,) con-
tains at least ¢ elements that are smaller than tM/(Fy(1+¢)) < (1 —¢/2)tM/Fy
(using the fact € < 1). Each h(b;) has a probability at most (1—¢/2)t/Fo+1/M <
(1 — €/4)t/Fy (taking into account rounding errors) of being smaller than
(1 — €¢/2)tM/Fy. Thus, we are in a situation where we have Fy pairwise in-
dependent events, each one occurring with probability at most (1 — e/4)t/Fy,
and at least ¢ such events occur. Let X;,i =1,..., Fy, be an indicator r.v. corre-
sponding to the event “h(b;) < (1 —¢€/2)tM/Fy”. Clearly, E[X;] < (1 —¢/4)t/Fy.
Let Y = Zf;ol X;. It follows E[Y] < (1 — €/4)t and by pairwise independence,
Var(Y) < (1—e/4)t. The event that the algorithm outputs a value above (1+¢€) Fj
occurs only if Y is more than ¢, and therefore the probability of error is:

Pr[Y > t] < Pr[|Y — E[Y]| > et/4] < 16 - Var[Y]/(¢*t?) < 16/(¢*t) < 1/6,

using Chebyshev’s inequality.

Let us consider now the case in which the algorithm outputs Fy which is below
(1—€) Fy. This means the sequence h(by),. .. , h(bp,) contains less than ¢ elements
that are smaller than tM/(Fy(1 —€)) < (1 + €)tM/Fy. Let X; be an indicator
r.v. corresponding to the event “h(b;) < (1 + €)tM/Fy”, and let Y = Zf:ol X;.
Taking into account rounding errors, (1 + ¢/2)t/Fy < E[X;] < (1 + 3¢/2)t/ Fy,
and therefore E[Y] > ¢(1 4 ¢/2) and Var[Y] < E[Y] < ¢(1 4 3¢/2), as before.
Now, Fy < (1 —€)Fy only if Y < t, and therefore the probability of error is:

PrlY <] < Pr[|Y — E[Y]| > et/2] < 4. Var[Y]/(e*t?) < 12/(€*t) < 1/6

Thus, the probability that the algorithm outputs Fy which is not within (I+e)
factor of Fy is at most 1/3+ 1/m. As usual, this probability can be amplified to
1 — ¢ by running in parallel O(log(1/4)) copies of the algorithm, and taking the
median of the resulting approximations.

3 The Second Algorithm

The second algorithm is based on recasting the Fj problem as estimating the
probability of an appropriately defined event. The main idea is to define a quan-
tity that can be approximated in the data stream model and that, in turn, can
be used to approximate Fp.
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Theorem 2. There is an algorithm that for any €,8 > 0, (e,d)-approximates
Fy using O((1/€2 + logm) - log(1/6)) bits of memory. The processing time per
data item is O(1/€% -logm -log(1/68)). (The O notation suppresses log(1/€) and
loglogm factors).

Proof. We take advantage of the fact that the algorithm of [AMS99] can be used
to provide a rough estimate of Fj; namely, it is possible to obtain an estimate
R such that 2Fy < R < 2cFp, where ¢ = 25, with probability at least 3/5. In
addition, R may be assumed to be a power of 2. Our algorithm will implement the
AMS algorithm on one track of the computation, and keep track of some extra
quantities on another. In the sequel, we will add 2/5 to the error probability,
and assume that we have an estimate R that meets this bound.

Let b1,...,bp, denote the Fp distinct elements in the stream a, and let B
denote the set {b1,...,bp,}. Consider a completely random map h : [m] — [R],
and define 7 = Prp[h=1(0) N B # 0] = 1 — (1 — 1/R)* . We first show that if R
and Fy are within constant multiples of each other, then approximating r is a
good way to approximate Fj.

Lemma 1. Let ¢ = 25 and let ¢ > 0 be given. Let R and Fy satisfy 1/(2c) <
(Fo/R) < 1/2. Then if |r — 7| <~y =min{l/e—1/3,¢/(6¢)}, then Fy, defined by

= In(l1-7)
" Im(1—1/R)

satisfies ‘Fo — FO‘ < ely.

Proof. Since R > 2F,, we have R > 2, therefore 1/R < 1/2, and so 1 —1/R >
e~/ (since 1 —x > e~ 2* for £ < 1/2). Hence r = 1 —(1—1/R)f0 < 1—¢=2F0/R,
Since Fy/R < 1/2, we have r < 1—1/e. By definition, v < 1/e —1/3, so we have
r+v <2/3and 1/(1—(r+7)) < 3. Also for R > 1, we have —1/In(1-1/R) < R.

For a continuous function f, |f(z) — f(z+¢€)| < € ‘supye(%xﬂ) f’(y)‘ Let-

ting f(x) = In(1—=z), we obtain |f(z) — f(Z)| < |z — Z| /(1 —max{x, Z}). There-
fore,

n(l —7r) —In(1 —7)] R|r —7| €
< < <3 (2cF) — = eFy.
TR S 1oty B s3-Qch) g =eh

==

Our idea is to approximate r by using hash functions h that are not totally
random, but just random enough to yield the desired approximation. We will
pick h from a family H of hash functions from [m] into [R], whose choice we
will spell out shortly. Let p = Prpen[h 1 (0) N B #(]. Fori =1,..., Fy, let H;
denote the set of hash functions in H that map the i-th distinct element b; of B
to 0. Note that p = ||J, Hi| / |H|, thus our goal is to estimate this union size. By
inclusion—exclusion, we have
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p= (Z Pr[he Hi]) — thég{[h € HiNH,

1<J

+ Z hfe’g_[[thHiﬂHjﬂHk] -
i<j<k

Let P, denote the /-th term in the above series. For any odd ¢ > 0, we know

that
t—1 t

SR < p <D (-1

=1 =1
Our key observation is that if picking h € H yields a t-wise independent hash
function, then we know precisely what each P, is, and we have

1(—1)5*1@0) f<p gzt: ”1< >Rf 1)

On the other hand, via binomial expansion we know that

() e (e

i=1

t—

=

whence we have for odd ¢ that

e (e g (e o

=

From Equations ([I)) and (@), it follows that both p and r are sandwiched inside
an interval of width (°) R~ < (eFy/(tR))" < (1/5), which, with a choice of t =
[lg(2/7)/1g 5] implies that [p — r| < /2. Recall that v = min{1/e—1/3,¢/(6¢)},
where ¢ = 25.

Finally, we will show how to produce an estimate p of p such that |p —p| <
~/2, so that |p — r| <+, and we can apply Lemma/[ll

The idea is to pick several hash functions h1, ... , hix from a family H of t-wise
independent hash functions. For a sequence Hg = (h1, ... , hi) of hash functions
from [m] into [R], define the estimator

X(Hg) = !{th H0)N B # 0}

Clearly, E[X (Hg)] = p. If k = O(1/4?) = O(1/€?) is suitably large, then by
Chebyshev’s inequality, we can show that Pr[|X(Hg) — p| > v/2] < 1/20.

Each hash function can be described by s = O(tlogm) bits. Instead of picking
the k hash functions independently from #H, we will pick them pairwise indepen-
dently; this requires only 2s bits (assuming 2° > k) that we dub the “master
hash function.” The idea is that we will keep only the master hash function;
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as each element a; of the stream is processed, we will construct each of the &
hash functions in turn and compute whether it maps a; to 0. Extracting the
description of each hash function h; from the master hash function can be done
easily in space O(s) and time O(slogs). Alternatively, we could use a master
hash function of O(slog k) bits with the ability to extract each hash function in
space and time O(slogk).

Lastly, we spell out how we handle the issue that we don’t know R to begin
with. Recall that R will be available to us through the AMS algorithm only
after the stream has been processed. Thus, at the end of the stream, we need
the ability to compute the estimator X (Hg) for each R =1, ... ,logm. Here we
use the fact that for standard hash functions where the size of the range [m] is
a power of 2, extracting the least significant z bits, 1 < z < logm, gives a hash
function with range [27]. Thus, for each hash function h;, we will maintain not
just one bit indicating whether hj_l(O) N B # (0, but we will keep track of the
largest z such that for some element b in the stream, h;(b) had z least significant
bits equal to zero.

To complete the correctness argument, note that the error probability is
bounded by the error probability of the application of the AMS algorithm, which
is 2/5, plus the error probability of the estimation, which is 1/20. Thus, with
probability at least 11/20, the algorithm produces an estimate Fy of F, such

that ‘FO — 1:"0‘ < €Fy. Repeating this O(log1/§) times and taking the median
reduces the error probability to §.
Let us summarize the space and time requirements:

1. Storing the master hash requires space either O(slogs) = O(log(1/e€)-logm-
(loglog(1/€) 4 loglogm)) or O(slogk) = O(log*(1/e) - logm).

2. Storing the number of trailing zeros for each hash function needs
O(kloglogm) space, which is O(1/€? - loglogm) bits.

3. To process each item of the stream, the time required is dominated by ac-
cessing the master hash function k times, and is therefore O(1/€? - logm),
suppressing loglog m and log(1/¢) factors.

4 The Third Algorithm

The algorithm in this section is a unified and improved version of two previous
algorithms: one due to Bar-Yossef et al. [BKS02] and one due to Gibbons and
Tirthapura [GT01].

Theorem 3. There is an algorithm that for any e,6 > 0, (e, d)-approximates F
using S = O((1/€2 4 logm) log(1/6)) bits of memory (suppressing log(1/€) and
loglogm factors). The processing time per data item is O(S) in the worst-case
and O((logm + log(1/€)) log(1/§)) amortized.

Proof. For a bit string s € {0, 1}*, we denote by TRAIL(s) the number of trailing
0’s in s.
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Let by, ... ,br, the Fy distinct elements in the input stream aq, ... ,a,. Let
B ={by,...,br,} and for each i € [n], let B; = BN{a,...,a;}.

The algorithm picks a random pairwise independent hash function h : [m] —
[m]; we will assume that m is a power of 2. For t = 0,... ,logm, define h; :
[m] — [2¢] to be the projection of h on its last ¢ bits. The algorithm finds the
minimum ¢ for which r = |h;*(0) N B| < ¢/e?, where ¢ = 576. It then outputs
r- 2t

In order to find this ¢, the algorithm initially assumes ¢ = 0, and while
scanning the input stream, stores in a buffer all the elements b; from the stream
for which h(b;) = 0. When the size of the buffer exceeds c/€? (say, after reading
a;) the algorithm increases ¢ by one. Note that hy41(b;) = 0 implies h(b;) = 0.
Therefore, the algorithm does not have to rescan aj,... ,a; in order to obtain
h; 4 (0) N By; rather, since h}';(0) C hy'(0), the algorithm will simply extract
it from the buffer, which contains h; '(0) N B;. At the end of the execution we
are left with the minimum ¢ for which the buffer size (i.e., |ht_1(0) N B|) does
not exceed c/e2.

Up to this point, this is a simpler exposition of the Gibbons-Tirthapura
algorithm. We further improve the algorithm by storing the elements in the
buffer more efficiently. Instead of keeping the actual names of the elements,
we keep their hash values, using a second hash function. Specifically, let g :
[m] = [3- ((logm +1) - ¢/€®)?] be a randomly chosen pairwise independent hash
function. Note that since we apply g on at most (logm + 1) - (¢/€?) distinct
elements, g is injective on these elements with probability at least 5/6. For each
element b; stored in the buffer, we need to store also the largest number ¢ for
which h;(b;) = 0 (which is basically TRAIL(h(b;))); we use this value during the
extraction of h;}'; (0)NB; from h; ' (0)NB;. In order to do this succinctly, we keep
an array of balanced binary search trees T of size log m~+1. The ¢-th entry in this
array is to contain all the elements b; in the buffer, for which TRAIL(R(b;)) = t.

We start by analyzing the space and time requirements of the algorithm. The
space used by the algorithm breaks down as follows:

1. Hash function h: O(logm) bits.

2. Hash function g: O(log m + log(1/€)) bits.

3. Buffer T: O(logm) bits for the array itself, and O(1/€2-(log(1/€)+loglogm))
for the elements stored in its binary search trees (because we always store at
most O(1/€?) elements, and each one requires O(log(1/¢) + loglogm) bits).

The total space is, thus, O(logm + 1/€2 - (log(1/€) + loglog m)).

The worst-case running time per item is O(logm + (1/€2) - (log(1/e) +
loglogm)), because this is the number of steps required to empty the buffer
T. The amortized running time per item is, however, only O(logm + log(1/¢))
because each element is inserted at most once and removed at most once from

the buffer T.

We next prove the algorithm indeed produces a 1 + € relative approximation
of Fy with probability at least 2/3.
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One source of error in the algorithm is ¢ having collisions. Note that for a
given stream ay, ... ,a, and a given choice of h, the at most (logm + 1) - (¢/€?)
elements on which we apply g are totally fixed. Since the size of the range of g
is thrice the square of the number of elements on which we apply it, and since g
is pairwise independent, the probability that g has collisions on these elements
is at most 1/6. We thus assume from now on that g has no collisions, and will
add 1/6 to the final error.

For each t = 0,1,... ,logm, we define X; = |ht_1(0) ﬂB|; i.e., the num-
ber of distinct elements in the stream that h; maps to 0. Further define for
each such ¢ and for each j = 1,... ,Fy, X;; to be an indicator random vari-
able, indicating whether h;(b;) = 0 or not. Note that E(X; ;) = Prlh(b;) =

0] = 1/2% and Var[th] [X¢,;]. Therefore, E[X,] = Zj E[X;+] = Fy/2" and
Var[X;] = >, Var[X ] [X¢] (the latter follows from the pairwise indepen-
dence of {X; ;1};).

Let t* be the final value of ¢ produced by the algorithm; that is, t* is the
smallest ¢ for which X; < ¢/e2. Note that the algorithm’s output is X« - 2

If t* = 0, then it means that Fy < ¢/€2, in which case our algorithm computes
Fy exactly. Assume, then, that ¢* > 1. We write the algorithm’s error probability
as follows: (in the derivation we define £ to be the t for which 12/ < Fy /2! <
24/€%; note that such a 7 always exists).

Fy
‘ Qt*] -

<E
<E

Fy
- o

Pr Hxﬁ - Fo‘ > eFO} - Pr {

logm
= Z Pr |:

t=1

F
2t

Fo

Xt Eg

| t* :t} Prltt =]

logm

Z r[1X — BIX| > BIX.] | X, <

C C C
2,Xt_1 > 672i| -Pr |:Xz < g,Xt_l > 672i|

<~> |

logm

C C
< ZPrHXt EX/| > eBIX/]] + Y Pr [x. < 5 X > ?2]
t=t
Var[X,] c = é
<y xarad L p [X— 7] < S - 4EX_]- &
*;em?[xt]* Pl z] s ;eQE[Xt]+ Xl
=1 ot 2 z 2 2 2
=2 b2 (Hze 1 e 1
e2Fy  2t-1 ¢ e2F, 2 c e 12 € 576 6

Thus, the total error probability is 1/3, as required. As before, this probabil-
ity can be amplified to 1 — ¢ by running in parallel O(log(1/4)) copies of the
algorithm, and outputting the median of the resulting approximations.
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Abstract. Submodular and convex functions play an important role in
many applications, and in particular in combinatorial optimization. Here
we study two special cases: convexity in one dimension and submodu-
larity in two dimensions. The latter type of functions are equivalent to
the well known Monge matrices. A matrix V = {vm}ﬁjib’j:w is called
a Monge matrix if for every 0 < ¢ < r < nj and 0 < j < s < ng, we
have v;; + vrs < vis + vy ;. If inequality holds in the opposite direc-
tion then V' is an inverse Monge matrix (supermodular function). Many
problems, such as the traveling salesperson problem and various trans-
portation problems, can be solved more efficiently if the input is a Monge
matrix.

In this work we present a testing algorithm for Monge and inverse Monge
matrices, whose running time is O ((logn - lognz)/€), where € is the
distance parameter for testing. In addition we have an algorithm that
tests whether a function f : [n] — R is convex (concave) with running
time of O ((logn)/e).

1 Introduction

Convex functions and their combinatorial analogs, submodular functions, play
an important role in many disciplines and applications, including combinatorial
optimization, game theory, probability theory, and electronic trade. Such func-
tions exhibit a rich mathematical structure (see Lovész [14]), which often makes
it possible to efficiently find their minimum [TOJT2JT]], and thus leads to efficient
algorithms for many important optimization problems.

Submodular functions are defined as follows: Let Z = I1 x Io X ... x I4, d > 2,
be a product space where I, C R. In particular, we are interested in discrete

domains I, = {0,...,n,}. The join and meet operations are defined for every
def
xayEI: (xlv"wxd) \ (yla"'7yd) é (maX{$17yl}a---7max{$dayd})
def . .
and (xlw"axd) A (y17'~'ayd) = (mln{xhyl}ﬂ"'7m1n{xd7yd})7
respectively.

Definition 1 (Submodularity and Supermodularity) A function f : 7 —
R 4s submodular if for every x,y € Z, f(x Vy) + f(z Ay) < f(z) + f(y). The
function f is supermodular if for every x,y € Z, f(xVy)+ f(zAy) > f(z)+ f(y).

* Supported by the Israel Science Foundation (grant number 32/00-1).

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 11-{25] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Certain subclasses of submodular functions are of particular interest. One
such subclass is that of submodular set functions, which are defined over binary
domains. That is, I, = {0, 1} for every 1 < ¢ < d, and so each « € Z corresponds
to a subset of {1,...,d}. Another important subclass is the class of Monge
functions, which are obtained when the domain is large but the dimension is
d = 2. Since such functions are 2-dimensional, it is convenient to represent them
as 2-dimensional matrices, which are referred to as Monge matrices. When the
function is a 2-dimensional supermodular function the corresponding matrix is
called an inverse Monge matriz.

The first problem that was shown to be solvable more efficiently if the un-
derlying cost matrix is a Monge matrix is the classical Hitchcock transportation
problem (see Hoffman [11]). Since then it has been shown that many other com-
binatorial optimization problems can be solved more efficiently in this case (e.g.
weighted bipartite matching, and NP-hard problems such as the traveling sales-
person problem). See [2] for a comprehensive survey on Monge matrices and
their applications.

Testing Submodularity and Convexity. In this paper we approach the question
of submodularity and convexity from within the framework of property testing
[I79]. Let f be a fixed but unknown function, and let P be a fixed property
of functions (such as the convexity or submodularity of a function). A testing
algorithm for the property P should determine, by querying f, whether f has the
property P, or whether it is e-far from having the property for a given distance
parameter €. By e-far we mean that more than an e—fraction of the values of f
should be modified so that f obtains the desired property P.

Our Results. We present efficient testing algorithms for Monge matrices and for
discrete convexity in one dimension. Specifically:

e We describe and analyze a testing algorithm for Monge and inverse Monge
matrices whose running time is O ((log ny - log ng)/€), when given an ny x ng
matrix.

Furthermore, the testing algorithm for inverse Monge matrices can be used to
derive a testing algorithm, with the same complexity, for an important sub-
family of Monge matrices, named distribution matrices. A matrix V = {v; ; }
is said to be a distribution matrix, if there exists a non-negative density
matric D = {d; ;}, such that every entry v, ; in V is of the form v; ; =
Zk-gi thgj dp.¢. In other words, the entry v; ; corresponds to the cumulative
density of all entries dj ¢ such that £ <7 and ¢ < j.

e We provide an algorithm that tests whether a function f : [n] — R is convex
(concave). The running time of this algorithm is O (logn/e).

Techniques. As stated above, it is convenient to represent 2-dimensional sub-
modular functions as 2-dimensional Monge matrices. Thus a function f :

{0,...,m} x {0,...,m2} — R can be represented as the matrix V =
{vij}i o’ where v;; = f(i,j). Observe that for every pair of indices
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(4,8),(r,7) such that i < r and j < s we have that (i,s) V (r,7) = (r,s) and
(i,8) A (r,j) = (i,7). It follows from Definition [Il that V is a Monge matrix (f is
a 2-dimensional submodular function) if and only if:

Vi, j,r,s st i<r, j<s: Vij +Urs < Vs + Upj
and V is an inverse Monge matrix (f is a 2-dimensional supermodular function)
if and only if: Vi,j,7,s st. i <7, j<s: Ui+ Urs > Vis+ Upj.
That is, in both cases we have a constraint for every quadruple v; j, vy s, Vis,
vp; such that ¢ < r and j < s Our algorithm selects such quadruples according
to a particular (non-uniform) distribution and verifies that the constraint is sat-
isfied for every quadruple selected. Clearly the algorithm always accepts Monge
matrices. The main thrust of the analysis is in showing that if the matrix V is
far from being Monge then the probability of obtaining a “bad” quadruple is
sufficiently large.

A central building block in proving the above, is the following combinatorial
problem, which may be of independent interest. Let C be a given matrix, possibly
containing negative values, and let R be a subset of positions in C. We are
interested in refilling the entries of C' that reside in R with non-negative values,
such that the following constraint is satisfied: for every position (¢, 7) that does
not belong to R, the sum of the modified values in C' that are belowd (,7), is
the same as in the original matrix C. That is, the sum of the modified values in
entries (k,¢), such that k£ < i and j < ¢, remains as it was.

We provide sufficient conditions on C' and R under which the above is pos-
sible, and describe the corresponding procedure that refills the entries of C' that
reside in R. Our starting point is a simple special case in which R corresponds to
a sub-matrix of C. In such a case it suffices that for each row and each column in
R, the sum of the corresponding entries in the original matrix C' is non-negative.
Under these conditions a simple greedy algorithm can modify C' as required. Our
procedure for general subsets R is more involved but uses the sub-matrix case
as a subroutine.

Previous Work. Property testing was first defined in the context of algebraic
properties of functions [I7]. It was extended in [J] and in particular applied to
properties of graphs. In recent years it has been studied in a large variety of
contexts. For surveys on property testing see [16//6].

One testing problem that is probably most related to ours is testing whether
a function is monotone [§J4BJ7IT]. A function f : [n] — R is monotone non-
decreasing if for every 0 < i < n, the differences f(i+1) — f(¢) are non-negative,
whereas f is convex if and only if for every 1 < i < n — 1, the differences of
differences [f(i + 1) — f(¢)] = [f(¢) — f(i — 1)] are non-negative. In other words,
f is convex if and only if the function f'(i) = f(i) — f(i — 1), is monotone
non-decreasing. We note though that testing f for convexity cannot be done by

! It is easy to verify that for all other i, 7,7, s (with the exception of the symmetric
case where r < i and s < j), the constraint holds trivially (with equality).
2 We denote the lower left position of the matrix C by (0, 0).
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simply testing f’ for monotonicity. Specifically, if f’ is close to monotone then
it does not necessarily follow that f is close to convex.

Further Research. We suggest the following open problems. First it remains open
to determine the complexity of testing submodular functions when the dimension
d of the input domain is greater than 2. It seems that our algorithm and its
analysis can be extended to work for testing the special case of distribution
matrices of dimension d > 2, where the complexity of the resulting algorithm

is O ((ngl log nq)/e). However, as opposed to the d = 2 case, where Monge

matrices are only slightly more general than distribution matrices, for d > 2
Monge matrices seem to be much more expressive. Hence it is not immediately
clear how to adapt our algorithm to testing Monge matrices of higher dimensions.

It would also be interesting to find an efficient testing algorithm for the sub-
class of submodular set functions, which are used for example in combinatorial
auctions on the internet (e.g. [3],[13]).

Finally, in many optimization problems it is enough that the underlying cost
matrix is a permutation of a Monge matrix. In such cases it may be useful to
test whether a given matrix is a permutation of some Monge matrix or far from
any permuted Monge matrix.

Organization. In Section @ we describe several building blocks that will be used
by our testing algorithm for Monge matrices. In Section Blwe describe a testing
algorithm for Monge matrices whose complexity is O(n/e), where we assume for
simplicity that the matrix is n x n. Building on this algorithm and its analy-
sis, in Section Ml we present a significantly faster algorithm whose complexity
is O ((log®n)/€). We conclude this section with a short discussion concerning
distribution matrices. The testing algorithm for convexity can be found in the
full version of this paper [15]. All missing details of the analysis together with
helpful illustrations appear in [I5] as well.

2 Building Blocks for Our Algorithms for Testing Inverse
Monge

From this point on we focus on inverse Monge matrices. Analogous claims hold
for Monge matrices. We also assume for simplicity that the dimensions of the
matrices are n; = no = n. In what follows we provide a characterization of
inverse Monge matrices that is exploited by our algorithm. Given any real valued
matrix V = {v; j};7Zy we define an (n + 1) x (n + 1) matrix C}, = {¢;;};7}=)
as follows:

= 0,0 = 0,05 Vi >0 ¢io = vig—vi-1,0; VJ > 0:coj =0, — V015

= Vi, >0 ¢y = (Vi —vie15) = (Vij—1—vic15-1) = (Vi —vij-1) = (vie1;—

Uifl,j71)~

Let Cy = {CH}%ZL be the sub-matrix of C{, that includes all but the first
(0’th) row and column of C{,. The following two claims are well known and easy

to verify.
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Claim 1 For every 0 <i,j <n, v;; = ZE':O Z;/:o Cir ji -

Claim 2 A matriz V is an inverse Monge matrixz if and only if Cy is a non-
negative matriz.

It follows from Claim [] that if we find some entry of Cy that is negative,
then we have evidence that V is not an inverse Monge matrix. However, it is
not necessarily true that if V' is far from being an inverse Monge matrix, then
C'y contains many negative entries. For example, suppose Cy is 1 in all entries
except the entry ¢, /2 /2 which is —n?. Then it can be verified that V is very far
from being an inverse Monge matrix (this can be proved by showing that there
are O(n?) disjoint quadruples v; ;, v, s, Vi s,vr; in V such that from any such
quadruple at least one value should be changed in order to transform V into
a Monge matrix). However, as our analysis will show, in such a case there are
many sub-matrices in Cy whose sum of elements is negative. Thus our testing
algorithms will sample certain sub-matrices of Cy and check that the sum of
elements in each sub-matrix sampled is non-negative. We first observe that it is
possible to check this efficiently.

Claim 3 Given access to V it is possible to check in time O(1) if the sum of
elements in a given sub-matriz A of Cy is non-negative. In particular, if the
lower-left entry of A is (i,j) and its upper-right entry is (r,s) then the sum of
elements of A is Uy s — Urj — Vis + V5 5.

2.1 Filling Sub-matrices

An important building block for the analysis of our algorithms is a procedure
for “filling in” a sub-matrix. That is, given constraints on the sum of elements
in each row and column of a given sub-matrix, we are interested in assigning
values to the entries of the sub-matrix so that these constraints are met.

Specifically, let ay, ..., as and by, ..., by be non-negative real numbers such that
S_ja; > Z;Zl bj. Then it is possible to construct an s x ¢ non-negative real
matrix 7', such that the sum of elements in column j is exactly b; and the sum of
elements in row i is at most a;. In the special case that y ;_; a; = 22:1 bj, the
sum of elements in row ¢ will equal a;. In particular, this can be done by applying
the following procedure, which is the same as the one applied to obtain an initial
feasible solution for the linear-programming formulation of the transportation
problem.

Procedure 1 [Fill Matrix T = (t”)ﬁi{:t]
Initialize a; = a; fori=1,...,s and Bj =b; forj=1,..,t.
(In each of the following iterations, a; is an upper bound on what remains to be
filled in row i, and b; is what remains to be filled in column j.)
forj=1,.,t:
fori=1,...s:
Assign to entry (i,7) the value x = min{a;, b;}
Update a; = a; — x, Bj = Bj — .
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3 A Testing Algorithm for Inverse Monge Matrices

We first present a simple algorithm for testing if a matrix V' is an inverse Monge
Matrix, whose running time is O(n/e). In the next section we show a significantly
faster algorithm that is based on the ideas presented here. We may assume
without loss of generality that n is a power of 2. This is true since our algorithms
probe the coefficients matrix Cy, and we may simply “pad” it by 0’s to obtain
rows and columns that have lengths which are powers of 2 and run the algorithm
with e + €/4. We shall need the following two definitions for both algorithms.

Definition 2 (Sub-Rows, Sub-Columns and Sub-Matrices.) A sub-row
n an nxXn matric is a consecutive sequence of entries that belong to the same row.

The sub-row ((i,7), (i,j+1), ..., (i, j+t—1)) is denoted by [ |} A sub-column is

]
defined analogously, and is denoted by | ]i]l =((4,4), i+ 1,9),...,(i+s—1,7)).
More generally, an s X t sub-matriz whose bottom-left entry is (i,7) is denoted

[137-

Definition 3 (Legal Sub-Matrices.) A sub-row in an n x n matriz is a legal
sub-row if it can result from bisecting the row of length n that contains it in a
recursive manner. That is, a complete (length n) row is legal, and if | ]Zlf 1s legal,

then so are | }11;/2 and | ]letft/Q A legal sub-column is defined analogously. A

sub-matrix is legal if both its rows and its columns are legal.
Note that the legality of a sub-row | ]21; is independent of the actual row i it
belongs to, but rather it depends on its starting position j and ending position
j 4+t —1 within its row. An analogous statement holds for legal sub-columns.
Although a sub-matrix is just a collection of positions (entries) in an n X n
matrix, we talk throughout the paper about sums of elements in certain sub-
matrices A of Cy . In this we mean the sum of elements of Cy determined by
the set of positions in A.

Definition 4 (Good sub-matrix.) We say that a sub-matriz A of Cy is good
if the sum of elements in each row and each column of A is non-negative.

Definition 5 (Good Point.) We say that point (i, j) is good if all legal square
sub-matrices A of Cy which contain (i,j) are good.

Algorithm 1 [Test Monge 1.]
1. Choose 8/€ points in the matriz Cy and check that they are good.

2. 1If all points are good then accept, otherwise reject.

By Claim [ it is possible to check in constant time that the sum of elements
in a sub-row (sub-column) of Cy is non-negative. Therefore, it is possible to
test that an s X s square sub-matrix A of Cy is good in time O(s). Notice that
every point in an n X n matrix is contained in logn square sub-matrices. Hence
the time required to check whether a point is good is O(n) + O(n/2) + ... +
O(n/2Y) + ...+ O(1) = O(n), and the complexity of the algorithm is O(n/e).
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Theorem 1 IfV is an inverse Monge matriz then it is always accepted, and if
V' is e-far from being an inverse Monge matriz, then the algorithm rejects with
probability at least 2/3.

Proof. The first part of the theorem follows directly from Claim [2l In order to
prove the second part of the theorem, we show that if V is e-far from being
inverse Monge, then Cy contains more than (e/4)n? bad points. The second
part of the theorem directly follows because the probability in such a case that
no bad point is selected by the algorithm, is at most (1 —¢/4)(®/9) < e=2 < 1/3.

Assume contrary to the claim that Cy contains at most (¢/4)n? bad points.
We shall show that by modifying at most en? entries in V' we obtain an inverse
Monge matrix (in contradiction to our assumption concerning V). Let us look at
the set of bad points in Cy, and for each such bad point look at the largest bad
square sub-matrix in Cy which contains this bad point. By our assumption on
the number of bad points, it must be the case that the area of all these maximal
bad sub-matrices is at most (¢/4)n?, because all the points in a bad sub-matrix
are bad.

For each maximal bad (legal square) sub-matrix B of Cy we will look at the
smallest good (legal square) sub-matrix A which contains B. First observe that
such a good sub-matrix must exist. Indeed, since B is maximal, if it is of size
s x s where s < n, then the legal square sub-matrix of size 2s x 2s that contains
it must be good. But if s = n, then B = Cy implying that all n? points in
C'y are bad, contradicting our assumption on the number of bad points. Next
observe that for every two maximal sub-matrices B and B’, the corresponding
good sub-matrices A and A’ that contain them are either the same sub-matrix,
or are totally disjoint. Finally, the sum of areas of all these good sub-matrices is
at most 4 - (¢/4)n? = en?.

We now correct each such good sub-matrix A so that it contains only non-
negative elements, and the sum of elements in each row and column of A remains
as it was. This can be done by applying Procedure [[] to A as described in Sec-
tion [2.11

Note that after correcting all these good sub-matrices of Cy,, the new matrix
C'y is non-negative, and thus the corresponding new matrix V' must be an inverse
Monge matrix. We must show however, that at most en? values were changed
in V following the changes to Cy . Notice that we made sure that the sum of
elements in each row and column of each corrected sub-matrix A remains as it
was. Therefore the values of all points vy ¢ in V that are outside A are not affected

by the change to A, since by Claim [I] we have that vg = E?:o Z?:o Cij-

4 A Faster Algorithm for Inverse Monge Matrices

Though the above algorithm has running time sub-linear in the size of the matrix,
which is n?, we would further like to improve its dependence on n. We next
suggest a variant of the algorithm whose running time is O(log2 n/€) and explain
what needs to be proved in order to argue its correctness. We first redefine the
concepts of good sub-matrices and good points.
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Definition 6 (Good sub-matrix.) A (legal) sub-matriz T of Cy is good if
the sum of all its elements is non-negative. Otherwise, T is bad.

Definition 7 (Good Point.) We say that a point is good if every legal sub-
matriz of Cy that contains it is good. Otherwise the point is bad.

For the sake of the presentation, we shall assume that every row and every
column in Cy (that is, every sub-row and sub-column of length n) have a non-
negative sum. In the full version of this paper [15] we explain how this assumption
can be easily removed. Note that this assumption implies that every s x n sub-
matrix is good, and similarly for every n x s sub-matrix (but of course it has no
implications on smaller sub-matrices).

Algorithm 2 [Test Monge II.]
1. Uniformly select 8/¢ points in the matriz Cy and check that they are good.

2. 1If all points are good then accept, otherwise reject.

Note that by Definition [B] each point in an n x m matrix is contained
in O(log?n) legal sub-matrices. Thus by Claim Bl checking that a point is
good takes time O(log2 n). Therefore the running time of the algorithm is

O((log”n)/e).

Theorem 2 IfV is an inverse Monge matriz then it is always accepted, and if
V' is e-far from being an inverse Monge matriz, then the algorithm rejects with
probability at least 2/3.

4.1 Outline of the Proof of Theorem

If V is an inverse Monge matrix then by Claim [ all elements in Cy are non-
negative, and so the algorithm always accepts. Suppose V is e-far from being
inverse Monge. We claim that in such a case Cyy must contain more than (e/4)n>
bad points, causing the algorithm to reject with probability at least 1 — (1 —
€/4)®/9) > 1 — 72 > 2/3. Assume contrary to the claim that Cy contains at
most (e/4)n? bad points. Our goal from this point on is to show that in such a
case V is e-close to being an inverse Monge matrix.

Consider the union of all bad legal sub-matrices of Cy . Since within each
bad legal sub-matrix, all points are bad, then the area occupied by this union is
at most (€/4)n?.

Definition 8 (Maximal bad legal sub-matrix.) A bad legal sub-matriz T
of Cy is a maximal bad legal sub-matrix of Cy if it is not contained in any
larger bad legal sub-matriz of Cy .

Now consider all such maximal bad legal sub-matrices of Cy . For each such
sub-matrix B let us take the legal sub-matrix that contains it and has twice the
number of rows and twice the number of columns. Then by the maximality of B
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(and our assumption that all full rows and columns have a non-negative sum),
the resulting sub-matrix is good. We now take the union of all these good legal
sub-matrices, and get a total area of size at most en?. Denote the union of all
these sub-matrices by R. See for example Figure [

n=32

n/8

3n/4

5n/8

n/2

3n/8

1 n/8 n/4 3n/8 n/2 5n/8 3n/4 n/8 n=32

Fig. 1. An example of the structure of a subset R (outlined by a bold line). The bad
legal sub-matrices determining R are the gray sub-matrices. Each is contained inside
a good legal sub-matrix that has twice the number of rows and twice the number of
columns (marked by dashed rectangles). Observe that maximal bad-legal sub-matrices
may overlap.

Definition 9 (Maximal (legal) sub-row/column.) Given a subset R of en-
tries in an n X n matriz, a sub-row T is a maximal (legal) sub-row with respect
to R if T is contained in R and there is no larger (legal) sub-row T’ such that
T C T' C R. A maximal (legal) sub-column with respect to R is defined analo-
gously.

For sake of succinctness, whenever it is clear what R is, we shall just say maximal
(legal) sub-row and drop the suffix, “with respect to R”. Note that a maximal
sub-row is simply a maximal consecutive sequence of entries in R that belong to
the same row, while a maximal legal sub-row is a more constrained notion. In
particular, a maximal sub-row may be a concatenation of several maximal legal
sub-rows.

We would like to show that it is possible to change the at most en? entries
of Cy within R to non-negative values so that the following property holds:

Property 1 (Sum Property for R.) For every point (i,j) outside of R, the
sum of the elements in the modified entries (i',j') within R such that i’ < i and
j' < j is as it was in the original matriz Cy, .
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Let Cy be the matrix obtained from Cy by modifying R so that Property
holds, and let V' be the matrix which corresponds to Cy. Then it follows from
Claim [M] that V is at most e-far from the original matrix V.

4.2 Fixing R

Let R be the subset of entries in the matrix Cy that consists of a union of good
legal sub-matrices. In the following discussion, when we talk about elements in
sub-matrices of R we mean the elements in Cy determined by the corresponding
set of positions in R.

Lemma 4 The sum of elements in every maximal legal sub-row and every mazx-
imal legal sub-column in R is non-negative.

Proof. Assume, contrary to the claim, that R contains some maximal legal sub-
row L = | ]” whose sum of elements is negative. Let T' be the maximal bad
legal sub matrix in CV that contains L. By the maximality of L, necessarily
T = [] . for some ¢’ < i and s > 1. That is, the rows of T (one of which is L)
are of length t. By the construction of R, R must contain a good legal sub-matrix
T’ that contains T and is twice as large in each dimension. But this contradicts

the maximality of L.

Maximal Blocks. We will partition R into disjoint blocks (sub-matrices) and
fill each block separately with non-negative values, so that the sum property for
R is maintained (see Property[1l). We define blocks as follows.

Definition 10 (Maximal Block.) A mazimal block B = []:; in R is a sub-
matriz contained in R which has the following property: It consists of a maximal
consecutive sequence of maximal legal sub-columns of the same height. The maxi-
mality of each sub-column is as in Definition[d That is, for every j < r < j+t—1,

the column | ]”1 is a maximal legal sub-column (with respect to R).

The maximality of the sequence of sub-columns in a block means that we cannot
extend the sequence of columns neither to the left nor to the right. That is,
neither | ]5;71 nor | }fj 4¢ are maximal legal sub-columns in R. (Specifically,
each is either not fully contained in R or R contains a larger legal sub-column
that contains it.)

We shall sometimes refer to maximal blocks simply as blocks. Observe that
by this definition, R is indeed partitioned in a unique way into maximal disjoint
blocks. See Figure [2] for an example of R and its partition into maximal blocks.

Definition 11 (Size of a Maximal Block.) Let B be a mazimal block. The
size of B is the height of the columns in B (equivalently, the number of rows in
B).
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R

| B7 i

B3
Bl
|
--------- | B4 B9
B2 |
BS
BS

Fig. 2. An example of the partition of R into maximal blocks (numbered B1—By). Note
that the ratio between the sizes of any two blocks is always a power of 2. Furthermore,
the blocks are “oriented” in the following sense. Suppose a block B has size s and a
block B’ has size s’ < s and some of their sub-rows belong to the same row of the
matrix (e.g., Bs and Ba, or By and Bg). Then the smaller block B’ must be aligned
either with the first or second half of B, or with one of the quarters of B, or with one
of its eighth’s, etc.

A

5 B i T

v

e ~ (i+)

Fig. 3. An illustrations for Lemma [5]

Bounded Sub-matrices. As we have shown in Lemma @] the sum of elements
in every maximal legal sub-column in R is non-negative. It directly follows that
every maximal block has a non-negative sum. We would like to characterize other
sub-matrices of R whose sum is necessarily non-negative.

Definition 12 For a given sub-matriz T, we denote the sum of the elements in
T by sum(T).

Lemma 5 Consider any two mazimal blocks B = | ]:; and B' = | ];;: where
7' > j+t. That is, both blocks have the same size s and both start at row i and
end at row i + s — 1. Consider the sub-matric T = | ]Z’j@uﬂ) “between them”.

Suppose that T C R. Then sum(T) > 0.

See Figure [3] for an illustration of Lemma [5l

Definition 13 (Covers.) We say that a collection A of sub-rows covers a given
block B with respect to R, if B C A C R and the number of rows in A equals the
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size of B. We say that A is a maximal row-cover with respect to R if A consists
of mazximal sub-rows with respect to R.

Definition 14 (Borders.) We say that a sub-matriz A = Hf; in R, borders a
mazximal block B = []f,/;: ifi <t <i+s—1,7+s <i+s, and either j’ = j+1t
(so that A borders B from the left), or j’ +t' = j (so that A borders B from
then right).

By Lemma Bl and using the above terminology, we get the following corollary
whose proof is illustrated in Figure @

D1

; D2
W) G i) ‘ ! g+

< t >

Fig. 4. An illustration for Corollary Bl Here A covers the blocks By, B2 and Bs, and
borders the blocks D1 and D». The sub-matrices To—T4 are parts of larger blocks (that
extend above and/or below A).

Corollary 6 Let A be a sub-matriz of R which covers a given block B. If on
each of its sides A either borders a block smaller than B or its border coincides
with the border of R, then sum(A) > sum(B).

The Procedure for Refilling R. We now describe the procedure that refills
the entries of R with non-negative values. Recall that R is a disjoint union of
maximal blocks. Hence if we remove a maximal block from R, then the maximal
blocks of the remaining structure, are simply the remaining maximal blocks of
R. The procedure described below will remove the blocks of R one by one, in
order of increasing size, and refill each block separately using Procedure[ll After
removing each block, the sum of the elements in each remaining column in R
remains the same, however the row sums must be updated. Procedure [I]is used
here as well.

Procedure 2 [Refill R.]
1. We assign with each maximal sub-row L in R a designated sum of elements

for that row, which is denoted by swm(L), and initially set to be sum(L) =
sum(L).
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2. Let m be the number of maximal blocks in R, and let Ry = R.
3. forp=1,...m:

a) Let B, be a maximal block in R, whose size is minimum among all
mazimal blocks of R,, and assume that By, is an s x t sub-matriz. Let
Ay be a mazimal row-cover of By, with respect to R,. For 1 <l <'s, let
Ly denote the sub-row of Ay that covers the £’th sub-row of By.

b) Refill B, by applying Procedure [1] (see Section[21l), where the sum filled
in the k’th sub-column of B,, 1 < k < t, should be the original sum
of this sub-column in Cy, and the sum filled in the {’th sub-row of B,
1<t <s, is at most sum(Ly).
For each1 < £ < s, let x; denote the sum of elements filled by Procedure 1]
in the £’th sub-row of B,.

¢) Let Ryy1 = R, \ By, and assign designated sums to the rows of R,11 that
have been either shortened or broken into two parts by the removal of B,
from R,,. This is done as follows:
The set A, \ By is the union of two non-consecutive sub-matrices, A’
and A", so that A’ borders B, from the left and A" borders By, from the
right. Let L), and L} be the sub-rows in A" and A" respectively that are
contained in sub-row Ly of A,. We assign to L}, and Ly non-negative
designated sums, sum(L}y) and sum(L}), that satisfy the following:

sum(Ly) + sum(L)) = sum(L¢) — x,
and furthermore,

> swm(L) = sum(A), > sum(L) = sum(A").

row LeA’ row LeA"

This is done by applying Procedure [ to a 2 x s matriz whose sums of
columns are sum(A") and sum(A”) and sums of rows are sum(Ly) — xy,
where 1 < 0 < s.

(Note that one or both of A" and A" may not exist. This can happen if
B, bordered A, \ B, on one side and its boundary coincided with R, or
if Ay = By. In this case, if, for example, A’ does not exist then we view
it as a sub-matriz of size 0 where sum(A’) =0.)

4.3 Proving That Procedure 2 Works

Recall that for each 1 < p < m, R, is what remains of R at the start of the p’th
iteration of Procedure 2l In particular, Ry = R. We would first like to show that
the procedure does not “get stuck”. That is, for each iteration p, Procedure [
can be applied to the block B, selected in this iteration, and the updating of the
designated sum for the rows that have been shortened by the removal of B, can
be performed. Note that since the blocks are selected according to increasing
size, then in each iteration the maximal row cover A, of B, must actually be a
sub-matrix.
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Proving that Procedure 2] Does not Get Stuck. For every 1 < p < m,
let s, be the minimum size of the maximal blocks of R,, where sy = 1. Observe
that whenever s, increases, it does so by a factor of 2% for some k. This is true
because the columns of maximal blocks are legal sub-columns.

Lemma 7 For every 1 < p < m, Procedure [1 can be applied to the block B,
selected in R,, and the updating process of the designated sum of rows can be
applied. Moreover, if A is a sub-matriz of R, with height of at least s,_1, whose
columns are legal sub-columns and whose rows are maximal rows with respect to
Ry, then Y 0w pea 5um(L) = sum(A).

Proving that Procedure 2 is Correct. Let Cy = {&_,} be the matrix
resulting from the application of Procedure ] to the matrix Cy = {¢; ;}. For
any sub-matrix T of Cy (and in particular of R), we let sum(T) denote the sum
of elements of T in Cy. By definition of the procedure, sum(K) = sum(K) for
every maximal legal sub-column K of R. Hence this holds also for every maximal
sub-column of R. We next state a related claim concerning rows.

Lemma 8 For every sub-row L in R, such that L is assigned sum(L) as a des-

ignated sum at some iteration of Procedure[d, we have that sum(L) = sum(L).
Observe that in particular we get that for every maximal sub-row L of R,

sum(L) = sum(L) = sum(L).

Definition 15 (Boundary.) We say that a point (i,7) is on the boundary of

R if (i,j) € R, but either (1 +1,j) ¢ R, or (i,j+1) ¢ R, or (i+ 1,7 +1) ¢ R.

We denote the set of boundary points by B.

Definition 16 For a point (i,5), 1 <1i,j < n let R<(i,j) denote the subset of
points (i',7') € R, i <i,5" < j, and let sum®T(i,j) = D (i jeR= (i) Ci'rj and
R

(

2%
sum(i,J) = X jryersi.g) Gt

Property [l and therefore Theorem [2 will follow directly from the next two
lemmas.
Lemma 9 For every point (i,j) € B, sum' (i, j) = sum®(i, j).
Lemma 10 Let (i,§) be any point such that (i,5) ¢ R. Then sum"(i,j) =

sum®(i, j).

4.4 Distribution Matrices

As noted in the introduction, a sub-family of inverse Monge matrices that is of
particular interest is the class of distribution matrices. A matrix V = {v; ;} is
said to be a distribution matrix, if there exists a non-negative density matriz
D = {d; ;}, such that every entry v; ; in V is of the form v; ; = Zkgi Zegj i,z
In particular, if V' is a distribution matrix then the corresponding density matrix
D is simply the matrix C{, (as defined in Section[Z). Hence, in order to test that
V is a distribution matrix, we simply run our algorithm for inverse Monge matrix
on Cy, instead of Cy.
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w-Regular Languages Are Testable with a Constant
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Abstract. We continue the study of combinatorial property testing. For a property
1, an e-test for ¢, for 0 < € < 1, is arandomized algorithm that given an input z,
returns “yes” if « satisfies ¢, and returns “no” with high probability if x is e-far
from satisfying 1), where e-far essentially means that an e-fraction of x needs to
be changed in order for it to satisfy . In [AKNS99], Alon et al. show that regular
languages are e-testable with a constant (depends on ¢ and ¢ and independent of
x) number of queries. We extend the result in [AKNS9Y] to w-regular languages:
given a nondeterministic Biichi automaton .4 on infinite words and a small € > 0,
we describe an algorithm that gets as input an infinite lasso-shape word of the
form z -y, for finite words x and y, samples only a constant number of letters
in z and y, returns “yes” if w € L(.A), and returns “no” with probability 2/3
if w is e-far from L(.A). We also discuss the applicability of property testing to
formal verification, where w-regular languages are used for the specification of
the behavior of nonterminating reactive systems, and computations correspond to
lasso-shape words.

1 Introduction

Property testing was first introduced in [RS96]], where Rubinfeld and Sudan checked
whether a given function computes a low-degree polynomial or is far from computing
it. The work in [RS96] have led to the study of combinatorial property testing, defined
by Goldreich et al. in [GGRIS]]. Generally speaking, given a property 1, an input x, and
0 < e <1, we say that x is e-far from satisfying v if we need to change an e-fraction of
« in order for it to satisfy 1. Then, an e-test for ¢/ is a randomized algorithm that given
¥, x, and ¢, accepts z if z satisfies 1, and rejects x with probability at least 2/3 if x is
e-far from satisfying 0. An e-test has no obligation for x that neither satisfies v nor is
e-far from . We say that a property v is e-testable if there exists an e-test for 1 that
uses only f(¢) queries on the input, where f is independent of the size of the input.
It turned out that several properties are e-testable. For example, it is possible to check
bipartiteness by randomly testing poly(1/e) edges of the graph [GGR9S], and similar
results hold for k-connectivity, acyclicity, k-colorability, and more [GR97JAKIGR99,
BROO/PRROIJPRSO1].

! Alternative definitions of e-test allow two-sided error, a number of queries that depend on the
input (usually in some sub-linear way), and other bounds on the error. The definition above is
common in many cases, and is the one we use in this paper.

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 26-38] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Most of today’s knowledge on e-testable properties is based on a collection of ex-
amples, and general results are quite limited [AFKS99]. One of the few general results
is described in [AKNS99], which studies the testability of formal languages. For a
word w € {0,1}"™ and a regular language L, we say that w is e-far from a language
L C {0, 1}*, if no word of length n that differs from w in at most en positions is a mem-
ber of L. Alon et al. proved that regular languages are e-testable with query complexity
O( 1/¢). More precisely, for every deterministic automaton .4 on finite words, integer
n, and small enough ¢ > 0, there is an algorithm that gets as input a word w € {0, 1}",
samples only c¢log®(1/¢) /e letters in w, where ¢ depends only on A, returns “yes” if
w € L(A), and returns “no” with probability 2/3 if w is e-far from L(.A) [AKNS99].

In this paper we extend the result of [AKNS99] to w-regular languages. An w-
regular language over an alphabet X' is a set L C X* of infinite words over Y. w-regular
languages are described by automata on infinite words, first introduced in the 1960’s.
Motivated by decision problems in mathematical logic, Biichi, McNaughton, and Rabin
developed a framework of automata on infinite words and infinite trees [Bic62/McN66),
Rab69]. The framework has proven to be very powerful. Automata, and their tight relation
to second-order monadic logics were the key to the solution of several fundamental
decision problems in mathematical logic [Tho90]. Today, automata on infinite objects
are used for specification and verification of nonterminating programs. Like automata
on finite words, automata on infinite words either accept or reject an input word. Since a
run on an infinite word does not have a final state, acceptance is determined with respect
to the set of states visited infinitely often during the run. There are various ways to refer
to this set. In Biichi automata, some of the states are designated as accepting states, and
arun is accepting iff it visits states from the accepting set infinitely often [Buic62].

Nondeterministic Biichi automata recognize all the w-regular languages [Lan69]] and
our algorithm assumes that L is given by such an automaton. The input to our algorithm
are infinite words. We consider infinite words that have a finite representation. A general
such representation maps each letter o € X' to a predicate P, C IN that describes the
positions of the word that are labeled o. A special case we consider here is of lasso-
shape (also known as ultimately periodic) infinite words, which are of the form z - y*,
forx € X* and y € X*. Thus, every lasso-shaped word has a position from which
it is cyclic. As we discuss in Section 4] this special case is of particular interest in the
context of specification and verification. In particular, it is easy to see that the language
of a Biichi automaton is not empty iff the automaton accepts some lasso-shape word.
Following similar considerations, if a system violates an w-regular property, it has a
lasso-shape computation violating the property [CD88VW94]. Given a lasso-shaped
word w, our algorithm tests the membership of w in the language of a nondeterministic
Biichi automatorld.

For some problems on automata, the transition from finite to infinite words is compli-
cated. For example, one cannot determinize Biichi automata [LLan69], making the com-

2 So, we actually extend [AKNS99] by three aspects: we consider a general (rather than binary)
alphabet, we consider languages given by nondeterministic (rather than deterministic) automata,
and we consider w-regular, rather than regular, languages. It is not hard to see that the algorithm
in [AKNSO99] can be applied also to general alphabets and nondeterministic automata, thus the
only real contribution is the extension to infinite words.
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plementation problem for nondeterministic Biichi automata very challenging [Saf88|.
For other problems, the transition is simple. For example, while the nonemptiness prob-
lem for automata on finite words can be reduced to one reachability test (from an initial
state to the accepting set «), the nonemptiness problem for Biichi automata can be
reduced to 2|«| reachability tests (from an initial to an accepting state and from the
accepting state to itself). It is easy to see then, that given an oracle for the nonemptiness
problem for automata on finite words, the nonemptiness problem for Biichi automata
can be solved by 2|a/] calls to the oracle.

Consider a nondeterministic Biichi automaton .A and a lasso-shape word w = = - y*.
The membership of w in A can be reduced to the nonemptiness of the product of w and
A. As we explain in Section[3] the latter can be reduced to a sequence of membership
tests for automata on finite words, where the e-test of [AKNS99]] can be used as an oracle.
The problem with this simple reduction is that the number of calls to the oracle depends
on the length, ||+ |y|, of w. Finding an algorithm with a query complexity that does not
depend on w turns out to be much more difficult, and is the main technical contribution
of this paper. Essentially, we show that for every word w there is a set D of positions
such that the size of D depends only on .4 and the following holds: if w € £(A) then
there is a word v € L(A) such that v differs from w only in positions in D and the
membership of v in £(.A) can be verified by a constant number of applications of (some
variant of) the algorithm of [AKNS99]. Moreover, if w ¢ L(.A), then the above check
would fail for all the words v that differ from w only in positions in D. The full details
are described in Section B The query complexity of our algorithm is O(l /€), as the one
of [AKNS99]. In addition, we study the special case where the language of the Biichi
automaton is a safety language; that is, every word not in L has a finite “bad” prefix that
cannot be extended to a word in a safety languageﬁ. In the full version, we also prove an
£2(1/¢) lower bound for the problem.

We hope that the e-test for w-regular languages would stimulate further efforts to
apply the study of combinatorial property testing to formal verification. In formal verifi-
cation, we verify that a system meets a desired behavior by executing an algorithm that
checks whether a mathematical model of the system satisfies a formal specification that
describes the behavior [CGP99]. Almost all current efforts and heuristics to cope with
the large state spaces that commercial formal-verification tools handle do not deviate
from the strict definition of formal verification, where the algorithm is not allowed to
err. We believe that a major improvement of currently used heuristics should involve a
deviation from the strict definition of formal verification. The setting of property testing
seems very appealing for this task: the specifications are small, the systems are exceed-
ingly large, and it is the complexity in terms of the system that we wish to bound, which
is exactly what property testing does. In Section ] we discuss this direction in detail.
Due to lack of space, many details are omitted from this version. The full version can
be found in authors’ URL.

3 We note that the result of [AKNS99] does not immediately apply e-testability for safety prop-
erties, even though such properties can be characterized by a regular language of bad prefixes.
The reason is that there is no a-priori bound on the length of the prefix that needs to be checked.
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2 Definitions

Automata. A finite word over an alphabet X is a finite sequence w € 2™ of letters from
Y. We can view a finite word as a function w : {1,...,n} — X, where n is the length
of w. An infinite word over X' is an infinite sequence w € X“ of letters from 3, and
it can be viewed as a function w : IN'\ {0} — Y. For a word w € X* and positions
0 < z < y we denote by w|x, y] the sub-word of w that starts at position 2 and ends
at position y. A nondeterministic automaton Ais A = (X, Q, 0, qo, ), where X is an
alphabet, Q is a set of states, 6 : @ x ¥ — 2% is a transition relation, ¢y € Q is the
initial states, and o C () is a set of accepting states. Given a finite word w € X*,arunr
of A on wis afunction 7 : {0,...,n} — @ such that 7(0) = gp and forall 0 < i < n,
we have r(i + 1) € 6(r(¢), w(2)). The run r is accepting iff r(n) € «. If for all ¢ € Q
and o € X we have that |6(¢q, )| = 1, then A is deterministic.

The automaton A can also get as input infinite words over Y. Given such a word
w € XY arunr of Aon w is a function r : N — @ such that r(0) = g and for all
i > 0, we have r(i + 1) € d(r(i), w(¢)). Since the run has no final states, acceptance
is determined with respect to the set inf (1), of states that appear in r infinitely often.
Formally, q € inf (r) iff (i) = ¢ for infinitely many ¢’s. When A is a Biichi automaton,
the run r is accepting iff inf(r) N« # 0 [Bic62]. That is, a run is accepting iff it
visits some accepting state infinitely often. Otherwise, r is rejecting. A path in A that
corresponds to an accepting run is called an accepting path. The language of A4, denoted
L(A), is the set of words w such that there is an accepting run of A on w. Note that
L(A) C X* for automata on finite words and £(A) C X* for automata on infinite
words. We assume that £(.A) # (.

An automaton A induces a directed graph G4 = (V| E) in the following way. The
set of vertices of G(A) is V = (@, and for each ¢ and ¢’ in V, we have (q,¢') € FE
iff there exists o € X' such that ¢’ € §(q, o). For a graph G, the period of G is the
greatest common divisor of cycle lengths in G. Note that if A is a Biichi automaton with
L(A) # 0, then there is at least one cycle in G 4, thus the period of G 4 is a finite g > 1.
Infinite words. We say that an infinite word w € X* is lasso-shaped if there are
wy € X* and wy € X* such that w = w; - (wg)“. That is, there exists a position from
which w is cyclic. The word w; is called the prefix of w, and the word ws is called the
lasso of w. When |wy| = n; and |ws| = na, we say that w is (ny, ns)-lasso-shaped.
As we discuss in Section @] lasso-shaped words are of special interest in the context of
formal verification.

For two finite words w and v of the same length, the distance between w and v,
denoted dist(w,v), is the number of letters that have to be changed in w in order to
obtain v [AKNS99]. We say that two finite words w and v of the same length n are e-far,
forQ > ¢ > l,ifw > e

For infinite words, the number of letters that have to be changed in one word in order
to obtain the other can be infinite, thus we cannot extend the definition of [AKNS99]| to
infinite words in a straightforward way. Instead, the definition of distance should refer to
the finite representation of an infinite word, thus to the prefix and lasso of lasso-shaped
words. When we define the distance between lasso-shaped words, we want our definition
of distance to be insensitive to a particular representation: the distance between different
representations of the same word should be 0. Let w and v be two lasso-shaped words
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with prefixes of length n; and n and lassos of length ng and n), respectively. Without
loss of generality, assume that n} > n;. Let i = n}j — ny and n = lem(ng, nj) (least
common multiplier). We define

dist(w,v) = dist(wny + 1+ 1,n1 + i+ nl,v[n] + 1,n] +n)).

We say that a lasso-shaped word w is e-far from a lasso-shaped word v if dist(w,v) >
en, where n is the least common multiplier of the lengths of lassos of w and v. For a
lasso-shaped word w and a language L C X2, we say that w is e-far from L with respect
to (n1,n2) if w is e-far from all lasso-shaped words v € £. Our definition of distance
does not compare the prefixes, as their weight in the infinite words is negligible, but it
does take the lengths of the prefixes into an account. The following lemma shows that
the distance between two different representations of the same lasso-shaped word is 0,
as required.

Lemma 1. Let w = wy - (w2)¥ be a lasso-shaped word. Let ny be the length of the
prefix w1, and nsy be the length of the lasso wo. Then, for all numbers k > 0,1 > 1, and
all partitions of wo to w3 and wy, we have dist(w, wy - (we)* - w3 - ((wy - w3)")*) = 0.

3 The Algorithm

In this section we describe an e-test for lasso-shaped words with respect to proper-
ties given by a nondeterministic Biichi automaton. The query complexity of the test
is O(1/¢). We first analyze the structure of accepting runs of nondeterministic Biichi
automata on infinite words. We argue that for lasso-shaped infinite words it suffices to
examine a finite prefix of a word in order to decide its membership in £(.A).

Let A = (X, Q,J,qo,a) be a Biichi automaton. For simplicity, we describe our
algorithm for the case @ = {quc.} is a singleton. Later we show how to extend our
results to the case of multiple accepting states. We denote by Ag, the automaton A
viewed as an automaton on finite words. Let C,.. be the maximal strongly connected
component of G 4 that contains g,.., and let S be the set of immediate successors of
Gace 11 Cyee. Thus, ¢ € S iff there is 0 € X such that ¢ € §(gace, o) N Cyee. We define
the automaton A}gn = (X, Cacc, 5%n, S, {qacc}) as the automaton on finite words that
is derived from the graph C,.., with initial state S and accepting state ¢,... Formally,
Afsin =(X,Qn Cacc,(S;gn,S, {qace}), where 6§n i Cuee X X — 2Cace ig such that
q €62 (q,0)iff ¢ € 6(g,0)NCpec. In LemmaPlwe show that for lasso-shaped words,
the membership problem of a word in the language can be reduced to the membership
problem of two prefixes of a bounded length in languages on finite words.

Lemma 2. An (nq1,ns)-lasso-shaped word w belongs to L(A) iff there exist ny < p <
n1 + |Qne and 1 < i < |Q)| such that w[l,p] € L(Apy,), and wlp + 1,p+ i -ng €
L(AZ).

fin

So, by iterating over all the possible values of p and ¢, we can reduce the membership
problem for Biichi automata and lasso-shaped infinite words to a sequence of member-
ship tests for finite words. However, since the number of possible values for p depends on
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na, 0 is the query complexity of an algorithm that is based on such a reduction. We now
describe the long journey required in order to avoid this dependency in no. Fortunately,
some of the techniques developed in [AKNS99] in order to e-test finite words turned
out to be useful also for bounding the number of calls to the algorithm in [AKNS99]. In
particular, we need the following lemma about strongly connected graphs.

Lemma 3. [AKNS99] Ler G = (V, E) be a nonempty, strongly connected graph with
a finite period g. Then there exists a partition of V' to pairwise disjoint sets V(G) =
Vo, ..., Vy_1 and a constant m < 3|V'|? such that:

1. For every 0 < 1,5 < g — 1, and for every uw € V;, v € Vj, the length of every
directed path from u to v in G is (j — i) mod g.

2. Forevery0 <1i,j < g—1, and foreveryu € V;, v € V}, and for every | > m such
that | = (j — i) mod g, there exists a directed path from u to v in G of length l.

The constant m from Lemma[3lis called the reachability constant of G.

We use Lemma 3 in order to change the input word slightly in a way that enables
us to restrict attention to runs of A that visit g, at specific positions whose number
depends on the period of C,,.. rather than on ns. This involves two arguments. First, in
Lemma@lwe show that when w is in £(.A), we can change w slightly so that A accepts
the resulted word v by visiting gq.. at specific positions. Then, in Lemma 5] we prove
that if w is e-far from £(A), then all words v that are slightly different from w cannot
be accepted by runs that visit g, in these specific positions. In what follows, we fix g
and m to denote the period and the reachability constant of Cl,.., respectively. Also, let

D= U{m+(|Q|+k)n2,...,n1+(\Q|+k)n2+2m+g_1}.
k>0

When we formalize in Lemmas[4] and Blthe notion of “change w slightly”, we mean that
w can be changed only in positions in D.

Lemma 4. Let w € L(A) be an (n1, ny)-lasso-shaped word with ny > 2m + g. There
exists a lasso-shaped word v € L(A) that satisfies the following.

1. Forall j ¢ D, we have w(j) = v(j), and

2. The length of the prefix of v is p¥, where n1 + |Q|ns + m < p¥ < ny +
m + g — 1, and the length of the lasso of v is i"ns, where 1 < ¥ < |Q
have v[1,p"] € L(Apy) and v[p® + 1,p¥ 4+ iV - ng] € E(.A%n).

Qlns +
, and we

In particular, Lemma [ implies that dist(w,v) < m + g.

Lemma 5. Foreach(0 < ¢ < 1, there exists N. € IN such that for every (ny, ns)-lasso-
shaped word w that is e-far from L(A), with ng > N, all the words v satisfy one of the
following.

1. Thereis j & D such that w(j) # v(j), or

2. Forallny + |Qna+m <p<mnjy+|Qna+m+g—1land1 <i<|Q)| either
L(Afr) does not contain words of length p, or v[p + 1,p + i - no| is ¢ - e-far from
L(AZ).
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In fact, in the proof of Lemma[3 we show that N, = ngf;)l )

We are now ready to prove the following theorem, which gives a reduction from
infinite lasso-shaped words to finite words, where the complexity of the reduction is
independent of the size of the input.

Theorem 1. Consider a Biichi automaton A = (X Q,0,q0,{qacc}). For every
(n1, ne)-lasso-shaped word w € X%, the following hold.

1. Ifw € L(A), thenthere exists alasso-shaped wordv € L(A) such that dist(w,v) <
2m+g—1, forall j ¢ D wehavew(j) = v(j), and there exist integers ni +|Q|na+
m<p<n;+|Qna+m+g—1and1 < i <|Q| such that v[1,p] € L(Afn)
andvlp+1,p+i-ns] € £(.A§n).

2. If w is e-far from L(A), then for all lasso-shaped words v € X such that w(j) =
v(j) forall j € D, all integers p and i such thatny +|Q|na+m < p < n1+|Qna+
m+g—1landl <i<|Q|,andall0 <c< %ﬂljg_l)}, either L(Agy) does

not contain words of length p, or dist(v[p + 1,p + i - na], L'(.Aﬁn)) >c-€-1-no.

We note that the constant c is greater than 0 and is smaller than 1.

Theorem [ leads to our e-test, which is described in Figure [[1 The algorithm gets
five parameters: a lasso-shaped word w, the length of the prefix of w, the length of
the lasso of w, a Biichi automaton A, and 0 < ¢ < 1. It invokes two algorithms: an
algorithm Check_Length, which gets as input an automaton .45, and an integer p and
checks whether the language £(.Afy) contains words of length p, and an algorithm
Fin_Test, which, from reasons we explain below, differs slightly from the algorithm of
[AKNS99]. The algorithm Check_Length is deterministic, and it checks whether Ag,
contains words of length p by computing several modulo operations on p. The algorithm
Fin_Test gets four parameters: a finite word w’, the length of w’, an automaton on finite
words Afsin, and 0 < & < 1. Like the algorithm in [AKNS99], when w’ € K(A;gn),
it outputs “yes”, and when w’ is ¢’-far from E(A%'n), it outputs “no” with probability
at least 2/3. We will describe the algorithm Fin_Test in more detail later. Essentially,
Fin_Test is a modification of the algorithm in [AKNSQ99] that discards from the random
sample the letters of the input that are located in D. Thus, the algorithm Fin_Test gives
the same answer for all words that differ one from another only in letters that are located
in these areas. We note that Fin_Test can handle general alphabet and nondeterministic
automata, nevertheless it is not hard to see that the algorithm in [AKNS99] can be applied
also to general alphabets and nondeterministic automata.

procedure LS _Test (w, n1,n2, A, €)
forp =n1 4+ |Qn2 + mtoni + |Q|n2 + m+g— 1do
if Check_Length (Ag,, p) then
fori =1to|Q| do
if Fin_Test (w[p + 1,p + i - n2], p, .Ajsin, €— %ﬁ‘l) then return “yes”;
return “no”.

Fig. 1. Testing of Lasso-Shaped Words
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The algorithm LS_Test first calls the algorithm Check_Length with the automaton
Ay, and the length p, for all ny + |Q[ne +m < p < nq +|Q|n2 + m+ g — 1. Thus, the
first part of LS_Test invokes Check_Length at most g times. If LS_Test gets a positive
answer for some p, it calls Fin_Test with the word w[p+ 1, p+ i - no] of length i - no, the
automaton A]%n, ande’ = ¢ — %, forall 1 < i < |Q|. Now, since the the query

complexity of Check_Length is 0, and the query complexity of Fin_Test is 0(1~/ '), and
since m, g, and |@)| do not depend on w, the query complexity of LS _Test is O(1/¢).

Readers not familiar with [AKNS99] may be happy at this point and wonder about the
need to modify the algorithm in [AKNS99] and the need for the complicated expressions
that wait in the full version. The need for them arises from two technical difficulties.
The first difficulty has to do with the fact that LS _Test calls Fin_Test several times, and
it returns “yes” if for some p and i the language £(Ag, ) contains words of length p and
the corresponding call to Fin_Test returned “yes”. Consequently, if we want to bound the
probability of error of LS _Test by 1/3, the probability of error of Fin_Test has to be much
lower. The second difficulty has to do with the transition intervals of [AKNS99] and
the way they interfere with the intervals in the set D of positions in which we allowed a
modification of w.

To understand the second difficulty, let us outline briefly the algorithm of [AKNS99].
The main idea of the algorithm is to consider the possible traversal paths (of an automa-
ton A on the input word w) that finish in an accepting state, and then to check whether
the input word can be accepted by following one of these paths. The graph of A is parti-
tioned into strongly connected components. A possible traversal path of A is described
by a triplet (A, P, IT), where A is the list of traversed components, P is the sequence
of entrance and exit states for each component, and 17 is the sequence of integers that
describe the positions in which the path exits each component. A triplet is called admis-
sible if the last component in A contains an accepting state, which is the exit state of the
last pair in P.

The algorithm then chooses a number of random subwords of w, of length that de-
pends on A and ¢ and is independent of n. For each admissible triplet and for each
subword, the algorithm checks whether the subword can be completed to a word that be-
longs to the language of the corresponding component. A subword that can be completed
in this way is called feasible. If for all admissible triplets at least one of the subwords
is infeasible, the algorithm outputs “no”. Otherwise (that is, there exists an admissible
triplet that matches all chosen subwords), the algorithm outputs “yes”. The correctness
of the algorithm follows from the fact that if the input word w is e-far from the language
of A, then for each admissible triplet, w has many short infeasible subwords, one of
which is be detected by the algorithm with high probability.

The number of admissible triplets for a word of length n depends on n. The algorithm
in [AKNS9Y] gets rid of this dependency by placing evenly in the interval {1,...,n}
a bounded number (depending only on ¢ and the parameters of A) of transition in-
tervals, and considering only admissible triplets for which the transitions between the
components of GG occur inside these transition intervals. Then, [AKNS99] show that if
w € L(A), it can be modified slightly to be accepted by a traversal path whose admis-
sible triplet meets these restrictions, whereas if w is e-far from £(.A), the probability of
detecting a short infeasible subword is still high.
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Consider an automaton .4 on finite words. Let m be the maximal reachability constant
for all strongly connected components of G(.A), let [ be the least common multiplier
of the periods of strongly connected components of G(.A), and let k is the number of
strongly connected components of G(A). When the algorithm of [AKNS99] gets as an
input a word w of length n, it places S transition intervals T = {[as, bs]}5_; evenly in
[n], where S = 129km log(1/€) /e, and the length of each interval is (k — 1)(I+m). For
1 < i <log(8km/e) we define r; = % Then the algorithm proceeds as
follows.

1. Foreach 1 < i < log(8km/¢) choose r; random subwords in w of length 2¢! each.
2. For each admissible triplet (A, P, IT) with A = (C;,,...,C,), P = (p},p3)i_;.
and I] = (n])éill such that each n; is inside an interval T for some 1 < s < S,
do the following.
2.1. Discard chosen subwords that have one of their ends closer than
en/(128kmlog(1/¢)) from some n; € I1.
2.2. For each remaining subword R, if R falls between n; and n; 1, check whether
R is feasible for the automaton .4, obtained by restricting A to the strongly
connected component C';.
3. If for some admissible triplet all checked subwords are feasible, output “yes”. Other-
wise, (i.e, in the case where for all admissible triplets at least one infeasible subword
was found), output “no”.

Our Fin_Test algorithm differs from the algorithm in [AKNS99] in steps 1 and 2.1.
In step 1, we increase the number of random subwords we choose from r; to xr;, for

x = [1-log(1—(2)TsT s )/2]. The reason for that is that an increase in the number of
chosen subwords reduces the probability of missing an infeasible subword, and thus also
the probability of error in the algorithm of [AKNS99]. Formally, the probability of error
for Fin_Test is bounded by 1/4%, where x is the factor by which we increase the size of
the number of chosen subwords. Taking x as above then bounds probability of error for
LS _Test by 1/3. In step 2.1, in addition to discarding the subwords that have one of their
ends closer than en/(128kmlog(1/¢)) from some n; € II, we also discard subwords
that intersect with the intervals [nq + ( + |Q|)n2, n1 + (z + |Q])n2 + 2m + g — 1], for
1 <z < |Q)|. The reason for discarding those subwords is that the algorithm should give
the same answer for the word w and all words v that differ from w only in letters that
are located in these intervals. Discarding these subwords does not affect the probability
of the correct answer.
We are now ready to prove the correctness of the algorithm LS_Test.

Theorem 2. For a Biichi automaton A = (X, Q, 3, qo, {qacc}), and an (n1,ny)-lasso-
shaped word w € X, if w € L(A), then the algorithm LS Test always outputs “yes”,
and if w is e-far from L(A), then the algorithm LS Test outputs “no” with probability
at least 2/3.

Remark 1. The algorithm LS _Test can be extended to handle multiple accepting states
by running it for each accepting state separately. This increases the running time by at
most the size of a.. The algorithm LS Test, as well as the algorithm of [AKNS99], are



w-Regular Languages Are Testable with a Constant Number of Queries 35

described for the case of a single initial state. They can be extended to handle multiple
initial states by running it for each initial state separately. This increases the running
time by at most the number of initial states.

Remark 2. Of special interest in formal verification are safety properties, asserting that
the observed behavior of the system always stay within some allowed region, in which
nothing “bad” happens. Intuitively, a property v is a safety property if every violation of
1) occurs after a finite execution of the system. Consider a language L of infinite words
over Y. A finite word = over X' is a bad prefix for L iff for all infinite words y over X,
the concatenation z - y of z and y is not in L. Thus, a bad prefix for L is a finite word
that cannot be extended to an infinite word in L. A language L is a safety language if
every word not in L has a finite bad prefix [AS83]].

Given a nondeterministic Biichi automaton A that recognizes a safety language
(the latter can be checked in PSPACE [Sis94]), it is possible to construct a deterministic
automaton Ay, 4 on finite words that accepts exactly all the bad prefixes of £(.A) [KVOT].
Clearly, an infinite word w belongs to L iff there is no finite prefix of w that belongs
to L(Apaq). While this still does not imply e-testability of safety properties, it can be
shown that for lasso-shaped words, it is enough to check a single prefix. Indeed, as we
prove in the full version, if w is an (n1, ng)-lasso-shaped word, then w € L(A) iff
w[l,ny + |Q|nz2] € L(Apqa), where | Q)| is the number of states of the automaton Ap,q.
Thus, an e-test for the membership of w in the language of A can invokes the e-test
of regular languages of [AKNS99] with the word w[1,ny + |@Q|n2] and the automaton
Apad.

4 Discussion

The main technical contribution of this paper is an e-test for w-regular languages and
lasso-shaped words. This result is an extension of the e-test for regular languages pre-
sented in [AKNS99]. The extension is not trivial. In fact, already the definition of dis-
tance, which is straightforward for finite words, involves subtle considerations, and
discussion has to be restricted to infinite words with a finite representation. We describe
a reduction from e-test of infinite words to a constant number of e-tests for finite words.
The main difficulty that is posed by the fact the word is infinite is that, unlike the case of
finite words, we do not know the position in the word in which an accepting run of A on
the word visits an accepting state. For general (not lasso-shaped) words, this difficulty
cannot be circumvented. We show that for lasso-shaped words, we can bound the number
of positions where an accepting run can visit an accepting state. Moreover, we show that
a word in the language of A can be modified slightly to ensure that an accepting run
would visit an accepting state inside a specific interval of a constant length.

Today’s rapid development of complex and safety-critical systems requires formal
verification methods. In model checking, we verify that a system meets a desired behavior
by executing an algorithm that checks whether a mathematical model of the system
satisfies a formal specification that describes the behavior. The systems we verify are non-
terminating, and their specifications describe an on-going behavior of the system (c.f.,
“every request is eventually granted”). The algorithmic nature of model checking makes
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it fully automatic, and thus attractive to practitioners. At the same time, model checking
is very sensitive to the size of the mathematical model of the system. Commercial
model-checking tools need to cope with the exceedingly large state spaces that are
present in real-life designs, making the so-called state-explosion problem perhaps the
most challenging issue in computer-aided verification [CGP99].

Almost all previous efforts and heuristics for coping with the state-explosion prob-
lem, such as symbolic methods [McM93]] and modular verification [dRLP98], do not
deviate from the strict definition of model checking, where the algorithm is not allowed
to err. Consequently, complexity lower bounds for the model-checking problem apply
also for these heuristics. We believe that a major improvement of currently used heuris-
tics should involve a deviation from the strict definition of model checking. The setting
of property testing seems very appealing for this task: the specifications are small, the
systems are exceedingly large, and it is the complexity in terms of the system that we
wish to bound, which is exactly what property testing does. Indeed, the complexity of
e-testing algorithms depends only on € and on the size of the property, and is independent
of the size of the input.

The one-sided error allowed in property testing means that if the system is correct,
the testing algorithm always say it is correct, yet when the system is incorrect, the
testing algorithm may say it is correct. This at first seems like the unfortunate side, as
a model-checking algorithm that reports the correctness of an incorrect system may be
more harmful than an algorithm that reports the incorrectness of a correct system. It
is now agreed, however, that the anticipated goal of formal verification, of providing a
“correctness stamp” on the system, has turned out to involve too many obstacles (e.g.,
exact modeling of the system, comprehensive specification, etc.), and the primary use of
model checking nowadays is falsification. There, as in debugging, the goal is to detect
errors, rather than to serve as a correctness stamp [BCCZ99Sip99]. The one-sided error
of property testing fits well in this approach: whenever the testing algorithm reports
a dissatisfaction of the property, an error indeed exists. In addition, as with all other
randomized algorithms, repeated runs can be used in order to reduce the error to any
desirable constant.

Naturally, the ultimate goal of applying property testing to model checking is an
e-test that gets as input a Kripke structure that models an entire system (rather than
a single computation), and distinguishes between the case where the system satisfies
a specification and the case where it is far from satisfying it. Technically, this can be
achieved by extending the e-test here to w-regular tree languages. Our efforts in this
direction are still unsuccessful. The difficulty is already in an extension of [AKNS99] to
regular tree languages, and it lies in the fact that local changes in the tree influence several
paths in it. While the ultimate goal seems hard to achieve, some helpful applications can
arise already from our result here.

Our e-test can replace model checking of lasso-shaped words. While the complexity
of the e-test is independent of n; and no, the best time complexity known for the
model-checking problem of (ny,ns)-lasso-shaped words is O((n1 + ng) * m), where
m is the size of the specification, represented as a nondeterministic Biichi automaton.
The restriction to lasso-shape words is not really restrictive in the context of model
checking: as proven in [CDS8§], if a system violates an LTL property 1, there is a
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lasso-shaped computation of the system that violates . In addition, counter examples
for LTL properties (that is, descriptions of computations that violate the specification)
are given by model-checking tools in terms of lasso-shaped computations [VW94]], and
several random simulation algorithms that are based on sampling and checking individual
computations of the system consider, or can be easily modify to consider, lasso-shaped
words [Wes89Hol91].

Our e-test, however, has an additional crucial requirement on the input, namely the
ability to perform local queries of the input in a constant time (also known as random
access to the input). On the other hand, current random-simulation methods construct
the sampled computations “on-the-fly,” and a naive application of our algorithm on top
of them involves storing of the sampled computation and would cause the time and space
complexity to depend on the size of the input word. Still, our e-test is useful in combina-
tion with a random simulator as running the model checker on the output of the random
simulator causes a significant slow-down in the performance of the simulator [Fix02].
Thus, storing the sampled computations and then running our e-test on them seems a
promising way to reduce the complexity of model checking of sampled computations.
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Abstract. This paper presents essentially optimal lower bounds on the
size of linear codes

c:{0,1}" - {0,1}™

which have the property that, for constants d,e > 0, any bit of the mes-
sage can be recovered with probability % + ¢ by an algorithm reading
only 2 bits of a codeword corrupted in up to dm positions. Such codes
are known to be applicable to, among other things, the construction and
analysis of information-theoretically secure private information retrieval
schemes. In this work, we show that m must be at least QQ(ﬁ").
Our results extend work by Goldreich, Karloff, Schulman, and Trevisan
[GKST02], which is based heavily on methods developed by Katz and
Trevisan [KT00]. The key to our improved bounds is an analysis which
bypasses an intermediate reduction used in both prior works. The result-
ing improvement in the efficiency of the overall analysis is sufficient to
achieve a lower bound optimal within a constant factor in the exponent.
A construction of a locally decodable linear code matching this bound is
presented.

1 Introduction

This paper presents essentially optimal lower bounds on the size of linear codes
C:{0,1}" — {0,1}™

which have the property that, for constants d,e > 0, any bit of the message
can be recovered with probability % + € by an algorithm reading only 2 bits
of a codeword corrupted in up to dm positions. Such codes are known to be
applicable to, among other things, the construction and analysis of information-
theoretically secure private information retrieval schemes.

In this work, we show that m must be at least 922(=%") | Our results extend
work by Goldreich, Karloff, Schulman, and Trevisan |[GKST02], who show that
m must be at least 22(€9") Note that the prior bound does not grow arbitrarily
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large as the error probability of the decoder goes to zero (e — %), as intuitively
it should; our new results have the correct qualitative behavior.

The key to our improved bounds is an analysis which bypasses an inter-
mediate reduction used in both prior works. The resulting improvement in the
efficiency of the overall analysis is sufficient to achieve a lower bound optimal
within a constant factor in the exponent. A construction of a locally decodable
linear code matching this bound is presented.

Our work is structured as follows: In the remainder of this section, we briefly
review the definitions and techniques employed in [KT00] and [GKST02]. In
Section B, we prove the main technical result of this paper, which establishes
a relationship between the probability that an edge of a graph sampled from
any distribution intersects any vertex-subset of a given size, and the size of a
maximum matching in the graph. The analysis in this result seems independently
interesting, and may be applicable in other contexts. In Section[3, we show how
the combination of this result with the techniques of [GKST02] establishes lower
bounds for this class of locally decodable codes, and present a construction of a
family of these codes with size matching our bounds within a constant factor in
the exponent.

1.1 Locally Decodable and Smooth Codes

Let Xy, X5 be arbitrary finite alphabets, X7 the set of strings of elements from
X; of length n, and for z,y € X, d(z,y) the number of positions ¢ such that

T; # Yi-
Definition 1 (Locally Decodable Code). For fized constants d,¢€,q, a map-
ping

C:3p 5 Ip

is a (g, 6,€)-locally decodable code if there exists a probabilistic oracle machine
A such that:

— A makes at most q queries (without loss of generality, A makes exactly q
queries).
— For every x € X7, y € X5 with d(y,C(z)) < ém, and i € {1,... ,n},

1
Pr{AY(i)=a;] > —= +¢
(Ai) = )2

where the probability is over the randomness of A.

In this paper, we consider codes C satisfying the above properties where, in
addition, X, Xy are fields and C is a linear mapping from X7 — X72*. While
all of our results are applicable to finite fields in general, and some to non-
linear codes, we will for simplicity narrow our current discussion to linear codes
on Zs. Also, while we have observed that our results are equally applicable to
reconstruction algorithms making queries adaptively, we limit our comments in
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this abstract to algorithms making non-adaptive queries, and summarize some
details of our proofs.

We begin by reviewing the definitions and techniques of [KT00] and
[GKST02|, which our results build upon.

It was observed in [KT00] that a locally decodable code should have the
property that a decoding algorithm A reads from each location in the code word
with roughly uniform probability. This motivated the following definition:

Definition 2 (Smooth Code). For fized constants ¢, €,q, a mapping
C: X - X

is a (q,c,€)-smooth code if there exists a probabilistic oracle machine A such
that:

— A makes at most q queries (without loss of generality, A makes exactly q
queries).
— For every x € X7 and i € {1,... ,n},

1
Pr [AC(I) 1) = :cl} > —— +e
) | 2]
— For every i € {1,...,n},j € {1,...,m}, the probability that on input i
machine A queries index j is at most =-.

Intuitively, if a code is insufficiently smooth, so that a particular small subset
of indices is queried with too high a probability, then corrupting that subset
causes the decoding algorithm to fail with too high a probability. Thus, a locally
decodable code must have a certain smoothness. Specifically, [KT00] proved:

Theorem 1. IfC: X7 — X7 is a (q, 0, €)-locally decodable code, then C is also
a (g, %, €)-smooth code.

The lower bounds for linear locally decodable codes in |[GKST02] are proved
by establishing lower bounds for smooth codes. The result for locally decodable
codes follows by application of Theorem [l

Smooth codes are closely related to the concept of information-theoretically
secure private information retrieval schemes introduced in [CGKSOS8|. Briefly,
the idea in these constructions is to allow a user to retrieve a value stored in a
database in such a way that the database server does not learn significant infor-
mation about what value was queried. It is easy to see that, in the information-
theoretic setting, achieving privacy in this sense with a single database server
requires essentially that the entire database be transferred to the user on any
query. [CGKS98| showed, however, that by using 2 (non-colluding) servers, one
can achieve privacy in this sense with a single round of queries and communica-
tion complexity O(n'/3). [KT00] observed that if one interprets the query bits
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sent to the databases as indexes into a 2-query decodable code, then the smooth-
ness parameter of a code can be interpreted as a statistical indistinguishability
condition in the corresponding retrieval scheme. In this way, one can construct
and analyze smooth codes, and therefore locally decodable codes, from private
information retrieval schemes and vice versa. We refer the reader to [GKST02]
for a detailed discussion.

The basic technique for proving lower bounds for smooth codes introduced
in [KT00] and extended in [GKST02] is to study, for each i € {1,...,n}, the
recovery graph G; defined on vertex set {1,...,m} where (q1,¢2) is an edge of
G; iff for all z € {0,1}",

pr | 4C@ (1) = ;] A queries (¢, q2):| >

N | =

Such edges are called good edges. Then, one shows a lower bound on the size
of a maximum matching in the recovery graphs G; which is a function of the
smoothness parameter of C:

Lemma 1 ([KTO00], [GKSTO02]). If C is a (2, c,€)-smooth code with recovery
graphs {G;}; then, for every i, G; has a matching of size at least <.

For linear smooth codes, it is easy to see that an edge (¢, qg) can be good
for x; iff x; is a linear combination of g1, g2. To simplify matters, one narrows
the analysis to codes in which these linear combinations are non-trivial:

Definition 3 (Non-Degenerate Code). A linear code C is non-degenerate
if none of the entries in the range of C is a scalar multiple of an input entry.

We can assume non-degeneracy in smooth codes with only a constant factor
modification in length and recovery parameters:

Theorem 2 ([GKSTO02]). Forn > 4, let C: {0,1}"* — {0,1}™ be a (q,c,¢)-

smooth code. Then there exists a (g, c, ) smooth code C' : {0,1}" — {0,1}™
with n' > %, m' < m in which for allz e{l,...,n'},j € {1,... ,m’}, the j-th
bit of C'(x) is not a scalar multiple of x;.

Putting the pieces together, we have that a non-degenerate (2, ¢, €)-smooth
code has for every i€ {1,...,n} arecovery graph G; containing a matching of
size at least €2, and for each of the edges (g1, ¢2) in this matching, z; is in the
span of g1, g2, but is not a scalar multiple of ¢; or go. Thus, the preconditions
for the following key result of [GKST02] are satisfied:

Lemma 2. Let q1,... ,qn be linear functions on x1,... ,xz, € {0,1}"™ such that
for every i € {1,... ,n} there is a set M; of at least ym disjoint pairs of indices
Ji,j2 such that x; = q;, +q;,. Then m > 27",

Composing this with the degenerate to non-degenerate reduction of Theorem
Bl we have:
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Theorem 3 ([GKSTO02]). Let C: {0,1}" — {0,1}™ be a (2, ¢, €)-smooth lin-
ear code. Then m > 2%c .

Finally, composing this with the locally decodable to smooth reduction, this
says:

Theorem 4 ([GKSTO02]). Let C : {0,1}™ — {0,1}™ be a (2,6, ¢€)-locally de-
codable linear code. Then m > 2%

Note that Lemma Blyields a lower bound which is exponential in the fraction
of vertices in {0,1}™ covered by a matching in every recovery graph of the code.
Thus, if we can prove a tighter lower bound on the size of these matchings,
then we get a corresponding improvement in the exponent in the final lower
bound. This is exactly the method used in this paper. In particular, we achieve
an optimized bound on the size of the matchings in the recovery graphs by
bypassing the reduction to smooth codes and instead arguing directly about
locally decodable codes. The resulting direct reduction is strong enough to yield
a tight final lower bound.

2 Blocking Distributions and Matchings

In this section, we prove a combinatorial theorem regarding the relationship
between the probability that an edge of a graph sampled from any distribution
intersects any vertex-subset of a given size, and the size of a maximum matching
in the graph. This is the primary technical tool which allows us to optimize the
lower bounds of [GKST02]. Further, the analysis seems independently interesting
and may be applicable in other contexts.

Let G(V, E) be an undirected graph on n vertices, w : E — R a probability
distribution on the edges of G, W the set of all such distributions, and S a
subset of V. Our concern in this section is to establish a bound on the following
parameter of G based on the size of a maximum matching in G:

Definition 4 (Blocking Probability). Let X* denote a random edge of G
sampled according to distribution w. Define the blocking probability §5(G) as

Bs(G) = min ( max Pr[X“NS# @]) .

weW \ SCV,|S|<én

One can think of §5(G) as the value of a game in which the goal of the first
player (the decoding algorithm) is to sample an edge from G which avoids a
vertex in a dn-set selected by the second player (the channel adversary), whose
goal is to maximize the probability of blocking the edge selected by the first
player.

For a graph G, the independence number a(G) of G is the size of a maxi-
mum independent set of vertices in G, and the defect d(G) of G is the number
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of vertices left uncovered in a maximum matching in G. We begin our analysis
by observing that d(G) is a lower bound on «(G). We then define a relaxation
of the optimization problem for the blocking probability on graphs with a given
independence number. For this relaxed problem, we define a special family of
distributions and show that some distribution in this family optimizes the block-
ing probability. Finally, we exhibit a lower bound on the blocking probability of
a particular set of dn vertices with respect to any distribution in this family of
distributions.

Lemma 3. For a graph G, o(G) > d(G).

Proof. Choose any maximum matching in G. The vertices left uncovered in this
matching must be an independent set, for an edge between any of these vertices
would allow us to increase the size of the matching by at least one.

Define the graph K (n,a) with vertex set
Kl(?’l,Oé) U K2(n7 OZ), |K1(’I’L, Oé)| = an, |K2(Tl7 O‘)‘ = (1 - a)n,

such that the edge set of K(n,«) is the union of the edge set of the complete
bipartite graph with bipartition (K1 (n, «), K2(n,«)) and the (1 — a)n-clique on
K2 (n, O().

Lemma 4. Let G be a graph with defect an. Then
Bs(G) = Bs(K(n,a)).

Proof. By Lemma Bl G has an independent set S of size at least an. With a
labeling of vertices of K(n,a) which sets Kj(n,a) to an arbitrary an-subset
of S, it is easy to see that the edge set of K(n,«) contains the edge set of G.
Therefore, the optimization of w on K (n, «) is a relaxation of the optimization of
w on G (a distribution w on G can be expressed as a distribution w’ on K (n, a)
in which any edge of K (n,a) not in G has probability 0). The claim follows.

We will focus on the following special class of distributions on K(n,«) and
show that the blocking probability of K (n, ) is always optimized by some dis-
tribution in this class:

Definition 5 ((A1, A2)-Symmetric Distribution). An edge distribution
w on the graph K(n,«a) is (A, Ay)-symmetric if for every edge e €
(K (n, ), Ka(n,)), w(e) = M, and for every edge e € (Ka(n, a), Ka(n,0)),
w(e) = Aq.

Lemma 5. Let wy,... ,w be edge distributions on G such that

sclmax | Pr(XnS 0] =65(G).

Then for any convex combination of the distributions w =), v;w;,

Sg\r/r,l\%'fgén Pr [Xw NS # @] = ﬂé(G)'
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Proof. For every S C V|

Pr(X" NS #0]=> 7Pr[X" NS 0

since this is simply the sum over edge weights of edges of G incident to S. By
the condition on the w;, for any subset S with |S| < dn,

Pr(X" NS #0] <> 76s(G)

= 35(G) Z’Vz'
= Bs(G).

Therefore,

B PrIX 0 £0] < (G,

However, by definition of §s(G), this must be at least 35(G). Therefore,

Pr(X*nsS = G).
somax r # 0] = 85(G)
The automorphism group of a graph G is the set of permutations 7 on the
vertices of G such that (7(i),n(j)) € E <= (i,j) € E. Let I' be the automor-
phism group of K (n, «).

Lemma 6. There exists a (A1, A2)-symmetric distribution w such that

sopmax PriX“ NS #0] = Bs(K(n,a)).

Proof. Let w’ be any distribution which optimizes the blocking probability of
K(n,a). It is obvious that if w’ is such a distribution, then so is w(w’) for 7 € I"
(where we extend the action of I' to the edges of G in the natural way). By
Lemma [B, the distribution

1 /
w:me(w)

optimizes the blocking probability of K (n,a). We claim that w is a (A1, A2)-
symmetric distribution: For any edge e € F and ¢ € I,
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where the second step is the usual group-theoretic trick of permuting terms in
summations over I'. Therefore, if e,¢/ € E are in the same orbit under the
action of I', w(e) = w(e). It is easy to verify that I' is the direct product
of the group of permutations of the vertices of K;(n,a) and Ks(n,«), and so
there are exactly two edge-orbits of K(n,«) under I', one consisting of the
edges (K1(n,a), Ka(n,a)) and the other (Ks(n,«), Ka(n,«)). This is exactly
the condition for a (A1, A2)-symmetric distribution.

Finally, we need to compute a lower bound on the blocking probability for a
(A1, A2)-symmetric distribution:

Lemma 7. Let w be a (A1, A2)-symmetric distribution on K(n,«). Then there
exists a subset S C'V with |S| < én such that

Pr[X*“ NS # (] > min (671) .
1—«
Proof. We will study a blocking set which selects any dn vertices of Ky(n, ).
Note that, by (A1, A2)-symmetry, it does not matter which dn vertices we select.
Further, we can assume that 6 < 1 — «, for if 6 > 1 — a we can cover all of
Ks(n, ) and thereby achieve blocking probability 1.

Placing a blocking set in this manner and summing up over edges and weights,
we achieve blocking probability

1
(on)(an)A; + 5(5n)(5n — DA+ (dn)(1 — a — J)nAs.
Since w is a probability distribution, we must have
1
(an)(1 — a)nA; + 5(1 —an((l—an—-1)r=1.

Using this to eliminate \; from the first expression, we obtain blocking proba-
bility

11,
5(1_a—|—2n (1—a—5))\2).

Since § < 1—a, the second term in the sum is positive (and, obviously, optimized
when Ay = 0), so the blocking probability must be at least

]

1—a’

It is now easy to prove our main result:

Theorem 5. Let G be a graph with defect an. Then

. 1)
05(G) > min (1&1) .
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Proof. By Lemma [, 35(G) > 35(K(n,«)). By Lemma [0, the blocking prob-
ability of K(n,«) is optimized by some (A1, A2)-symmetric distribution. By
Lemma [T there exists a subset of dn vertices which blocks any such distribu-
tion with probability at least min (%a, 1). Therefore, 85(G) > Bs(K(n,«a)) >

1
min (%,1).

2.1 Probabilistic Proof of Theorem

An anonymous referee observed the following probabilistic proof of Theorem
This argument does not characterize the optimal strategies for the blocking
game, as in our original analysis, but is sufficient to prove our ultimate result.

Fix an arbitrary edge-distribution w on K (n, «) and, for § < 1 — « as before,
select a subset S of dn vertices of K3(n,«) uniformly at random. The resulting
blocking probability 5 can be written as a sum § =) _ 3. over edges e, where 3,
is a random variable with value w, if S intersects e, or 0 otherwise. By linearity
of expectation,

E(B) = ZE(ﬂe) = ZwePr[Sme # (D]

where the randomness is over the selection of the subset S. Clearly, S intersects

each edge e with probability at least —2 = % 5o this expectation is at
least

_on__
(1—a)n = 1—-a’

1) 1) 1)
PORCS ral wrD Dl s

€

In particular, there must exist some subset S achieving this expectation, proving
the theorem. In fact, our original analysis shows that, for the natural family of
symmetric optimal strategies w, every dn-subset S of Ks(n,«) achieves this
blocking probability.

3 Lower Bounds

In this section, we apply Theorem [5] to our original problem of finding lower
bounds for locally decodable linear codes. We also present a construction of a
family of 2-query decodable linear codes with size matching our bounds within
a constant factor in the exponent.

3.1 Degenerate to Non-degenerate Reduction

We require a degenerate to non-degenerate reduction analogous to Theorem
Note that we cannot use Theorem [2 directly as this argues about smooth codes,
whereas the point in our analysis is to bypass the use of smooth codes.
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Theorem 6. Let C : {0,1}™ — {0,1}™ be a (2,0,€)-locally decodable linear

code where n is large enough so that (gjl) < 0/201. Then there exists a non-

degenerate (2, %01, €)-locally decodable code C' : {0,1}" — {0,1}2™.

Proof. Write the ith entry y; of the codeword as y; = a; - © where a; € {0,1}"™.
A straightforward probabilistic argument shows that there exists a vector r €
{0,1}"™ such that the Hamming weights of r and a; + r are at least 2 for a

%) of the y;. Let S be the set of y; satisfying this

property. Note that for y; € S, (a; + ) - x is a not a scalar multiple of an input
entry. We form a non-degenerate code C' : {0,1}" — {0,1}?>™ from C by setting
yi=(a;+r) - zfory, €8S, y,=(1,...,1) -z for all other indices, and adding a
set of m codeword bits y. = rew forall i € {1,... ,m}.

We claim that C’ is a (2, 52 557, €)-locally decodable code. Let A be a recovery
algorithm for C, and recall that an edge for A can be good only if the answer
of A is a linear combination of the entries it queries. Without loss of generality,
we can assume that A only queries good edges (otherwise, we can ignore the
answers to the queries and output a random coin flip). We implement a recovery
algorithm A’ for C’ as follows: If A takes a non-trivial linear combination of
queries y;, y;, then A" simulates A but executes queries y;, y}; if A is the identity
on a query yi, then A’ makes queries y},y, and takes the (non-trivial) linear
combination y; + v, which for ¢ 6 Sequals (a; +7r)-x+7r-x=a; -2 =y
Finally, we note that if at most 557 01 entries of a codeword of C’ are corrupted,
then A’ exactly simulates the behavior of A when interacting with some code
word with at most

fraction at least (1 -

2 1 2 1
+|S\<75 + (n+1) <ﬂém+—6m:6m

)
2.01 ()1 — 201 gn = 201 201

corrupt entries. By the decoding condition on A, A’ succeeds with probability

at least % + €.

So, we can essentially assume that we have a non-degenerate locally decodable
code.

3.2 Lower Bound for (2,9, ¢)-Locally Decodable Linear Codes on Z,

Theorem 7. Let C:{0,1}" — {0,1}™ be a (g, 0, €)-locally decodable linear code
for0<ée< % Then for sufficiently large n, m > 9T TR

Proof. By Theorem [f] for sufﬁcicntly large n, the existence of C implies the
existence of a non-degenerate (2, 5 557, €)-locally decodable code c :{0,1}" —
{0,1}2™. As before, we can assume that the recovery algorithm A’ for C" only
queries good edges. On one hand, for all i € {1,... ,n} and y € {0,1}*™ such
that d(y, C'(z)) < 52;(2m),

Pr[A"(i) # z:] <

w\)—*



Optimal Lower Bounds for 2-Query Locally Decodable Linear Codes 49

On the other, if @(2m) is the minimum over all ¢ € {1,... ,n} of the defect in
the recovery graph G; of A, then

15/2.01

Pr[A"Y(i) # 2] > 5 21— o

for, by Theorem Bl there exists a fraction 573 01 of vertices S such that an adversary
which sets the values of S to randorn coin flips causes A’ to read a blocked

edge, and therefore have probablhty of outputting an incorrect response, with
$ /2 01

probability at least . Therefore,
16/2.01 1 6/2 01
— < — — - <1-—
21-a 2 Y= T 12
which is equivalent to saying that there exists for all i € {1,...,n} a set of at
least 1 6/2 o1 - (2m) dlsJ01nt pairs of indices ]1,]2 such that z; = g;, +¢;,. Then by
5/2.01
Lemma 2, 2m > 25 F2 " or > 9703 22"~ which is at least, say, 9703 T2 "

for sufficiently large n.

3.3 Matching Upper Bound

Finally, we show that the lower bound of Theorem [7lis optimal within a constant
factor in the exponent. The following construction was observed earlier by Luca
Trevisan.

The Hadamard code on x € {0,1}" is given by
Yi=a;-T

where a; runs through all 2" vectors in {0,1}". Hadamard codes are locally
decodable with 2 queries as, for any 7 € {1,... ,n} and r € {0,1}",

ri=r-x+(rte) r=e-x

where e; is the ith unit vector in {0,1}™. It is easy to see that the recovery
graphs of this code are perfect matchings on the n-dimensional hypercube, and
the code has recovery parameter € = % — 20.

For given d,¢, let ¢ = 11525.
1 — 2¢ > 46 so that ¢ > 1. We divide the input bits into ¢ blocks of % bits,
and encode each block with the Hadamard code on {0,1} . The resulting code
has length 12—(5262%” which is, say, less than L0125 fiyy sufficiently large n.
Finally, since each code block has at most a fraction ¢ of corrupt entries, the
code achieves recovery parameter

1 1 1—2¢

as required.
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Abstract. For counting problems in #P which are “essentially self-
reducible”, it is known that sampling and approximate counting are
equivalent. However, many problems of interest do not have such a struc-
ture and there is already some evidence that this equivalence does not
hold for the whole of #P. An intriguing example is the class of H-
colouring problems, which have recently been the subject of much study,
and their natural generalisation to vertex- and edge-weighted versions.
Particular cases of the counting-to-sampling reduction have been ob-
served, but it has been an open question as to how far these reductions
might extend to any H and a general graph G. Here we give the first
completely general counting-to-sampling reduction. For every fixed H, we
show that the problem of approximately determining the partition func-
tion of weighted H-colourings can be reduced to the problem of sampling
these colourings from an approximately correct distribution. In particu-
lar, any rapidly-mixing Markov chain for sampling H-colourings can be
turned into an FPRAS for counting H-colourings.

1 Introduction

Jerrum, Valiant and Vazirani [13] showed that for self-reducible problems in #P,
approximate counting and approximate sampling are of similar computational
complexity. In particular, a problem has a fully polynomial randomised approz-
imation scheme (FPRAS) if and only if it has a fully polynomial approximate
sampler (FPAS). The techniques of [I3] have been applied even to problems that
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do not seem to be self-reducible, and a generalization of [13] was given by Dyer
and Greenhill [4]. In general, however, the situation seems more complicated, as
exemplified by the following observation of Brightwell and Goldberg [1].

Observation 1. There exists a problem in #P which has an FPRAS but no
FPAS, unless there is a polynomial time algorithm for computing the discrete
logarithm.

Proof. Consider the problem with instances (p,r, C(p,7),y), where C(p,r) is a
certificate that p is a prime with primitive root r, and y € {1,... ,p — 1}. The
input can be verified in polynomial time. (See Section 10.2 and Example 12.2
of [I4].) The solution set is defined to be {z | 0 < a <p—2,7* =y (mod p)}.
This problem trivially has an FPRAS, since the solution set is always of size 1
exactly. Furthermore, the problem is in #P, since r* mod p can be computed
in polynomial time. However, an FPAS would clearly give a polynomial-time
solution to the discrete logarithm problem.

In fact, the proof of Observation [T does not rely on the details of the discrete
logarithm problem. Any one-way permutatio could be used to construct a
#P-problem with an FPRAS but no FPAS. Thus it seems likely that there exist
problems in #P which have an FPRAS but no FPAS. On the other hand, it is
an open question as to whether, under any reasonable complexity assumption,
there exist problems in #P which possess an FPAS but no FPRAS. A candidate
problem might be the orbit-counting problem [1]. If a sampling algorithm were
discovered which did not essentially implement Burnside’s lemma, it would be
unclear how to use it for approximate counting.

Despite these issues, it is widely believed that approximate counting and
approximate sampling are inter-reducible for most, or even all, “reasonable”
problems in #P. H -colourinég provides a convenient setting for investigating this
issue. On the one hand, reductions between approximate counting and sampling
are known for several of the best-known instances of H-colouring. These include
the (usual) vertex-colouring problem [I1] (see also section [3 below) and the
independent set problem or, more generally, its vertex-weighted version the hard
core lattice gas model. (See, for instance, Examples 3.3 and 3.4 in [4].) On the
other hand, straightforward attempts to apply the method of [13] to H-colouring
seem to fail.

Dyer, Jerrum, and Vigoda [6] have shown how to extend the counting-to-
sampling reduction from the vertex-colouring setting to the H-colouring setting,
but their proof works only if H is dismantleable (which is quite a strong restric-
tion, see [2]) and the input graph, G, has bounded degree. This paper extends
their result to any H and to general graphs G. We show that, for every fixed H,

! The definition of a “one-way permutation” is beyond our scope — think of a one-way
function which, for each n, is a permutation on inputs of size n. Details can be found
in [10].

2 See Section Pl for a precise definition of this and other basic notions mentioned in
this introduction.
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the problem of approximately-counting H-colourings can be reduced to the prob-
lem of sampling H-colourings from an approximately-correct distribution. Thus,
the MCMC method is applicable to H-colouring. In particular, any rapidly-
mixing Markov chain for sampling H-colourings can be turned into an FPRAS
for counting H-colourings. In fact, we express our results in the more general
setting from Section 1.1 of [5] in which vertices and edges of H may have weights.
Thus, we show that an algorithm for sampling from the Gibbs distribution leads
to an FPRAS for the partition function.

The other direction is still open. The natural reduction from sampling H-
colourings to counting H-colourings suffers from the defect that the resultant
counting sub-problems correspond to list colouring problems rather than to un-
restricted colouring problems. Thus, sampling may be reduced to the problem
of (approximately) counting list H-colourings, but possibly not to the (presum-
ably easier) problem of counting H-colourings. Thus, it is not clear for which
graphs H negative sampling results such as [3J9] yield negative results for ap-
proximability. Approximate counting could be easier than approximate sampling
for H-colouring. Note that for almost every H, it is #P-hard to ezactly count
H-colourings (see [5]).

2 Definitions and Statement of Theorem

Our definitions are from Section 1.1 of [5]. Let H = (V(H), E(H)) be a fixed
graph. We will allow H to have self-loops, but not multiple edges between a
pair of vertices. Let V(H) = {c1,... ,cn}. We refer to the vertices of V(H) as
“colours”. Every colour ¢; has a weight A., > 0. If an unordered pair of colours
(¢i,cj) is in E(H) then it has a weight A., ., > 0. Otherwise, it has zero weight,
i.e. Ac, ¢; = 0. Let Apax be the maximum of all vertex and edge weights in H.

Suppose that o is a function from V(G) to V(H), where G is a simple graph,
without multiple edges or self-loops. We assign the weight w,(G) to o, where
w,(Q) is given by

wU(G) = H )‘o’(v) H )\a(u),cr(v)-

veV(G) (u,v)EE(G)

Note that wy(G) > 0 if and only if ¢ is a homomorphism from G to H. (A
homomorphism from G to H is just a function o from V(G) to V(H) which
has the property that for every edge (u,v) of G, (¢o(u),o(v)) is an edge of H.
A homomorphism from G to H is also known as an “H-colouring of G”.) Let
21 (G) be the set of H-colourings of G. That is,

2p(G)={0:V(G) = V(H) | w,(G) > 0}.

The partition function Zy(G) is given by

Zu@= Y w,@). (1)

O'G.QH(G)
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The Gibbs distribution on H-colourings of G is the distribution in which each
colouring ¢ has probability

_ Wy (G)
Zy(G)

w6 (0)

If wis a vertex of G and ¢; is a colour in V(H), we use the notation
Zu(G){u — ¢;} todenote 3= o, (G).0(u)=c; Wo(G). We will use similar notation
when we want to restrict more vertices of G to have particular colours.

As a technical matter, we can assume without loss of generality that there
are not distinct colours ¢, € V(H) and cg € V(H) with identical edge weights.
That is, we do not have ¢, and cg such that, for all i, Ac, i = Ay It is
straightforward to see that any two such colours can be treated as a single
colour with effective vertex weight A., + A¢;-

Since we are interested in computation (which is inherently discrete), we
will assume that all of the weights A., and A, ., are rational. Now suppose
that K is the least common multiple of the denominators of all of the positive
weights. Consider what happens when replace the weights with 5\6]. = K\
and /A\Ci,cj = K\, ¢, The weight of a colouring is then wy(G) = K" w,(G),
where n = |V(G)| and m = |E(G)|. Similarly, Zz(G) = K""™Zy(G) and
(o) = mga(o). Thus, we can assume without loss of generality that all
weights A, and A, ., are natural numbers. We will make this assumption in the
rest of this paper. See [4] and [§] for a further discussion of this issue.

We will consider the complexity of the following problems.

Name. H-PARTITION.
Instance. A graph G.
Output. The value of the partition function Zy(G).

Name. H-GIBBSSAMPLE.
Instance. A graph G.
Output. An H-colouring ¢ of G chosen from distribution 7g ¢.

Note that if all vertex and edge weights of H are set to 1 then H-PARTITION
is simply the problem of counting H-colourings of G and H-GIBBSSAMPLE is
the problem of sampling an H-colouring of G uniformly at random.

Figure [l gives an example. The triangle xyz forces z to be coloured with a or
one of its neighbours. It follows that, for large N, there are ©(10") colourings
where z is coloured a and v is coloured b, and ©(9"V) other colourings. Thus
“almost all” colourings are of the former type.

A randomised approzimation scheme for H-PARTITION is a randomised al-
gorithm that takes as input a graph G and an error tolerance € > 0, and outputs
anumber Z € N (a random variable of the “coin tosses” made by the algorithm)
such that

Pr[eZy(G) < Z < e Zy(Q)] >

e~ w

(2)
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U1 Un

Fig. 1. An H-colouring problem.

The algorithm is a fully polynomial randomised approximation scheme, or
FPRAS, if it runs in time bounded by a polynomial in [V (G)| and e~1.

In this paper we will simplify the presentation of our FPRAS by presenting
it in a slightly different form. Our randomised algorithm will take as input an n-
vertex graph G and an error tolerance ¢ > 0. With probability at least 1 —27"",
it will succeed. In this case, the running time will be bounded from above by a
polynomial in n and e~!. Also, it will output a number Z € N such that

7

Prle *Zy(G) < Z< e Zu(G)] > 3" (3)

If the algorithm fails, the running time might be as large as poly(n,e~!) 2(%) x
|V(H)|"/, where n’ € O(n?). Note that the expected running time of our algo-
rithm is at most a polynomial in n and e~'. Furthermore, our algorithm can be
converted into a standard FPRAS by truncating long runs after polynomially
many steps (and outputting an arbitrary answer after truncation).

The total variation distance between two distributions 7 and 7’ on a count-
able set {2 is given by

dry(m, ) Z |7 (w ()] = max |m(A ) — ' (A)].
wGQ

An approzimate sampler [A[12]13] for H-GIBBSSAMPLE is a randomised al-
gorithm that takes as input a graph G and an accuracy parameter ¢ € (0, 1] and
gives an output (a random variable) such that the variation distance between
the output distribution of the algorithm and the Gibbs distribution 7 ¢ is at
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most e. The algorithm is a fully polynomial approximate sampler (FPAS) if its
running time is bounded from above by a polynomial in |V (G)| and log(e~1).

Theorem 2. If there is an FPAS for H-GIBBSSAMPLE then there is an FPRAS
for H-PARTITION.

3 An Easy Reduction

Our general strategy will be to reduce G to a tree by removing edges one by one,
but unfortunately the reduction is not straightforward. We will need to attach
“gadgets” to the vertices of G in order to exclude some undesirable colourings.
These are discussed in section [ below. But first, to illustrate some of the dif-
ficulties, we will sketch a simpler reduction, which suffices for two special cases
of counting unweighted H-colourings. These are problems in which either every
or no vertex of H has a loop. The usual vertex colouring problem provides an
example.

Recall that h = |[V(H)|. If G has h or fewer vertices, we will count its H-
colourings by exhaustive enumeration. Otherwise, by applying the pigeonhole
principle to any subset of V(G) of size (h + 1), there must exist two vertices
u,v € V(G) such that

Pr(o(u)=o) = > muaclo)= (") .
sio(u)=0(v)

Take sufficiently many samples to locate any pair u,v with Pr(o(u) = o(v)) >
1/h2. Now let Gy, be the graph obtained from G by identifying u and v as a
single vertex uv. Parallel edges may be removed from G, since all edge weights
of H are 1. However, there may be a loop on the vertex uv, which means it
must be coloured with a looped vertex of H. In the case where H has no looped
vertices, the situation does not arise (u and v will not be adjacent in G). In
the case where H has all looped vertices, the uv loop is no restriction and we
may remove the loop. By sampling colourings of G, we can estimate the ratio
Tuv = |28(Guw)| /121 (G)| > 1/h?. Now we estimate |2y (G )| recursively, and
hence estimate |25 (G)| as |2y (Guv)|/Tuv-

This reduction is clearly invalid if H has vertex weights, since the vertex uv
must receive a squared weighting in G,. Thus G itself becomes vertex-weighted.
To proceed further, we must assume that we can sample H-colourings when G is
a vertex-weighted graph. Similarly, if H has edge weights, the parallel edges in
Gy are significant, and we are soon obliged to deal with edge-weighted GG. Even
in the case where all weights are 1, but H has both looped and unlooped vertices,
the reduction may be invalid, as illustrated by Figure [ Here y,z € V(G) are
both coloured a with frequency almost one-fifth. But, if we identify y and z, the
vertex yz has a loop, signifying that it can only be coloured with the looped
vertex a € V(H). If we ignore the loop on yz (in order to make G,. a simple
graph), the number of H-colourings of G, explodes to ©(25"), by colouring
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both = and v with b. The ratio 7,, is now an exponentially large quantity rather
than a fraction.

In general, this reduction is valid if we assume that the class of graphs from
which G can be chosen includes the class from which H can be chosen. But this
assumption is not true of the H-colouring problem as usually stated, particularly
in its weighted variants. Therefore we need to proceed more carefully to obtain
our reduction.

4 Gadgets

Let t = 2|V(H)|. Let P be a path of 2t edges from some vertex A to some
vertex B. For any colour ¢; € V(H) and any colour ¢; € V(H), recall that
Zu(P){A = ci, B — ¢;} denotes 3. c o, (p) o(A)y=ci,o(B)=c, Wo (P)- Let d(ci, ¢;)
be the quantity

Zg(P){A — ¢;, B — c¢;
6(Ci7cj): H( ){ )\)\ ]}'

The quantity d(c;, ¢;) is the total weight of all H-colourings of P which start at
colour ¢; and end at colour ¢; except that we exclude the weight of the colours
at the two endpoints. For any colour ¢;, let §(¢;) = 0(c¢;, ¢;).

We will be assuming that H is connected and that it has more than one
vertex. Thus, every colour ¢; € V(H) has at least one neighbour so d(c;) > 0.
If all vertices ¢; € V(H) and ¢; € V(H) have d(¢;) = 0(c;) we will define
0*(H) = 1. Otherwise, we define §*(H) to be the following positive quantity.

d(ci)
5(c;)
We will use the following technical lemma (cf. [3]).

Lemma 1. If §(¢;) > d(c;) and j # i then §(ci, ¢ ) < 6(c;).

§*(H) = min {lg ( ) \ ¢ € V(H),¢j € V(H),d(c;) > 5@)} .

Proof. If ¢; dominates c; in the sense that Ac,c, > A¢je, for all o then the lemma
follows from the definition of §. Suppose that ¢; does not dominate c;. Let W
be a symmetric b X h matrix in which the entry in row 7 and column j is A, ;-
Let A be the diagonal matrix in which the entry in row ¢ and column % is A,.
Let ¥ be the positive diagonal matrix such that 2 = A. Let [ - ]; denote the ith
column of a matrix and [ - J;; its (4, j)th element. Note that

8(ci ) = (WA Wiy = [0~ (@Ww)* w1,

Since YWV is symmetric, it can be written as UT LU where L is diagonal
and U is orthonormal (i.e., UTU = I).
Now

§(ciycj) = W @WW)2w Y, = @ UT L2 Uw Y, = [LUe ), [LiUwY,
< W UT LW - UT LU0 gy = [5(e)d(e) < 8(en)
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using Cauchy-Schwartz, with strict inequality unless [L!U¥~1]; is a multiple
of [L'U¥~';. But this condition is true if and only if [LU¥™!]; is a multi-
ple of [LU¥~1];, which is true if and only if [¢~'UTLU¥~1]; is a multiple of
Ww—rUTLUY1);, i.e. [W]; is a multiple of [W];. This is impossible since ¢; does
not dominate ¢; and there are not distinct colours with identical edge weights
(see Section ). O

We will let §'(H) be the following positive quantity.

d(ci)
d(ciycj)

Finally, we let §T(H) = min(6*(H), §'(H)).

Let S be a subset of V(H) such that for every colour ¢; € S and every colour
¢; €8, 0(ci) =6(cj). Let §(S) denote d(¢;) for ¢; € S.

A graph H' with a designated vertex v’ is said to be “good” for S if it satisfies
the following properties.

§'(H) min{lg( ) ‘i;éj,é(ci) za(cj)}.

i. For every c € S, Zg(H"){u' — ¢} > 0, and
ii. for every colour ¢ € V(H) with (c) > 6(S), Zuy(H){u' — ¢} =0.

Informally, (H’,u’) is good for S if every colour ¢ € S can be applied to v’
in a valid colouring but no vertex of higher d-value can be applied to u’.

The set S is said to be “good” if there exists an (H’,u’) which is good for S
and kg is then defined to be the minimum number of vertices in a graph H’
such that some pair (H',v’) is good for S. k is defined to be the maximum of
kg over all good S. We will not assume that & is known in our algorithm, but
we will refer to it in our analysis.

Suppose we have a (fixed-size) graph H’ with a designated vertex v’ and we
want to check whether the pair (H',u') is good for S. We do this by examining

each of the (at most |V(H)|‘V(H/)‘) colourings in 2y (H’). Thus, we can check
every graph H’ of size at most n' and every possible designated vertex u’ by
examining at most (n/)22(n2)|V(H)|"/ colourings.

As we observed in section Bl the function of these gadgets (H’,u') is to exclude
unwanted colourings. The triangle H' = zyz in Figure [I, with distinguished
vertex v’ = z, illustrates the phenomenon. It has colourings in which z can be
coloured a, but none in which it can receive the colour b of larger H-degree.
Tts attachment to G at z therefore excludes the (otherwise more numerous)
colourings of G in which x would be coloured b.

5 Proof of Theorem

Suppose that G has multiple connected components, say G4, Gg and G¢. It
is immediate from Equation (0) that Zy(G) = Zr(Ga)Zu(Gp)Zr(Ge). Thus,
we may assume without loss of generality that GG is connected. We will do so
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for the rest of the paper. For connected GG, suppose that H has multiple con-
nected components, say H4, Hg and H¢. Inspection of Equation reveals
that Zy(G) = Zu,(G)+ Zy, (G) + Zu (G). Thus, we may assume without loss
of generality that H is also connected. We will do so for the rest of the paper.

Let n denote |V(G)|. In the reduction, we will construct a sequence Gy, G1,
..., G of connected graphs. As long as there is no failure in the (randomised)
reduction, the following properties will hold.

(i) Go =G,
(ii) Zu(Gp) can be calculated in polynomial time (polynomial in n), and
(iii) the construction of Gy, ... , G, will take polynomial time.
Let
o = Zu(Gi)
Y Zu(Gig)’
Then

Zu(G) = 0001 0p—1Z1(Gp).

We will estimate Zp(G) using the method of Jerrum, Valiant and Vazirani.
In particular, we will define a quantity s; for each i such that

(iv) either g; or o !is an easily-computable multiple of s; (so an approximation
to s; gives an approximation to g;), and

(v) there is an experiment which can be performed using a perfect sampler
for H-GIBBSSAMPLE with input G; or G, for which the output is a 0/1
random variable with mean s;, and

(vi) there is a polynomial ¢ in n and e~! such that s;~* < g(n,e™1).

It follows (see the proof of Proposition 3.4 of [12]) that O(g(n,e~!)pe~2) sam-
ples taken from an approximate sampler for H-GIBBSSAMPLE with accuracy

parameter
€
°(Tem)
q(n,e~!)p

give a sufficiently accurate approximation to s;, and hence to g;. That is, if we use
the sampler with this many samples, and multiply our estimates of the g;s, the
resulting estimate of |2y (G)| is within the required accuracy with probability
at least 7/8.

As mentioned earlier, the overall probability of failure in our reduction (which
could cause one or more of (i)—(vi) to fail) will be at most m2-"" < 27" where
m = |E(G)|. Suppose that E(G) = {e1, ... ,en}, and that the edges are ordered
in such a way that the graph (V(G),{e1,...,en—1}) is a tree. We will use the
notation u(e;) and v(e;) to denote the endpoints of the edge e;. We will now
describe the construction of the sequence Gy, ... ,Gp.

In order to shorten our description of the reduction, we will describe the
construction of a sequence of graphs

Io =Gy, In=Gyy1,... , Iori2 = Gyporga,
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where y is a multiple of 2r + 2 for some number r to be chosen later. We
will assume that for some j € {n,...,m}, the graph I'y = G, is identical to
(V(G),{e1,... ,e;j}) except that every vertex u € V(G) may have some gadgets
attached to u in Ij. Each gadget is simply a graph H' of size at most x + 1.
One of the vertices of H' is identified with u. There are 2(m — j) gadgets in
all. Thus, Iy has O(n?) vertices. Also, it is connected. As an invariant in the
construction, we will guarantee that each graph I'; has at least one H-colouring.
That is Zg(I;) > 0. The first sequence of graphs that we will construct will
start with Iy = Gy and 7 = m, so all of the invariants will be true initially.

Recall that Iy looks like the graph (V(G),{e1,... ,e;}) except for possibly
some small gadgets. Our goal will be to remove the edge ¢;.

Part 1: Learning about the graph [ and constructing H(S5)

Before we can remove e; it will help us to know which colours in V(H) can
be used to colour u(e;) in Iy. More particularly, we would like to know which
colours in V(H) are good choices for u(e;) when we modify I by attaching a
certain structure to u(e;).

Thus, we will first define a graph I} which is the same as I except that a
certain structure (which we will call F') will be attached to u(e;). We will then use
our sampling oracle to study the colourings of I}, paying particular attention to
which colours are applied to vertex u(e;). Once we know the colours, we will use
this information in the construction of I, I5,... We start with some definitions.
Let M be a straightforward upper bound for Zg(I}). In particular,

M = |V(H)|‘V(FO)‘>\L‘SEO)H|E(FO)|. (4)
Recall that ¢ = 2|V (H)| and that 67(H) is the minimum of the quantities §*(H)
and ¢'(H) from Section [ Let r be defined by the following equation.

- V;;%)M W

For now, the reader should just think of r as being a sufficiently-large polynomial
in n. Let F' be the graph with the vertex set

V(F)={fo} U U {fo.a}

pell,...,rl,q€[L,... ,2t—1]

and the edge set E(F') which is defined to be

U {(fo,fp,l)}U U {(fp,qvfnq-&-l)}u U {(fpat—l,fo)}-

pE[L,... 7] p€E[L,... ,rl,q€ll,... ,2t-2] pE[L,... 7]

F looks like a “flower” with vertex fy at the centre and r petals. Each petal is
a cycle of length 2t which starts and ends at fj.

Let I} be a graph constructed from Iy by attaching F. Vertex fo of F' should
be identified with vertex u(e;).
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We now need some notation to describe the colourings of I'j and of Iy. For
any d € R, let

Zu(Lo){uley) = [dy = Y Zu(Lo){ule;) = c}.

ceV(H),6(c)=d

Informally, Zg(Io){u(e;) — [d]} is the collective weight of all colourings in
which u(e;) is coloured with a colour with J-value d.

Define § to be the quantity such that Zg(1y){u(e;) — [0]} > 0 but, for all
d >0, Zy(Io){u(e;) — [d]} = 0. Informally, ¢ is the largest d-value which can
be applied to u(e;).

Let ST be the set of all colours ¢ with 6(c¢) = § and Zy (Ly){u(e;) — ¢} > 0.
Let S~ be {c € S* | Zy(Io){ule;) = ¢} > (1/n)Zu(Iy){u(e;) — [6]}}. Thus,
ST is the set of all value-d colours which may be applied to u(e;) and S~ is the
set of “frequently used” ones. Note that S~ is non-empty since there are fewer
than n colours.

We will now describe an experiment which can be performed on I to de-
termine the “likely” colours that colour vertex u(e;). In the reduction, we will
perform the experiment to learn about these colours. This knowledge will be used
in the construction of I'y. Suppose that we run H-GIBBSSAMPLE with input [
and accuracy parameter y = 2" to collect s = 2n8 samples from 2y ([7). Let
S be the collection of colours that are assigned to u(e;) in these samples.

We claim that, except with failure probability at most 2_"67 we have S— C
S C S*. To see that the failure probability is this small first observe that the
probability that a colour ¢ with §(¢) < 0 is in S is at most

Zu (I {ule;) = c}
’ ( Zn(T}) ”) '

()

Since d(c) is the total weight of all colourings of a “petal” of F' in which u(e;)
is coloured c, the quantity (B) is at most

. (ZH(FO){U(?T) — c}o(e)” +7> .

Since §T(H) < §*(H) (see the definition of 6*(H) in Section M), the definition
of r guarantees that the term ZH(FO){U((;SX)_)C}(S(C)T < ~v. Thus the probability that
there exists a colour ¢ with §(c) < § in S is at most s |V (H)|2y.

Also, the probability that a colour ¢ € S~ is left out of S is at most

S

1 Zu(Iy){ulej) — ¢} 1\°
. )29, < (1—%) < exp(-n7),

so the probability that such a colour exists is at most 9", .
We have shown that, except with failure probability at most 27" | we have
S~ C S C S*. The reduction now begins searching for a graph H(S) with
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a designated vertex u'(S) which is good for S. (See Section [4) If we do not
have failure, then the pair (H(S),u/(5)) exists and |V (H(S))| < &. Recall that
k is a constant depending only on H, and not on our input Ij. If there is no
failure, then our input I'y does provide an upper bound for |V (H(S))| since
[V(H(S))| < |V(Io)|. The latter follows from the fact that (I, u(e;)) is good
for S. Thus we restrict the search to graphs with at most |V (I})| vertices and
the expected time of the search is at most a polynomial in n.

Part 2: Constructing the sequence I7,... 15,12 from [

In this part we will show how to construct I7,...,I%.19 assuming that we
did not have failure in Part 1.

First, the graphs I, ... , I are constructed. For i € [0,... ,r—1], I;11 is con-
structed from I by adding a length-2t cycle {u(e;), fit1.1,--- » fi+1,2¢—1,u(e;)}
where fiyi1,..., fi+1,2¢e—1 are new vertices.

For every o € 2p(I;), let ext(o) be the non-empty set
ext(c) = {0’ € Qu (1) |VveV(I}),o() =0 (v)}.

(ext(o) is non-empty because every colour in H has at least one neighbour.)
For every o’ € ext(o), let w(o,0") = we (Ii41)/we(I3). Note that w(o,0’) > 1
since all vertex and edge weights are positive integers. Let s; = ;. Note that
(iv) is satisfied for the graph I'; — p; is s;, so it is clearly “an easily-computable
multiple of s;”. We now wish to establish (v) for the graph I;. We wish to
exhibit an experiment which can be performed using a perfect sampler for H-
GIBBSSAMPLE with input I or I34; for which the output is a 0/1 random
variable with mean s;. Here is the experiment: Choose ¢’ from 7p r,,,. Let o
be the restriction of o’ to V(I}). Output 1 with probability (i (c, o”) lext(o)|) ™"
and 0 otherwise. The probability that a 1 is output is

: Y wellin) :

Zu (L) e O (i) (0, 0") |ext(o)]
1 1
R ST St
ZH(FH_I) o€y () o’ €ext(o) |eXt(U)|
_ Zu(I3;) .
Zy(Lip1) "

Thus, (v) is satisfied. Finally, we must satisfy (vi). That is, we must show
that there is a polynomial ¢ in n and e~! such that s;~! < g(n,e™!). Since
Zu(Lig1) < Zg(P)Zy(I;) where P is a length-2¢ path, we have s; ' < Zy(P),
so (vi) holds. We have now completed the construction of the graphs I',... , I,
and the argument that these graphs satisfy our requirements. Note that the
graph I, is the same as the graph Ij) which we considered in Part 1.

Next, the graph I.4; is constructed from I by attaching H(S) to u(e;),
identifying the vertex u(e;) of I with the vertex «/(S) in the gadget H(S).
That is V(Fr+1) = V(Fr) U V(H(S))7 but ‘V(Fr+1)| = ‘V(Fr” + |V(H(S))| -1
since the vertex u(e;) of I is identified with the vertex u/(S) of H(S). Also,
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E(I41) = E(I) UE(H(S)). Since |V(H(S))| < &, the construction of I'.1; is
fast.

We will now show that (iv), (v) and (vi) hold for I.4; (ie., for i = 7).
Let s, = 07 Zy(H(S))™". Consider the following experiment. Choose o from
7wy (). Output 1 with probability

w(o,0’)
a"Eg(o’) Zp(H(S))’

where
ext(o) = {o' € Qu([41) [V v eV(I}),0(v) =0'(v)}

as above and (o, 0') = Wy (I141)/we (I7). Output 0 otherwise. The probability
that 1 is output is

1 w w(o,0’) _ 1 1 _
Zar), 2=, M) 2 () Zutaen Zar 2 ) =

We must now establish (vi).

1 ZuH(5)Zu(Iy) - Zu(H(S))Zu(l7)
" Zu(Irya) - Zces ZH(FT){U ej) — 6}7

where the inequality follows from the fact that (H(S),u(e;)) is good for S. Now
from our analysis in Part 1 we have Zy(I,) = Zu (1) < 268" Zy(Io){u(e;) —
[0]}. Also, since S~ C S,

(6)

> Zu(T){ulej) = ¢} > 6" > Zu(Io){ule;) — c}

ceS ceS—

> 6" Y (1/n)Zu(Io){ule;) — [0]}, (7)

ceS—
where the final inequality follows from the definition of S~. Thus,

1 Zu(H(S)Znu(I})
s, < ZcES Zu (L) {ule;) — ¢} < Zy(H(S))2n,

which gives us (vi).

The graph I, 5 is constructed from I, as follows. Let H' be a new copy
of the gadget H(S). Let w be the designated vertex of H' so that (H',w) is
good for S. To form I,49, we join together Iy and H'. Thus, V(I42) =
V(I41) UV (H'"). We do the “joining” by deleting the edges (f172t_1, u(e;)) (for
i€ [l,...,r]) and adding in edges (f;2:—1,w) for each such i. Also, we delete
the edge (u(e;),v(e;)) and add in edge (w,v(e;)). See Figure

Now let s,11 = gr41. Consider the following experiment. Choose ¢’ from
the distribution mg (I742). If 0'(w) = o’ (u(e;)) then output 1 with probability
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H(S) H(S) A
Vo 1 Lo 1 L)
\\ : \\ : Il ///
u(ej) u(e;) v

" T
v(e;) v(e;)
FT+1 Fr+2

Fig. 2. The construction of I42

(Zy(H){w — o'(w)})~". Otherwise output a 0. The probability that 1 is output
is

1 1
a— Wer (Fr+2) = Or+1
Z (I Z Zg(H' /
HUI42) e 0y (1) iorwr=o(u(er) a(H'){w = o'(w)}
= Sr+41-
We must now establish (vi).
Now
Zu(Tosa) = Y Zu([g2){ule;) = ca,w — cg}. (8)
CaCp

Also,

Zp(Lr2){ules) = casw — cg} < MZy(H(S))Zp(H')d(ca,cp)"

where M is our upper bound for Zg (Iy) from Equation (). On the other hand,
we have just shown in our proof of (@) and (@) that

Zu(Iry1) = Zu(Lrga){u(e;) — 6]} = 67(1/n).
Thus if ¢y # cp

Zy(Lry2){ulej) = ca,w — cg} < nMZy(H(S))Zu(H')(ca,cp)"
ZH(FT+1) or

< nZy(H(S))Zy(H')7,
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by the definition of r since §T(H) < §(H) (see the definition of ¢'(H) in Sec-
tion [4]).
Finally,

Zr(Lr2){ule;) = casw = ca} < Zp (L1 ){ule;) — ca}Zu(H')
< Zy(Irgr)Zu(H'). (10)

Putting together (8) and (@) and (I0) we get

-1 _ -1
Sp41 = Or41

_ Zn(lvsn)
ZH(Fr—i-l)

< Y (nZu(H(S)Zu(H')Y) + Y Zu(H),
caFCp Ca

which gives us (vi).
For i € {0,...,r — 2}, graph I 121,41 is constructed from graph I, o4; by
deleting vertices fit11, ... , fi+1,2¢—1 (and the edges adjacent to theses vertices).
To establish Property (v) we define a notion which is analogous to ext(o). In
particular, for every o € Q25 (I 12+i+1) let bext(o) be the non-empty set

bext(c) = {0’ € Qu(Iyi04i) |V v EV([iyoriv1),o(v) =0 (v)}.

For every o' € bext(o), let w(o,0") = wer (Ip424i)/We(Irq24it1) = 1. The
following experiment has mean s,424; = 0,5, Choose o' from 7 1, ,,,,. Let &
be the restriction of ¢’ to V(Iyp24i4+1). With probability (@(c, o) [bext(a)[) ™",
output 1. Otherwise, output 0. Since Zgy(Iy12+i) < Zy(P)Zu(Iryorit1), we
have 9; < Zg(P), so (vi) holds.

Note that the graph I5,y; is the same as the graph Iy except that the
gadget H(S) has been attached to u(e;) and the edge (u(e;),v(e;)) has been
replaced with the path wu(e;), fr1,..., fr2t—1,w,v(e;) and the gadget H' has
been attached to w.

Finally, the graph I, 9 is constructed from I%5,; by deleting vertices f; 1,

.y fr2t—1 (and the edges adjacent to theses vertices).

The proof that Property (v) and Property (vi) hold is similar to what we
have just done. The new difficulty is showing that for every o € 2y (I5,42), the
set

bext(o) = {0’ € 2g(I2r41) |V v € V(Ior42),0(v) =0'(v)}

is non-empty.

Suppose that o is a colouring € 2y (I, 42) in which u(e;) is coloured with
colour a and w is coloured with colour b. We must show that there is a colour-
ing of the path u(e;), fr1,..., fr2t—1,w in which u(e;) is coloured a and w is
coloured b. We will do this by looking at two cases.

Case 1:  H is a loopless bipartite graph. Recall that (by construction) I',41
has at least one H-colouring. This means that I, is bipartite. Also, u(e;) and
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w are in the same part of the vertex partition of I, 1. The graph Iy, 1o is still
connected (by construction) with u(e;) and w in the same part. This means that
a and b are from the same side of H’s vertex partition. Since H is connected,
there is an even-length path from a to b of length at most |V | — 1. Thus, there
is a walk of length 2¢ from a to b. (Take the path above and go back and forth
on the last edge.)
Case 2: H is not a loopless bipartite graph, so it has an odd-length cycle of
length at most |V (H)|. In this case, let ¢ be some node on the cycle. We will
construct an even-length path from a to b of length less than 2¢: First go from a
to c using at most |V (H)|—1 edges. Then go from c to b using at most |V (H)|—1
edges. Finally, if the constructed path has odd length, then go around the odd-
length cycle in the middle. The total number of edges is at most 3|V (H)|—2 < 2t.
Once again, we can find a walk of length 2¢ from a to b by going back and forth
on the last edge.

This completes the argument that I, 9 is properly constructed and it com-
pletes the construction of I, ... , I'5. 2. Thus, we have constructed the sequence

FO = Gy,Fl = Gy+1,... ,F2T+2 = Gy+2r+2

as required. Note that the graph I, is identical to (V(G), {e1,... ,ej_1}) ex-
cept that every vertex u € V(G) may have some gadgets attached to w in Iy, o.
The gadgets that are present in I, o which were not present in Iy are the new
gadget H(S) (of size at most ) which hangs off of u(e;) and the new gadget
consisting of vertex w and the graph H' (of total size at most x4 1) which hangs
off of v(e;). If j = n then we are finished and y+ 2r +2 = p. Otherwise, we start
Part 1 again with Iy = G = Gy1ar42.

Part 3: Computing |2y(G,)|

We have now shown how to construct Go, ... ,G,. We have shown that our
construction satisfies (i), (iii), (iv), (v) and (vi). It remains to show that prop-
erty (ii) is satisfied — namely, that we can compute Zy(G,) in polynomial time
(polynomial in n).

By construction, G), is identical to the tree T = (V(G),{e1,... ,en—1}) ex-
cept that every vertex u € V(G) may have some gadgets attached to u in Gy.
Each gadget is a graph H' of size at most x + 1. One of the vertices of H' is
identified with u. There are 2(m — n + 1) gadgets in all.

We can compute Zy (G)) by dynamic programming. For each gadget (H',u')
and each colour ¢, we first compute Zy (H'){u' — c}.

Now consider a rooted version of T. For each vertex v € V(G), let Gp(v)
denote the portion of G, corresponding to the sub-tree rooted at v in T' (including
attached gadgets). We can calculate Zy(Gp(v)){v — ¢} using the values of
Zy(Gp(v')){v — ¢} for all children v’ of v in T and all colours ¢ € V(H) and
all quantities Zy (H'){u' — ¢"}.
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Abstract. If G = (Vg, Eg) is an input graph, and H = (Vg, En) a fixed
constraint graph, we study the set {2 of homomorphisms (or colorings)
from Vg to Va, i.e., functions that preserve adjacency. Brightwell and
Winkler introduced the notion of dismantleable constraint graph to char-
acterize those H whose associated set {2 of homomorphisms is, for every
G, connected under single vertex recolorings. Given fugacities A(c) > 0
(¢ € Vi) our focus is on sampling a coloring w € {2 according to the
Gibbs distribution, i.e., with probability proportional to [T, ¢y, Alw(v)).
The Glauber dynamics is a Markov chain on (2 which recolors a single
vertex at each step, and leaves invariant the Gibbs distribution. We prove
that, for each dismantleable H and degree bound A, there exist positive
constant fugacities on Vg such that the Glauber dynamics has mixing
time O(n?), for all graphs G whose vertex degrees are bounded by A.

1 Introduction

Graph homomorphisms provide a natural generalization of many well-studied
combinatorial problems, including independent sets and colorings. Our focus
is the computational complexity of randomly generating a homomorphism and
computing the number of homomorphisms.

We consider an input graph G = (Vg, Eg) with maximum degree A and a
constraint graph H = (Vy, E), where the latter may have loops. Let n = |Vg|,
h = |Vg|, and let  ~ y denote adjacency of a pair of vertices in G or H. Our
interest is in the set £2 of H-colorings (or homomorphisms) o : Vg — Vi where
o(v) ~ o(w) for all v ~ w. Just two of the numerous combinatorial structures
that can be expressed as H-colorings are illustrated in Figure [l It is easily
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verified that when H = Hig the set {2 of H-colorings of a graph G is in direct
correspondence with the set of all independent sets in G; while when H = H3col,
the set {2 consists of all proper 3-colorings of G.

T

H[s HSCol

Fig. 1. Independent sets (left) and proper 3-colorings (right).

Each color ¢ € Vi is assigned a fugacity A(c). For convenience, we extend A
to colorings o € {2 by defining (o) = [[, ¢y, A(o(v)). We are interested in the
Gibbs (or “hard-core”) probability distribution 7 over §2 given by w(o) = A(0)/Z
for all o € 2, where the normalising factor Z = ., A(o) is the partition
function for H-colorings of G. The complexity of exactly computing Z has been
investigated by Dyer and Greenhill [6] and is well-understood; in fact the problem
is #P-complete for every non-trivial H even when we restrict attention to low-
degree graphs G and uniform fugacity 1.

The picture appears (at the moment) more vague when we consider approxi-
mate computation of Z, though Dyer, Goldberg, Greenhill and Jerrum [7] discuss
the case where all fugacities are equal, and uncover a part of the picture. In this
paper, we examine the closely related problem of sampling colorings from the
Gibbs distribution, or at least a close approximation to that distribution. We
identify a class of constraint graphs H for which sampling can be done in poly-
nomial time, for appropriately chosen non-zero fugacities. Since approximate
counting is efficiently reducible to sampling for this class of constraint graphs,
we obtain a polynomial-time approximation algorithm (technically an FPRAS)
for this class of constraint graphs with their associated fugacities.

The typical approach to efficient sampling is to set up an ergodic Markov
chain (X;) on {2 whose stationary distribution is the desired distribution .
By simulating this Markov chain for sufficiently many steps, samples from a
distribution arbitrarily close to m may be obtained. There are a number of ways
of specifying appropriate transition probabilities for this Markov chain; a basic
one is provided by the Glauber dynamics, which changes one vertex color at a
time, according to the following experiment:

G1. Choose a vertex v € Vi uniformly at random.

G2. Let Xiy1(w) := X¢(w) for all w # .

G3. Let S = {c € Vg : ¢ ~ Xi(w) for all w ~ v} denote the set of valid colors
for v.

G4. Choose the color X;11(v) randomly from S with probability proportional
to its fugacity.
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In what circumstances might the Glauber dynamics provide an effective so-
lution to the problem of sampling H-colorings? Certainly we require the state
space {2 to be connected in some sense. A Markov chain with finite state space {2
and transition matrix P : {2 x 2 — [0, 1] is called ergodic if the following condi-
tions hold:

— Irreducibility: for all states (colorings) o, T € {2, there exists a time t = t(o, 7)
such that Pt(o,7) > 0;
— Aperiodicity: for all states o, ged{t : P'(c,0) > 0} = 1.

It is a classical theorem from stochastic processes that a finite, ergodic Markov
chain has a unique stationary distribution.

In many situations it is easy to verify that a candidate distribution is sta-
tionary. Specifically, a distribution 7’ on {2 that satisfies the so-called detailed
balance conditions,

7'(0) P(o,7) = 7'(7) P(1,0) for all o,7 € (2, (1)

is a stationary distribution. It is straightforward to verify that the Gibbs dis-
tribution 7 satisfies the detailed balance conditions for the Glauber dynamics
on H-colorings. Nevertheless, we still need to check that 7 is the unique sta-
tionary distribution, i.e., that the Glauber dynamics meets the conditions of
irreducibility and aperiodicity.

Since the Glauber dynamics satisfies P(o, o) > 0 for all colorings o (it is al-
ways valid to recolor a vertex with the same color as before) it is immediate that
the Markov chain specified by the Glauber dynamics is aperiodic. The question
of irreducibility is more subtle. Brightwell and Winkler [I] characterized the con-
straint graphs H for which the Glauber dynamics on H-colorings is irreducible
for every input graph G. They call such constraint graphs “dismantleable” and
prove a host of equivalent conditions for dismantleability.

For efficient sampling, however, it is not sufficient that the Glauber dynam-
ics converges eventually to the stationary (Gibbs) distribution; we need to know
that the rate of convergence is rapid. Our main result is that for every disman-
tleable H and degree bound A there exists a set of non-zero fugacities such that
the Glauber dynamics has polynomial mixing timd] uniformly over graphs G
of maximum degree at most A. The term rapidly mixzing is often applied to a
Markov chain, such as this one, whose mixing time is polynomial in some natural
measure of input size, in this case the order of G.

If H is a complete graph with loops on all vertices then the Glauber dynamics
is trivially rapidly mixing for any input graph G. Cooper, Dyer and Frieze [3]
proved that, for any other H, there exists a set of fugacities (actually, one may
set all fugacities equal to 1) and a sufficiently large degree A such that the
Glauber dynamics on H-colorings has exponential mixing time, for some infinite

1 A precise definition of mixing time is given in §J, but roughly it is the time ¢ at which
the t-step distribution of a Markov chain comes sufficiently close to the stationary
distribution 7 in [; distance.
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family of A-regular input graphs G. In contrast, we prove here that, provided
H is dismantleable, there is another set of fugacities such that the Glauber
dynamics on H-colorings has polynomial mixing time, on every bounded degree
input graph G.

2 Definitions and Results

In graph-theoretic terms, a constraint graph H is said to be dismantleable if
there exists an ordering < of Vg for which the following holds:

Let ¢* be the smallest vertex (color) in the ordering <. Then, for all
¢ € Vg \ {c*}, there exists p(c) < ¢ such that ¢ < ¢ and ¢ ~ ¢ entail

' ~p(e).

It is quite easy to show that the above condition is sufficient to ensure irre-
ducibility. Fix an ordering on colors (i.e., vertices of H) for which the disman-
tleability condition holds, with ¢* being the least color in the ordering. Starting
from an arbitrary coloring o € {2, repeating the following procedure reaches the
monochromatic coloring (c*)V¢: let ¢ denote the greatest color appearing in o;
recolor all occurrences of ¢ by p(c). Note that the steps can be reversed to get
from (c*)"¢ back to the original coloring[d That dismantleability is a necessary
condition is a little trickier, and we refer the reader to [1].

We are interested in the asymptotic distance of the Glauber dynamics from
stationarity. The traditional measure of distance in this context is (total) varia-
tion distance, defined as:

dry (P*(o, Z |P!(0,7) — m(7)],
TGQ

where o is the initial state (coloring). Our focus is the time to get close to
stationarity, known as the mixing time. For an initial state 0 € 2 and 0 < e < 1,
let

T,(¢) = min{t : dry(P(o,-),n) < €}.
The mizing time is defined as

T(e) =maxT,(e).
() = max Ty (e)

For the purposes of the analysis we do not consider the Glauber dynamics
directly, but consider instead a variant dynamics with a more restricted set of
possible transitions. (It is perhaps counterintuitive that the proof of rapid mixing
might be simplified by limiting the available transitions!) In brief, we allow only

2 Incidentally, the procedure just described provides a demonstration that (c*)VG is a
valid H-coloring of G, provided some valid H-coloring exists. Thus, except in some
trivial situations, the vertex ¢* must be looped in H.
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transitions in which a color ¢ is replaced by its “parent” p(c) or vice versa. If
we were simply to restrict the available transitions in this way, while retaining
the original fugacities A(c), then we would alter the stationary distribution. To
correct for this, we assign to each color ¢ € Vi a weight u(c), which is in general
different from A(c). The weight function p influences transition probabilities
just as A does, but we avoid calling p(c) a “fugacity”, since the relation of the
weights o to the stationary distribution of the Markov chain is not quite the
same as that of the fugacities A to the Gibbs distribution.

Fix an ordering < and parents p(-) consistent with the definition of disman-
tleability. Then our new Markov chain (X;) has transitions X; — X1 defined
by the following experiment:

V1. Choose a vertex v € Vg uniformly at random. Let ¢ denote the current color
of v.
V2. Let Xyy1(w) := Xy (w) for all w # v.
V3. Let R = R(c) ={c € Vg : ¢ =p(c), ¢ =¢, or c=p(c’)} denote the set of
“relatives” of color c.
V4. Choose the color ¢’ randomly from R with probability proportional to its
/

weight u(c’). Provided it leads to a valid H-coloring, set X;y1(v) := ¢/;
otherwise set X;1(v) :=c.

As before, the variant dynamics is an ergodic Markov chain provided H
is dismantleable. The stationary distribution under the variant dynamics has
probabilities 7(c) proportional to [[,cy., (o (v)) p(R(o(v))), where u(R(c)) =
doee R(c) u(c’). This may be verified from the detailed balance conditions ().
Suppose o and 7 agree at all vertices except v, at which ¢ = o(v) and ¢ = 7(v).
(Note that o and 7 must be of this form if P(o,7) is to be non-zero.) Then we
have P(o,7) = u(c')/u(R(c)) and P(r,0) = p(c)/p(R(c")). Hence

(e
Plo,7) _ p(d) p(R()) _ 7(7)
P(r.0) — p(c)u(R(c)) — (o)

as required. Thus the stationary distribution is the Gibbs distribution with fu-
gacities A\(c) = u(c) u(R(c)). We can now state our main theorem.

)

Theorem 1. For every input graph G = (Vg, Eg) with maximum degree A
and dismantleable constraint graph H = (Vg, Eg), there exists a set of weights
(depending only on A and h = |Vi| ) such that the variant dynamics (as defined
in V1-V4 above) has mizing time O(nlogn). Specifically, T(e) = O(n(logn +
loge™1)).

Corollary 1. Under the conditions of Theorem[dl, there exists a set of fugacities
(depending only on A and h) such that the Glauber dynamics (as defined in G1-
G4 above) has mizing time O(n?). Specifically, T(e) = O(n(n + loge™1)).

The corollary follows easily from the Diaconis and Saloff-Coste technique [4]
for comparing the associated Dirichlet forms of the Markov chains. Indeed a
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1 1

slightly weaker bound on mixing time, with nlogn+loge™" replacing n+loge™",
can be obtained simply by substituting the mixing time bound from Theorem
into a general comparison theorem of Randall and Tetali [l Prop. 4]. However,
by applying exactly the same method, but working from first principles, we can
avoid the factor logn. The argument is this. Applying Sinclair’s [10} Prop. 1(ii)]
to the mixing time bound of Theorem [1 with ¢ = n~!, we discover that the
spectral gap of the variant dynamics is £2(n~!). Now the spectral gaps of the
Glauber and variant dynamics are the same to within a constant factor: this
can be seen by inspecting the variational characterisation of the second largest
eigenvalue. Corollary [ then follows by plugging the 2(n~!) bound on spectral
gap into [10] Prop. 1(i)].

Since the above comparison argument relies only on each possible transition
in the variant dynamics being matched (in general with different probability)
in the Markov chain under comparison, Corollary [T holds for other single-site
update rules, e.g., Metropolis. We conjecture that the true mixing time here is
also O(n(logn + log 5_1)) but the proof of this (if true) appears rather more
complex than our proofs of Theorem [Il and Corollary [l

As mentioned in the introduction, the existence of an efficient sampling pro-
cedure for certain structures usually entails the existence of an efficient approxi-
mation algorithm for the partition (or generating) function for those structures.
The current situation is no exception.

Corollary 2. Under the same conditions as Theorem[d, there is a fully polyno-
mial randomized approzimation scheme (FPRAS) for the partition function Z
of H-colorings of G.

For the definition of FPRAS, and also the reduction from approximate counting
to sampling required to establish Corollary ] see for example Jerrum’s survey
article [8], specifically §2. The reduction is given there in the context of usual
(proper) colorings, but it works almost without change for H-colorings, when H
is dismantleablelX To verify the reduction in the current context it is necessary to
check that the ratios p; appearing in that reduction are bounded away from O.
This can be done using a straightforward extension of the argument used to
prove ergodicity of the Glauber dynamics.

Finally, note that many constraint graphs H are covered both by Theorem [
and by the result of Cooper et al. [3]. In other words, there are graphs H —
the simplest being K5 with a single loop, which corresponds to independent sets
in the input graph G — for which the mixing time of the Glauber dynamics is
either polynomial or exponential, depending on the fugacities.

3 Coupling

We prove the main theorem via coupling. A coupling of a Markov chain is a
joint evolution of two copies of the chain, designed to minimize the time till the
3 Tt is in fact possible to reduce approximate counting to sampling without restriction

on the graph H, but the reduction is then substantially more involved and, crucially
in the context of Corollary 2] does not preserve the bound A on vertex degrees [5].
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copies coalesce. In order to be a valid coupling we need that individually each
copy behaves faithfully, and once the pair coalesce they evolve together. To be
precise, a (Markovian) coupling is a Markov chain P’ on 2 x {2 which satisfies
the following conditions:

Z P'((o,7),(c',7")) = P(0,0") for all o,0',7 € £2;
T'ef?
Z P'((o,7),(c’, 7)) = P(r,7') forall o,7,7" € (2;
o’'ef
and
P'((0,0),(c’,0")) = P(o,0’) forall 0,0’ € 2.

Our goal is to define a coupling which, in expectation, makes progress with
respect to an appropriately defined distance metric after every coupled transi-
tion. Defining and analyzing a coupling for an arbitrary pair of states is typically
a complicated task; however, the path coupling lemma of Bubley and Dyer sim-
plifies matters. In particular, it suffices to focus on colorings which differ by a
single transition of the dynamics, referred to as adjacent colorings. We write
o ~, 7 to indicate that the pair of colorings o, 7 differ only at vertex v, and
o ~ 1 if o ~, 7 for some vertex v.

We analyze this set of adjacent colorings with respect to the following dis-
tance metric. Each color ¢ € Vi will be assigned a distance weight d(c). For
colorings o ~,, 7, where without loss of generality 7(v) = p(c(v)), we will assign
distance d(o,7) = d(o(v)). For any o, 7 € (2, let p(o,7) denote the collection of
paths 1 such that o =g ~ 1 ~ - -+ ~ 1y = 7, where ¢(n) is the length (in terms
of number of transitions) of 7. We define the distance between an arbitrary pair
of states as the total distance along a shortest path:

d(o,7) = mln Z d (i, Miv1)-

ep(o,7)
ner(T) o i

For a pair of colorings o, 7 and a coupling (U, 7), let o/, 7" denote the resulting
pair of colorings after the coupled transition. The specialization of the path
coupling lemma to our setting is as follows.

Lemma 1 (Bubley and Dyer [2]). If there exists a § < 1 and a coupling for
all o ~ 1 such that

Eld(o’,7")] < Bd(o,T),
then the mixing time is bounded by

7(e) < ),

where D = max, s d(o, 6).

In our application, we shall discover that 8 = 1 — ©(1/n) and D = O(n),
leading easily to Theorem [II
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4 Proof of Theorem [

Fix an ordering on the colors ¢; < ¢y < -+ < ¢p, for which the dismantleability
condition holds. Set d(c;) = 2(A + 2)"*! and let dyax = d(cn). Now set p; =
p(ci) = (dmax +1)7% for i = 1,... , h. Observe that the inequality

Zk>i Mk < 1
/Ufi dmax

holds for all 1.

Fix a pair of colorings o ~, 7 and once again let ¢’, 7’ denote the resulting
colorings after our coupled transition. To prove the theorem we need to demon-
strate a coupling for which E[d(¢’,7")] — d(o, 7) is negative and bounded away
from zero.

We couple the two chains so that both chains attempt to modify the same
vertex at every step. Therefore, for a vertex x, it is well defined to let

E.[d(o’,7")] =E [d(0’,7") | vertex z is selected by the coupled process].

Observe that the distance metric does not change when we recolor a vertex
sufficiently far from v. Specifically, we only need to consider recolorings of v or
a neighbor w of v. In summary, we have

n(Eld(o’, 7)) - d(0,7)) = (E.[d(o’,7)] - d(0,7))
+ 3 (Bufd(e’,7)] —d(o.7).  (2)

wiwn~Y

Of all the colors that are valid for o’(x), let ¢ (z) denote the one of greatest
weight. Note that either ¢} (z) = o(x) or c¢i(x) = p(o(x)), and that, in the
latter case, ¢ (z) has the greatest weight among the various colors that may be
proposed. Either way, if vertex x is selected, then x will acquire color ¢ () unless
a color of lower weight than c¢X(x) is proposed. Thus, conditioned on vertex x
being selected, we have

Zc>c;(w) /,L(C) 1

Prlo’(x) # ¢ (x)] < (e (@) < .

3)

Defining ¢} (x) similarly, the analogous inequality holds with respect to 7 as well.

In the light of inequality (B and its analogue for 7 we may complete the def-
inition of the coupled process as follows. With probability 1 — 1/dyax we couple
o'(z) = ¢t (z) with 7/(x) = ¢ (x). We call such a coupled move a type A tran-
sition. With the remaining probability of 1/dpax the two chains independently
recolor x (using the residual distributions), a type B transition. In the latter
case, it is clear that d(o’,0) < dmax and d(7',7) < dmax which implies

E.[d(c’,7")| type B transition] < 2dpax + d(o, 7). (4)
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We now proceed to bound the expected change in distance from a type A
transition. It is clear that the distance after the type A transition on z is maxi-
mized when ¢ (x) # ¢k (x).

T

Recall that, by convention, 7(v) = p(c(v)), rather than vice versa. Consider
the recoloring of a neighbor w of v. We begin by proving that ck(w) # c&(w)
implies o(w) < o(v). Suppose o(w) > o(v). Vertex w has the same color in
both chains, therefore colors ¢} (w) and ¢ (w) are either o(w) or p(o(w)). Since
o(w) ~ o(v) and o(w) ~ 7(v), from the definition of dismantleability and our
ordering on Vi we know p(o(w)) ~ o(v) and p(o(w)) ~ 7(v). Similarly if u # v
is any other neighbor of w, then dismantleability implies p(c(w)) ~ o(u) = 7(u).
Therefore, recoloring vertex w to color p(o(w)) is valid in both chains or neither
and hence ¢ (w) = ¢&(w).

Now suppose ¢ (w) # ¢ (w). In addition to the fact o(w) < o(v), it is clear
that ¢ (w) = o(w) and ¢t (w) = p(o(w)). Following the type A transition for w
we have 0/ = o and d(7/',7) = d(o(w)) < d(c(v))/(A + 2).

In summary, we have proven

1
ro s < )
E,[d(c’,7")| type A transition] < d(o,T) {1 + Ao 2} (5)

Combining (4) and (B) — recalling that a type B transition occurs with proba-
bility at most 1/dyax — yields

Eyld(o’, )] —d(o,7) <2+ Al (6)

We complete the proof by considering the effect of recoloring v by a type A
transition. Since p(o(v)) = 7(v), it is clear that p(c(v)) is a valid color for
both ¢'(v) and 7/(v). Moreover, c¢*(v) = p(o(v)) and ¢k (v) is either p(c(v)) or
p(p(o(v))). In other words, d(o’,7") > 0 implies c¢t(v) = p(p(c(v))). In which
case we have d(o/,7") < d(p(c(v))) < d(o,7)/(A + 2). Restating our bound:

S

(0,7)

E,[d(c’,7")| type A transition] < A

The above inequality together with (H) implies

1 1
AN < I —
E,[d(o",7")] dwm)_2+ﬂmﬂ[¢m£+A+2 1}

<3—dwm)b— ! ]. (1)
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Let A(v) denote the degree of vertex v. Putting inequalities (6) and (7)) into
(@), and recalling d(o,7) = d(o(v)), we obtain

n(E[d(',7)] — d(o,7) < Aw) [z + 4o ﬂ n [3 _ (A4 Do)

A+2 A+42
< a vy - )
<(2A+3)—2(A+2)
=—1.

Since o ~ 7 implies d(o,7) < dmax, we conclude
Eld(o’,7)] < (1 — 1/ndmax) d(o, 7),

and hence we may take 3 = 1 — 1/ndyay in Lemma[ll If 6 = (¢;)Ve, we know
that d(o,5) < nhdmayx for all o € £2, by the path of transitions described in §21
Therefore, we may take D = 2nhdpyay in Lemma [[l Theorem [T now follows.
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On the 2-Colorability of Random Hypergraphs
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Abstract. A 2-coloring of a hypergraph is a mapping from its vertices to
a set of two colors such that no edge is monochromatic. Let Hy(n,m) be
a random k-uniform hypergraph on n vertices formed by picking m edges
uniformly, independently and with replacement. It is easy to show that if
r>7.=2""11n2 — (In2)/2, then with high probability Hy(n,m = rn)
is not 2-colorable. We complement this observation by proving that if
r <r. — 1 then with high probability Hy(n, m = rn) is 2-colorable.

1 Introduction

For an integer k > 2, a k-uniform hypergraph H is an ordered pair H = (V, E),
where V' is a finite non-empty set, called the set of vertices of H, and F is a
family of distinct k-subsets of V', called the edges of H. For general hypergraph
terminology and background see [5]. A 2-coloring of a hypergraph H = (V, E)
is a partition of its vertex set V into two (color) classes so that no edge in F is
monochromatic. A hypergraph is 2-colorable if it admits a 2-coloring.

The property of 2-colorability was introduced and studied by Bernstein [6] in
the early 1900s for infinite hypergraphs. The 2-colorability of finite hypergraphs,
also known as “Property B” (a term coined by Erddés in reference to Bernstein),
has been studied for about eighty years (e.g. [AI0TTIT5T6/19120]). For k = 2,
i.e. for graphs, the problem is well understood since a graph is 2-colorable if and
only if it has no odd cycle. For k > 3, though, much less is known and deciding
the 2-colorability of k-uniform hypergraphs is NP-complete [17].

In this paper we discuss the 2-colorability of random k-uniform hypergraphs
for k& > 3. (For the evolution of odd cycles in random graphs see [12].) Let
Hy(n,m) be a random k-uniform hypergraph on n vertices, where the edge
set is formed by selecting uniformly, independently and with replacement m
out of all possible (Z) edges. We will study asymptotic properties of Hg(n,m)
when k > 3 is arbitrary but fixed while n tends to infinity. We will say that
a hypergraph property A holds with high probability (w.h.p.) in Hy(n,m) if
lim,, oo Pr[Hj(n,m) has A] = 1. The main question in this setting is:

As m is increased, when does Hy(n, m) stop being 2-colorable?
* Supported by NSF grant PHY-0071139, the Sandia University Research Program,

and Los Alamos National Laboratory.
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It is popular to conjecture that the transition from 2-colorability to non-2-
colorability is sharp. That is, it is believed that for each k > 3, there exists a
constant ry such that if r < rg then Hg(n,m = rn) is w.h.p. 2-colorable, but if
r > ri then w.h.p. Hi(n,m = rn) is not 2-colorable. Determining rj is a chal-
lenging open problem, closely related to the satisfiability threshold conjecture
for random k-SAT. Although 7, has not been proven to exist, we will take the
liberty of writing 7, > r* to denote that for » < r*, Hi(n,rn) is 2-colorable
w.h.p. (and analogously for i < r*).

A relatively recent result of Friedgut [13] supports this conjecture as it gives
a non-uniform sharp threshold for hypergraph 2-colorability. Namely, for each
k > 3 there exists a sequence r(n) such that if r < r,(n) — € then w.h.p.
Hy(n,rn) is 2-colorable, but if r > r(n) + € then w.h.p. Hi(n,rn) is not 2-
colorable. We will find useful the following immediate corollary of this sharp
threshold.

Corollary 1. If

lim inf Pr[Hy (n, r*n) is 2-colorable] > 0

n—oo
then for r < r*, Hi(n,rn) is 2-colorable w.h.p.

Alon and Spencer [3] were the first to give bounds on the potential value
of ri. In particular, they observed that the expected number of 2-colorings of
Hy(n,m =rn) is o(1) if 2(1 — 217%)" < 1, implying

In2
re <2812 — % . (1)

Their main contribution, though, was providing a lower bound on r. Specifically,
by applying the Lovész Local Lemma, they were able to show that if r = ¢ 2" /k?
then w.h.p. Hg(n,rn) is 2-colorable, for some small constant ¢ > 0.

In [1], Achlioptas, Kim, Krivelevich and Tetali reduced the asymptotic gap
between the upper and lower bounds of [3] from order k2 to order k. In particular,
they proved that there exists a constant ¢ > 0 such that if » < ¢2¥/k then
a simple, linear-time algorithm w.h.p. finds a 2-coloring of Hy(n,rn). Their
algorithm was motivated by algorithms for random k-SAT due to Chao and
Franco [7] and Chvatal and Reed [§]. In fact, those algorithms give a similar
Q(2%/k) lower bound on the random k-SAT threshold which, like 74, can also
be easily bounded as O(2F).

Very recently, the authors eliminated the gap for the random k-SAT thresh-
old, determining its value within a factor of two [2]. The proof amounts to
applying the “second moment” method to the set of satisfying truth assign-
ments whose complement is also satisfying. Alternatively, one can think of this
as applying the second moment method to the number of truth assignments un-
der which every k-clause contains at least one satisfied literal and at least one
unsatisfied literal, i.e. which satisfy the formula when interpreted as a random
instance of Not-All-Equal k-SAT (NAE k-SAT).
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Here we extend the techniques of [2] and apply them to hypergraph 2-
colorability. This allows us to determine r; within a small additive constant.

Theorem 1. For every € > 0 and all k > ko(e),

n2 1
rk22k_1ln2—n7— ;6.

Our method actually yields an explicit lower bound for 7y, for each value of k
as the solution to a simple equation (yet one without a pretty closed form, hence
Theorem [I)). Below we compare this lower bound to the upper bound of () for
small values of k. The gap converges to 1/2 rather rapidly.

Table 1. Upper and lower bounds for r

k | 3 4 5 7 9 11 12
Lower bound| 3/2 49/12 9.973 43.432 176.570 708.925 1418.712
Upper bound| 2.409 5.191 10.740 44.014 177.099 709.436 1419.219

2 Second Moment and NAE k-SAT

We prove Theorem [l by applying the following version of the second moment
method (see Exercise 3.6 in [18]) to the number of 2-colorings of Hy(n, m = rn).

Lemma 1. For any non-negative integer-valued random variable X,

E[X]?

Pr[X > 0] > X7

(2)

In particular, if X is the number of 2-colorings of Hy(n,m = rn), we will
prove that for all € > 0 and all k > ko(e), if r = 2¥"1In2 —In2/2 — (1 +¢€)/2
then there exists some constant C' = C'(k) such that

E[X? <O x E[X]? .

By Lemma [I] this implies Pr[X > 0] = Pr[Hy(n,rn) is 2-colorable] > 1/C.
Theorem [ follows by invoking Corollary [

This approach parallels the one taken recently by the authors for random
NAE k-SAT [2]. Naturally, what differs is the second-moment calculation which
here is prima facie significantly more involved.

We start our exposition by outlining the NAE k-SAT calculation of [2]. This
serves as a warm up for our calculations and allows us to state a couple of useful



On the 2-Colorability of Random Hypergraphs 81

lemmata from [2]. We then proceed to outline the proof of our main result,
showing the parallels with NAE k-SAT and reducing the proof of Theorem []to
the proof of three independent lemmata.

The first such lemma is specific to hypergraph 2-colorability and expresses
E[X?] as a multinomial sum. The second one is a general lemma about bounding
multinomial sums by a function of their largest term and is perhaps of indepen-
dent interest. It generalizes Lemmal[2 of [2], which we state below. After applying
these two lemmata, we are left to maximize a three-variable function parame-
terized by k and r. This is analogous to NAE k-SAT, except that there we only
have to deal with a one-variable function, similarly parameterized. That sim-
pler maximization, in fact, amounted to the bulk of the technical work in [2].
Luckily, here we will be able to get away with much less work: a convexity ar-
gument will allow us to reduce our three-dimensional optimization precisely to
the optimization in [2].

2.1 Proof Outline for NAE k-SAT

Let Y be the number of satisfying assignments of a random NAE k-SAT formula
with n variables and m = rn clauses. It is easy to see that E[Y] = 2"(1 —
21=k)™_ Then E[Y?] is the sum, over all ordered pairs of truth assignments, of
the probability that both assignments in the pair are satisfying. It is not hard
to show that if two assignments assign the same value to z = an variables, then
the probability that both are satisfying is

pla)=1-2"F(2-a" - (1-a)")
Since there are 2"( ) pairs of assignments sharing z variables, we have

215008 ()]

z2=0

To bound such sums within a constant factor, we proved the following in [2].

Lemma 2. Let f be any real positive analytic function and let

Define 0° = 1 and let g on [0,1] be

_ fla)
9(a) = a® (1 —a)l-o ’

If there exists amax € (0,1) such that g(amax) = gmax > g(a) for all a #
Omax, and ¢ (Qmax) < 0, then there exist constants B and C such that for all
sufficiently large n

B X gmax <5< C X ghax -
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Thus, using Lemma[2, bounding E[X?]/E[X]? reduces to maximizing

- 1 pla) 1\’
(o) = 200 (1—a)—a <(1 _ 21—k>2> : (3)

Note now that ¢,(1/2) = 1 for all » and that our goal is to find r such that
l.(a) <1 for all @ € [0,1]. Indeed, in [2] we showed that

Lemma 3. [2] For every € > 0, and all k > ko(e), if

r§2k711n271n—2—1+6
2 2

then £,(1/2) =1 > £.(a) for all o # 1/2 and £!(1/2) < 0.

Thus, for all 7, k, € as in Lemma 3], we see that Lemma Blimplies E[Y?]/E[Y]? <
C x ¢.(1/2)" = C, concluding the proof.

3 Proof Outline for Hypergraph 2-Colorability

Let X be the number of 2-colorings of Hy(n,rn). Let ¢ =1 —2'=% and

pla, B,7) = 1= —(1=a)* =B = (1=0)" 7" +-(a=7)* +(B—) +(1—a—F+y)".
We will prove that

Lemma 4. There exists a constant A such that

2 z1itzs zitz3 z1 ™"
E[X ] < i Z n 1 p( n_ ' mn n)
E[X]Q - A2 21,22, 23,24 4 q2

zZi+t+za=n

Similarly to NAE k-SAT we would like to bound this sum by a function of its
maximum term. To do this we will establish a multidimensional generalization
of the upper bound of Lemma 2.

Lemma 5. Let f be any real positive analytic function and let

s = % (L") e

Z1+-+zq=n
et Z = 1yeee3Cao1) 1 G > or all 7, an i < . Define g on Z as
Let Z {(g Ca1): G =0 for all i, and 3¢ 1}Dﬁ Z

[y, Ga-1)
Cll L. gd—_ll (1 _ Cl e — Cd_l)]-*Cl*"'*Cd—l
If i) there exists Cmax in the interior of Z such that for all ¢ € Z with ¢ # Cmax,
we have §(Cmax) = gmax > 9(€), and ii) the determinant of the (d—1) x (d — 1)

matriz of second derivatives of g is nonzero at Cmax, then there exists a constant
D such that for all sufficiently large n

g(<17"' 7<d—1) =

S < DX ghax -
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Applying Lemma [l to the sum in Lemma[4] we see that we need to maximize

(22)

g’f’(OZaB?,Y) = A (a_,y)a,,y (ﬁ_7)677 (1_a_ﬁ+7)1,a75+,\/ ) (4)

where for convenience we defined g, in terms of «, 8, instead of (1, (s, (3. We
will show that g, has a unique maximum at

¢ =(1/2,1/2,1/4) .

Lemma 6. For every e > 0, and all k > ko(e) if

< ob-lpg 2 _1%e
= 2 2

then ¢-(¢*) =1 > ¢,(¢) for all ¢ € Z with ¢ # *. Moreover, the determinant
of the matrix of second derivatives of g, at {* is nonzero.

Therefore, for all r, k, € as in Lemma [f]

[ 2] n 2
BX T o D e = paz
completing the proof of Theorem [1] modulo Lemmata [ Bl and [6.

The proof of Lemma [ is a straightforward probabilistic calculation. The
proof of Lemma [l is somewhat technical but follows standard asymptotic meth-
ods. To prove Lemma [6] we will rely very heavily on Lemmal[3. In particular, we
will show that all local maxima of g, occur within a one-dimensional subspace,
in which g, coincides with the function ¢, of (3)). Specifically, we prove
Lemma 7. If (o, 8,7) is a local extremum of g,, then o = 3 =1/2.

This reduces our problem to the one-dimensional maximization for NAE k-SAT,
allowing us to easily prove Lemma [l
Proof of Lemma [6l Observe that

gr(1/271/2’70 ::ET(27) )

where £, is the function defined in (@) for NAE k-SAT. Thus, the inequality
9r(¢*) > g-(¢) for ¢ # ¢* follows readily from Lemma[3] giving the first part of
the lemma.

To prove the condition on the determinant of the 3 x 3 matrix of second
derivatives, a little arithmetic shows that at ¢* it is equal to

256 (2% — 2 — 2kr + 2k>r)?
24kq4
Thus, the determinant is negative whenever
dk(k —1)r <22k g% .

For k = 3,4 this is true for r < 3/2 and r < 49/12 respectively, while for k > 5
it is true for all 7 < In2 x 281, O

(4k(k —1)r — 22k ¢2) .
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4 Proof of Lemma (4]

Recall that X denotes the number of 2-colorings of Hy(n,m = rn).

4.1 First Moment

Recall that
g=1-2""%.

The probability that a 2-coloring with z = an black vertices and n—z = (1—a)n
white vertices makes a random hyperedge of size k bichromatic is

sfa)=1—-a"—(1-a)f <q.
Summing over the 2™ colorings gives
" /n
EX| = mo.
1= 3 (7) stefm

To bound this sum from below we apply the lower bound of Lemma ] with
f(a) = s(«)”. In particular, it is easy to see that for all » > 0

s(a)” (1—af—(1—-a)kr

g(a) = aa(l — a)lfo‘ = aa(l _ a)lfa

is maximized at o = 1/2 and that ¢g(1/2) = 2¢". Moreover, for any k > 1
g"(1/2) = -8 (1 —2"F) "t (1+ 2" F(k(k—1)r—1)) <0 .
Therefore, we see that there exists a constant A such that

E[X] > Ax(2¢")" . ()

4.2 Second Moment

We first observe that E[X?] equals the expected number of ordered pairs S, T
of 2-partitions of the vertices such that both S and T are 2-colorings. Suppose
that S and T have an and fn black vertices respectively, while yn vertices are
black in both. By inclusion-exclusion a random hyperedge of size k is bichromatic
under both S and T with probability p(«, 8,7), i.e.

l—a"—(1-a)f =" = (1 =B+ + (=" + B+ (1 —a-B+7)" .

The negative terms above represent the probability that the hyperedge is mono-
chromatic under either S or T, while the positive terms represent the probability
that it is monochromatic under both (potentially with different colors). Since
the m = rn hyperedges are chosen independently and with replacement, the
probability that all m = rn hyperedges are bichromatic is p(a, 5,7v)"".
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If z1, 22, 23 and z4 vertices are respectively black in both assignments, black
in S and white in T, white in S and black in T, and white in both, then a =
(21 + 2z2)/n, B = (21 + z3)/n and v = z1/n. Thus,

E[XQ]_Z n 21 +2 21+23 23 " 6)
B s,20,2324) P\ 0 m n '

O

5 Proof of Lemma [7]

We wish to show that at any extremum of g, we have a = § = 1/2. We start
by proving that at any such extremum o = (3. Note that since, by symmetry,
we are free to flip either or both colorings, we can restrict ourselves to the case
where a < 1/2 and v < «/2.

Let h(zq,22,x3,24) = ZZ x; Inz; denote the entropy function, and let us
define the shorthand (0/0x — 9/9y) f for Of /0x — Of/0y. Also, recall that ¢ =
1 —2'"% and that p(«a, 8,7) = p is

l—a’—(1-a)f =" = (1 =B+ +(a=f+(B-N"+ (1 —a-s+7)"

We will consider the gradient of In g, along a vector that increases o while
decreasing 3. We see

0 0
<80é - 86) lngr(avﬂa /V)

- (ai — %) (h(y,a77,577,17a—5+7) —In4 + r(lnprhlq))
— “Ina— ") +In(3 - )
T (e (=0 @) T B (L= - (5 ) )
= 6(0) - () | (7)
where
6(2) = ~In@ =)+ (= (L= =)

Here we regard p as a constant in the definition of ¢(z).

Observe now that if («, 3,7) is an extremum of g, then it is also an extremum
of In g,. Therefore, it must be that (9/0a)Ing,. = (0/98)Ing, = 0 at («, 8,7)
which, by (@), implies ¢(a) = ¢(3). This, in turn, implies o = (3 since ¢(x) is
monotonically decreasing in the interval v < z < 1:

dp 1 k(k—Dr

& i ) (xk_Q—i—(l—x)k_Q—(x—'y)k_Q) <0.
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Next we wish to show that in fact @ = 5 = 1/2. Setting o = 3, we consider
the gradient of In g, along a vector that increases « and v simultaneously (using
a similar shorthand for dg/0a + dg/d7):

E-l-é In g, ( )
80& a’_y g’f‘ a7a)7

0 0
= ((90(—’_37) (h(%a—'y,a—%l—%u—&—v) — In4 + r(lnp—?lnq))

=—lny+1In(l —2a+7)
k
+£ (=205 4+ 2(1 — o)t = (1 — 2a + )k~ 4+ 4571)

=Y(a) .

Clearly, (o)) = 0 when o = 1/2. To show that 1/2 is the only such «, we show
that ¢ decreases monotonically with a by showing that if 0 < a < 1/2 and
v < /2, all three terms below are negative for k > 3.

o _ __ 2
da 1—2a+7

2k?r k=1 _ (1 _ k=1 _ o k—1 k-1
+ o x (v (1-2a+7) 20"+ 2(1 — ) 1)

X (—(a— Nl 4ot (1—204+9)t —(1— a)kil)

The first and second terms are negative since 1 —a > 1—2a++v > 0, implying
(1 —a)k=2 > (1 — 2a + 7)*~2. The second factor of the third term is positive
since f(z) = zF71 is convex and (1 — @) —a = (1 — 2a + ) — v (the factor of 2
on the last two terms only helps us since 1 — « > «). Similarly, the third factor
is negative since (1 —a) — (1 -2a+7y)=a—-v>a—(a—7) =7.

Thus, 91 /0a < 0 and o = 1/2 is the unique solution to () = 0. Therefore,
if (o, a,y) is an extremum of g, we must have o = 1/2. O

6 Proof of Lemma

6.1 Preliminaries
We will use the following form of Stirling’s approximation for n!, valid for n > 0
2rnn"e " <1+1;n) < nl < V2mn"e™ (1+61n> . (8)
We will also use the following crude lower bound for n!, valid for n > 0
nl > (n/e)" 9)
using the convention 0° = 1.

Let z1,...,zq be such that E?Zl zi =n. Let {; = z;/n. Let ¢ = (C1y. -+, Ca—1)-
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— If z; > 0 for all ¢, then using the upper and lower bounds of (8) for n! and z;!
respectively, and reducing the denominator further by changing the factor
1+ 1/(12%) to 1 for ¢ # 1, we get

d d "
n ld— ~1/2 —G 141/(6n)
(217"'725(1) < (2mn) =712 (ch ) (HQ C) 111221

=1 i=1

d d n
< (2mn)~(d71/2 (H ¢V 2) (H @Ci) : (10)

i=1

where for (I0) we assumed w.l.o.g. that z; < n/2. Thus,

d
(Zl ! )f(Z1/n7--~7Zd—1/n)” < (2mn) (02 (Hcﬂ/?) 9(Q)" -

... s Zd /L:l
(11)
— For any z; > 0, the upper bound of (§) and (@) give

() < bvam (<)

’...’Zd Pt}

implying a cruder bound

( . )f(zl/n""’zd_l/n)n = g\/ﬁg(C)” L (12)
21 , 2d

6.2 The Main Proof

Our approach is a crude form of the Laplace method for asymptotic integrals [9]
which amounts to approximating functions near their peak as Gaussians.

We wish to approximate g(¢) in the vicinity of (max. We will do this by
Taylor expanding In g, which is analytic since ¢ is analytic and positive. Since
In g increases monotonically with g, both g and Ing are maximized at (pax.
Furthermore, at {max the matrix of second derivatives of In g is that of g divided
by a constant, since

9?Ing 1 9% 1 dg 99

0G 0G| ee. . Gmax 06 OG; Gl 0G OG;

and at Cmax the first derivatives of g are all zero. Therefore, if the matrix of
second derivatives of g at (max has nonzero determinant, so does the matrix of
the second derivatives of In g.

Note now that since the matrix of second derivatives is by definition symmet-
ric, it can be diagonalized, and its determinant is the product of its eigenvalues.
Therefore, if its determinant is nonzero, all its eigenvalues are smaller than some
Amax < 0. Thus, Taylor expansion around (pax gives

1
lng(C) S 1ngmax + 5)\max |C - Cmax|2 + O(‘C - Cmax‘s)

or, exponentiating to obtain g,
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Q(C) < Gmax €Xp (1/\maxlc - Cmax|2> X (1 + O(‘C - Cmax‘s)) .

2

Therefore, there is a ball of radius p > 0 around (,,x and constants Y > 0 and
Jx < gmax Such that

If [ = Cmax| < p, 9(€) < gmax exp( Y‘C_Cmax‘Z) ) (13)
If|C_Cmax| > p, g(C) Sg : (14)

We will separate S into two sums, one inside the ball and one outside:

3 PO LR M (MR [

CEZ:|¢—Cmax|<p CEZ: |¢—Cmax|>p

For the terms inside the ball, first note that if |¢ — Cmax| < p then
d —1/2 —d/2
H ¢; < W where W = (min Cmax,i — ,0)
i=1 !
Then, since |¢ — Cmax|? = Zf:_ll((i — Cmax.i)?, using ([0) and ([I3) we have

% o) 10

CE€Z:|¢—Cmax|<p

S (27T7’L)_(d_1)/2 Wg:;ax X Z exXp (—nY Z Cmax 7 )
21,0y 2d—1=—00
d—1 (e%S)
= (2rn) " D2 gn % ( > exp(-nY (zi/ncmax,i)2)>
=1 2;=—00

Now if a function ¢(z) has a single peak, on either side of which it is monotonic,
we can replace its sum with its integral with an additive error at most twice its

largest term:
> o)~ [ o)a

Z=—00

<2 max #(z)

and so

o0

Z exp (—ﬂy(zl/n - Cmax,i)2) S 2 + /Oo exp (_nY(ZZ/TL _ Cmax,i)Q) dz
— STV 42 < 2]V

where the last inequality holds for sufficiently large n. Multiplying these d — 1
sums together gives

" n (d-1)/2 n
S (o) fOr e

CEZ:|¢—Cmax|<p
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Outside the ball, we use (12), ([[4) and the fact that the entire sum has at
most ¢! terms to write

S (g ) SO S 0 X T VIR < g (10)

n’ ... s n
i1 Cml>p N1 G

where the last inequality holds for sufficiently large n. Combining (I6) and ([I5)
gives
S< (WY D2 4 1) gl = D X gitax

which completes the proof. (We note that the constant D can be optimized by
replacing our sums by integrals and using Laplace’s method [2/9].)

7 Conclusions

We have shown that the second moment method yields a very sharp estimate
of the threshold for hypergraph 2-colorability. It allows us not only to close the
asymptotic gap between the previously known bounds but, in fact, to get the
threshold within a small additive constant. Yet:

e While the second moment method tells us that w.h.p. an exponential number
of 2-colorings exist for r = ©(2%), it tells us nothing about how to find a single
one of them efficiently. The possibility that such colorings actually cannot be
found efficiently is extremely intriguing.

e While we have shown that the second moment method works really well, we’d
be hard pressed to say why. In particular, we do not have a criterion for deter-
mining a constraint satisfaction problem’s amenability to the method. The fact
that the method fails spectacularly for random k-SAT suggests that, perhaps,
rather subtle forces are at play.

Naturally, one can always view the success of the second moment method
in a particular problem as an aposteriori indication that the satisfying solutions
of the problem are “largely uncorrelated”. This viewpoint, though, is hardly
predictive. (Yet, it might prove useful to the algorithmic question above).

The solution-symmetry shared by NAE k-SAT and hypergraph 2-colorability
but not by k-SAT, i.e. the property that the complement of a solution is also
a solution, explains why the method gives a nonzero lower bound for these two
problems (and why it fails for k-SAT). Yet symmetry alone does not explain
why the bound becomes essentially tight as k grows. In any case, we hope (and,
worse, consider it natural) that an appropriate notion of symmetry is present in
many more problems.
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Abstract. In this paper, we study percolation on finite Cayley graphs.
A conjecture of Benjamini says that the critical percolation p. of such a
graph can be bounded away from one, for any Cayley graph satisfying
a certain diameter condition. We prove Benjamini’s conjecture for some
special classes of groups. We also establish a reduction theorem, which
allows us to build Cayley graphs for large groups without increasing p..

Introduction

Percolation on finite graphs is a new subject with a classical flavor. It arose
from two important and, until recently, largely independent areas of research:
Percolation Theory and Random Graph Theory. The first is a classical Bernoulli
percolation on a lattice, initiated as a mathematical subject by Hammersley and
Morton in 1950s, and which now became a major area of research. A funda-
mental albeit elementary observation that the critical percolation p, is bounded
away from 1 on Z? has led to a number of advanced results and quests for gener-
alizations. Among those most relevant to this work, let us mention the Grimmett
Theorem regarding the ‘smallest’ possible region under a graph in Z2, for which
one still has p. < 1. Similarly, a percolation in finite boxes has become crucially
important as a source of new questions, as well as a tool (see [12] for references
and major results in the area.)

In the past decade, within the subject of percolation, there has been much
attention devoted to study of percolation on Cayley graphs, and, more generally,
vertex-transitive graphs. As envisioned by Benjamini and Schramm [6] in a series
of conjectures, it concentrated on the interplay between Probability Theory and
Group Theory, when the probabilistic properties of the (bond or site) percolation
depend heavily on the algebraic properties of the underlying (infinite) group, and
not on a particular generating set. We refer to [7] for a recent progress report
on the subject.

Motivated by the study of percolation on infinite Cayley graphs, Benjamini
in [5] (see also [2]) extends the notion of critical probability to finite graphs
by asking at which point the resulting graph has a large (constant proportion
size) connected component. He conjectured that one can prove a new version
of p. < 1 — ¢, under a weak diameter condition. (Here and everywhere in the
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introduction, € > 0 is a universal constant independent of the size of the graph.)
In this paper we present a number of positive results toward this unexpected,
and, perhaps, overly optimistic conjecture.

Our main results are of two types. First, we concentrate on special classes of
groups and establish p, < 1 — ¢ for these. We prove Benjamini’s conjecture for
all abelian groups, and then for nilpotent groups, with Hall bases as generating
sets. We also prove that p. < 1—¢ for groups with small disjoint sets of relations,
a notion somewhat similar to that in [4]. Our most important, and technically
most difficult result is the Reduction Theorem, which enables us in certain cases
to obtain sharp bounds for p. of a Cayley graph of a group G depending on those
of a normal subgroup H < G and a quotient group G/H. While the full version
of Benjamini’s conjecture remains wide open, the Reduction Theorem allows us
in certain cases to concentrate on finite simple groups (a sentiment expressed
in [5]). By means of classification of finite simple groups [11], and recent series
of probabilistic results relying on classification (see e.g. [I7]) one can hope that
our results will lead to further progress towards understanding percolation on
finite Cayley graphs.

Let us also describe a connection to Random Graph Theory, already men-
tioned above. First introduced by Erdés and Rényi in a pioneer paper [10], the
authors considered random graphs either as random subgraphs of a complete
graph K, or as a result of a random graph process, when edges are added one
at a time. Although one needs probability p of an edge to be roughly logn/n for
the graph to become connected, already p = (1 + €)/n, suffices for creation of a
‘giant’ (c(e)n size) connected component.

The work of Erdés and Rényi generated the whole study of properties of
random graphs, and more recently random subgraphs of finite graphs (see e.g. [8]
T411)) In the past years, connectivity and Hamiltonicity have remained the most
studied properties, ever since the celebrated Margulis’ Lemma, rediscovered later
by Russo (see e.g. [TH[I6].) One can view our work as a new treatment of the
existence of a giant component in a large class of vertex-transitive graphs.

1 Definitions and Main Results

In a p—percolation process on a finite graph I', every edge e € I is deleted with
probability 1—p, independently. Such a process defines a probability distribution
on subgraphs of I'; in which each subgraph H C I is assigned the probability
pll(1 — p)ITI=1H1 Later we informally refer to edges of H as ‘p-percolated’.

For constants p, «, and p between zero and one, we let L(p, o, p) denote the
collection of finite graphs I', such that a random subgraph H C I" as above will
have a connected component joining p|I'| of their vertices, with probability at
least a.

Let p and « be fixed, and let I" be a finite graph. Define the critical probability
pe(I") as follows:

pe(I) = pe(I;p,a) :=inf{p: I' € L(p,a,p)}.
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From monotonicity of the percolation, this implies that I'(G, S) € L(p, o, p) for
all 1 > p > pe.

We are interested in conditions which bound the critical probability away
from 1, as the size of graph I' grows. Benjamini conjectured in [5] that
pe(I5p,a) < 1 —e(p,a) for every vertex-transitive graph I' with n vertices,
provided diam(I") < n/logn.

It is well known and easy to see that all finite vertex-transitive graphs are
Schreier graphs of finite groups, and thus can be obtained as projections of the
Cayley graphs. Even in the domain of infinite vertex-transitive graphs, no known
example is shown to be not quasi-isometric to a Cayley graph [9]. From this point
on, we consider only finite Cayley graphs.

Let G be a finite group and let S = S~! be a symmetric set of generators. A
graph with vertices g € G and edges (g,¢9 - s), s € S is called the Cayley graph
of the group G.

Definition 1 Suppose that generators si,...,sn for a finite abelian group G
are given so that the products si' - si» are distinct for 0 < iy, < ay, where ay
is the order of si. Then we say that {s1,...,sn} is a Hall basis for G.

The following result establishes Benjamini’s conjecture for all abelian groups
whose generating sets are Hall bases:

Theorem 1 For any constants p and «, there is a constant € = e(p, ) > 0,
such that for every Cayley graph I' = I'(G, S) of any finite abelian group G and

Hall basis S satisfying diam(I") < %, we have p.(G;p,a) <1 —¢.

Let G be a finite nilpotent group. Consider a lower central series
GZGODGHD...DGKZ{I},

where each G; = [G, G;—1]. A Hall basis is a generating set S = S; LSy - -LUSy,
such that S; C G;—1 and the image ~;(.S;) of S; onto the quotient H; = G;/G;_1
is a Hall basis for the abelian group H;. These bases were introduced by Philip
Hall [I3], and recently appeared in a probabilistic context of random walks on
nilpotent groups [3].

We say that Hall basis satisfies diameter condition (x), if

|H;|

(*) diam(I"(H;,7:(5:)) < og [Hi|

forall 1 <7</

Theorem 2 For any constants p and «, there is a constant € = e(p, ) > 0,
such that for every Cayley graph I' = I'(G,S) of finite nilpotent group G with
a composition series {G;} and a Hall basis S = L;S; that satisfies the diameter
condition (%), we have p.(G;p,a) <1 —e.

One can view Theorem Pl as a generalization of Theorem [[] since the former
becomes the latter when G is abelian, i.e. when ¢ = 1.

Let I, = I'(G,,, R,,) be a sequence of Cayley graphs with diameters d,, =
diam(I},). For each s € R, let T,,(s) = {r € R,, : [r, s] = 1}.
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Theorem 3 If d, — oo as n — oo, and each |T,, s| > 4logd,,, then there exists

£ > 0 such that p.(I'(Gy, Ry); 2,4) <1 —¢ for all n.

Without information about the structure or the critical probability of G/H,
it still may be possible to bound the critical probability of G if the index of H
in G is not too large.

Theorem 4 (Reduction Theorem) Let I' = I'(G,S) be a Cayley graph of a
finite group, let HAG be a normal subgroup. and let 0 < p,a < 1 be any constants.
Suppose that R = H NS generates H, and p > max{%,pc(F(H, R);p,a)},
There exist constants § = B(p) < 1 and N = N(p,«), so that if « > 3 and
[G:H]> N, and

(1nlfa+1n[G;H])[G:H]g<p_;>H| (1)

we have p.(I'(G,S); p,a) < p.

We prove these theorems in the sections that follow, and conclude with a few
examples and open problems.

2 Basic Results

Large components in finite graphs are the analogues of infinite clusters in infinite
graphs. The Benjamini conjecture appears to be inspired by Grimmett’s The-
orem (see, e.g., [12], pages 304-309), which guarantees the existence of infinite
clusters in certain subsets of the square lattice.

Theorem 5 (Grimmett) Let f be a function so that 1{)(;; — a as T — oo, for
some positive constant a. Let G(f) denote the region in the positive quadrant of
the square lattice under the function f(x). There exists p < 1 so that this region

has an infinite component after p—percolation almost surely.

The following lemma follows easily from this theorem. We will use it in our
proof of Theorem [I]

Lemma 6 Let I' be an m X n bor within the square grid, and let p,a < 1 be
constants. Then there exists € = £(p, ) > 0 such that if n > m > logn, we have
pe(lspya) <1l-—e.

We conclude this section with a counting lemma that provides a way to bound
the critical probability of any vertex transitive graph.

Proposition 7 Let I be a vertex transitive graph undergoing p—percolation. Dis-
tinguish a vertex z. Suppose that there are constants 0 < 7,p < 1 such that for
every vertex v € I', the probability that z lies in the same connected component
as v after percolation is at least T + p — Tp. Then the probability that z belongs
to a configuration of size at least p is at least T.
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Proof: We prove the contrapositive: If the probability that z is in a compo-
nent of size smaller than p is at least 1 — 7, then there exists a vertex z whose
probability of being in a different component than z is at least 1 — 7 — p + 7p.

For each vertex v € I', let m(v) denote the probability that v is connected
to z after percolation. Then

Y m(v) <7l + (1= 7)p|T| (2)
vel

Indeed, even if all the graphs with p—size connected component were entirely
connected, they would not contribute more than 7|I'| to the sum, because such
graphs occur with probability no more than 7. This gives the first term. The
remaining graphs contribute to m(v) for no more than p fraction of the vertices.
This gives the second term.

Therefore, some vertex v must have m(v) <74 p—71p. O

3 Commuting Generators

In this section, we prove Theorem [ which generalizes Theorem [ from the
introduction. For clarity, we start with the following motivating example.

Let I' = I'(Sp, R,) be the Cayley graph for the symmetric group, with
R, ={(12),(23),...,(n—1n)} the Coxeter transpositions. We may bound
the critical probability of this Cayley graph using an idea that applies to any
family of groups with lots of generators and lots of short disjoint relations.

Proposition 8 There exists ¢ > 0 such that for all n, p.(I'(Sn, Rn); 3,1) <
1—e.

Proof: By Proposition [7, it suffices to show that every element g € S,
remains connected to the identity 1 with probability at least 5/6.
Let d be the diameter of I'(S,,, R,,); we have d = O(n?). Fix a path from 1 to

g of length no more than d. By the Chernoff bound, with probability 1 — 6_#,
no more than dd edges of this path are deleted under p—percolation, where § =
1—p+p2

Let’s consider how to get around a deleted edge (¢ i + 1). Any of the n — 4
generators (j j+1) with {7, j+1} disjoint from {¢,i+1} commutes with (i i41),
in which case we can replace the edge (i ¢ + 1) by the three—edge sequence
(Gi+1D(GEi+1)(J j+1). Each three-edge sequence is unbroken with probability
p3, and since they are disjoint from each other, the probability that all n — 4
detours break is (1 — p?’)n_4.

Assuming that no more more than dd edges of the path are deleted, we can
find unbroken detours around all the deleted edges with probability at least
1—4d(1 - p3)n_4. Therefore, if e*# +4d(1 — ]33)n_4 < %, the proposition is
proven. Since d = O(n?), we can find a p = 1 — ¢ to satisfy this inequality for
large n. U
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We can generalize this result for other sequences of Cayley graphs as follows.

If I'(G, R) is a Cayley graph and r € R, a relation for r is an identity of the
form r = s1 - - S;n, where s; € R. Its length is m + 1. We say that two relations
T =518y, and r = t1---t, for r are disjoint if s1---s; # s1--- 5 for any
j,k > 0, except when j =m and k = n.

Theorem 9 Let I, = I'(Gy, R,,) be a sequence of Cayley graphs with diameters
d,, = diam(l,). Suppose that d,, — oo, and that there is a constant C such that
for all n and all s € R,, there are at least 2logd, disjoint relations for s,
each having length no more than C. There exists € > 0 such that for all n,
Pe(I(Gn, Ry); %7 %) <l-ce

Proof: As above, we count disjoint detours around an edge {a,b} € I". For
simplicity, we may assume a = 1 so that b € S.

For each relation b = sy ---s,, we consider the detour that replaces the
edge {1,b} with the edges {1,s1}, {s1,s182}, ..., {s182---sn—1,b}, and apply
Proposition [7 to obtain our res;ﬂt. Consider a path of length at most d,, from 1
to x. With probability 1 — e‘%, at most 6 = 1 — p + p? fraction of its edges
are broken. For each of these deleted edges {a, ar}, we have constructed at least
2log d,, disjoint detours of C' edges. The probability that all of these are broken
is no more than (1 — pc)mog dn. Thus, the total probability we cannot patch the
path from 1 to z with our detours is no more than

_pZ%dn

e 4 6d, (1 —p©)7 "

3)

If pick p so that p© > L then dd,(1 —pc)mogd"

3 < %{L. Since d, — oo as

dn

n — 0o, e~ 2" — 0. Increase p so that I'(Gn, Ry,) has a large component in
each of the finitely many graphs where the expression (@) is greater than %. (I

Proof: Pruning T,,(s) so that r € T},(s) = rs ¢ Ty, (s) cuts the size of T;,(s)
by at most half, and ensures that the commutation relations between s and the
elements of T, (s) are disjoint. Each commutation relation has length C'=3. O

4 Semidirect Products

Recall the construction of a semidirect product. Let H and K be groups, with
an action of K on H whereby k € K sends h € H to an element denoted h* € H.
The semidirect product of H and K, denoted H x K, is the set of ordered pairs
(h,k) € H x K equipped with the operation

(ha, k1) - (hoy ko) = (hy - hEY Ky - ko)

We can regard H and K as subgroups of G via the inclusions A — (h, 1) and
k— (1,k).
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Theorem 10 Let constants p and o be given, with p?(2 — p) > a and « suffi-
ciently close to one. There exists a constant C so that if |G| > C?, G = Hx K,
p > 0, and H and K have generating sets R and S for which I'(H,R) and
I'(K,S) belong to L(p,a,p), then I'(G,RUS) € L(p, o, p).

Proof: We may write the elements of G uniquely as ¢ = hk where h € H
and k € K. For h € H, let Kj, be the subgraph {hk : k € K}, with edges joining
hk to hks for s € K. For k € K, let Hj be the subgraph {hk : h € H}, with
edges joining hk to hkr for r € H. The product structure in H x K is given by

hiki - hoko = (hl(kthkfl))(k1k2)

Examining this product when ks = e or ho = e, we see that the sets Hy and K},
are closed under right multiplication by elements of H or K, respectively.

The graph of K}, clearly is isomorphic to the Cayley graph of K. The graph of
Hjy, is isomorphic to the Cayley graph of H under the isomorphism (khk=1)k =
kh — h, for if hyr = hg, then (khy)r = k(hy1r) = khs. Thus, each K}, and each Hy,
has a component of size at least p|K| with probability at least o independently.

We regard the sets K}, as the “rows” and the sets hx as the “columns” of the
Cayley graph G. If some column Hj (or row Kj) has a connected component
of size p considering only the generators in R (or in S), we call the column (or
row) “good,” and its “good part” comprises the vertices of this component.

Either H or K has order at least C’; we assume that K does (in the argument
that follows, K and H can be reversed if necessary). If § > 0, the probability ¢
that the number of good columns Hy, is less than «d| K| satisfies

_alK|(1-6)2
2

(4)

g<e

by the Chernoff bound.

Denote by a and b the fractions of the columns and rows that are good.
Assuming a,b > %, all good parts of good rows lie in the same component of G,
because they intersect a|K| good columns, and therefore any pair of good rows
must hit (2a — 1)|K| of the same good columns. As |K| goes to infinity, this
means they almost surely both hit the good part of some good column.

Some of the good columns may not be joined to the large component of G.
In the worst case, |H| = 2. Since b > %, at least two rows are good. We expect
1—(1—p)* = p(2 — p) fraction of the good columns to hit the good parts of
one of these two good rows; the good parts of these columns belong to the large
component. Let M be the expected elements of G that belong either to the good
part of a good row or to the good part of a good column. Since membership in
a good row is independent from membership in a good column, we have

M=1-(1-ap*(1-p))(L-bp) . (5)

All such vertices belong to the large component of G. We wish to choose a and
b to make expression (5) bigger than p. This occurs when

1—ap(2—p)

b= 1—ap*(2—p)
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The mean number of good columns is a| K|. The Chernoff bound shows that
the probability that there are fewer than a = ad|K| good columns or b = ae|H |
good rows is no more than

€= e—alKI(1=0)? | —alH|(1-€)*

To satisfy the conclusion of the theorem, we need this failure probability to be
& < 1— «. To make expression (Hl) greater than p, set

e 1—adp(2—p)
20(1 = adp?(2 - p))

For any § < 1, we can require K (the larger of the subgroups) to be big
enough so that e~@KI(1-6)" < 152 Choose 4 so that 6p*(2 — p) > « (possible
by the hypothesis on p and «) and é +9p(2 — p) > 2 (possible since p(2 — p) >
p?(2—p)>a>2—1) We have

e—a|H|(1—e)2 < e—2a(1—e)2

_ __1—adp(2—p) 2
e 20‘(1 2a<17msp2<2—p>))

—2a (174%&*5’)(2*’))) ) ’
e

1—asp2(2—p)

< e—2a(1—ﬁ)2
-«

2

for « sufficiently close to 1.
Thus, I'(G, RUS) has a connected component of size p|G| after p—percolation
with probability at least . [J

Proof of Theorem [2k Let G be a nilpotent basis with Hall basis given as
in Section [I By Theorem [I] there exists € = e(p, &) independent of i, such that
pe(I'(H;,vi(Si)); p, ) < 1 —e€ for every 4. As each G; = G; ¥ H;11, Theorem [0l
shows p.(I'(G, S); p,a) <1—e. O

5 Proof of Reduction Theorem

Our proof has three steps. Roughly, we show:

1. Most of the cosets in G/H, considered as subgraphs, have big (size p|H])
connected components

2. Most of these components are connected to each other, forming a pretty big
(but not yet size p|G|) component of G

3. Enough additional vertices are attached to the big component so that it has
size p|G]|.

We formalize these ideas below.
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Let n = [G: H|, and write G/H = {Hgy,}._,. Consider each coset as a
subgraph of G. Prior to percolation, each is isomorphic as a graph to H. When
we p—percolate GG, our assumption implies that each has a connected component
of size at least p|H| with probability at least « independently, just by considering
the generators R C S. Call a coset with such a large component a “good coset,”

and call its large component the “good part” of the good coset. Applying the

Ot7(12 n
Chernoff bound, with probability 1 — e , there are at least a?n good

cosets.

Fix a spanning tree on the Cayley graph I'(G/H,w(S5)), and choose the root
to be a good coset. Although the parent of a good coset need not be a good
coset, we can take parents recursively until we find reach one that is good. All
the good cosets will be connected if each good coset is connected to its good
parent. With high probability, say 1 — €, every good parent is no more than
2logn levels higher in the tree.

Suppose Hg; is the good parent of Hg;. Then g; = g;5;, ---s;, for some
string of generators s;,,...,s;, € S where Hg;s;, is the parent of Hg;, etc. We
have » < m. Right multiplication by s;, ---s;,. gives a bijection from Hg; to
Hg;. By the inclusion—-exclusion principle, the image of the good part of Hg;
must hit at least p — % fraction of the elements of Hg;. Therefore, in order for
the good part of Hg; to fail to be connected to the good part of Hg;, we would
need each of the (p — 3)|H| paths of the form z,zs;,,... ,xs;, ---s;, to break.
Since these paths are all disjoint, the probability that they all break is no more
than (1 — p”)(pfé)‘Hl. Thus, the probability that some good coset fails to have
its good part connected to that of its good parent is no more than

n(d _pm)(p_%)‘Hl < n(e—p"”)(ﬁ—%)lH\

ogn (p—3)IH|
< e
= n(e_(”_%NH‘pmog”)
_ _(p=3)im
ne n

applying the hypothesis p > § This failure probability is less than PTO‘ if

3 1
1 1 <(p—z)IH

which is implied by our hypothesis relating [G : H] and |H]|.

For every good coset Hg;, choose a p|H|-size connected subset of Hg; uni-
formly at random, and call it A;. Let B; be the complement of A; in Hg;.

Call a coset Hg; “nearly good” if there exists s € S so that Hg;s is a good
coset. Put g; = g;s.

Lemma 11 We expect

B0 sl = (3o 7) (1= o] (6)
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Furthermore, |B; N A;s| > 1(1 — p)|H| with probability at least 2p — 1.

Proof: Before percolation, Hg; and Hg; = Hg;s are each isomorphic to the
Cayley graph I'(H, R), and the percolation on G affects these two subgraphs
independently.

Let A be the set of connected subsets of H having cardinality exactly p|H|.
Observe that if X € A and g € H, then Xg € A. Thus, we can partition A into
equivalence classes of |H| elements each, by identifying X € A with all its right
translates {Xg}, . Percolation on I'(H, R) defines a probability distribution
on A that assigns to X € A the probability that A; = Xg¢;, and this distribution
is independent of i. The expected intersection |A; N A;s| is the same as the
expected intersection |X NY| where X and Y are chosen from A according to
this distribution.

Fix any set X € .A. We want to show that the intersection |X NY| where Y
is chosen from A is expected to be small. Because Cayley graphs are vertex tran-
sitive, we have Pry (4; = Yg;) = Pry(A; = (Yg)g;) for any g € H. Therefore, if
we find a constant M such that the expectation value Ege | X NYg| < M for all
fixed X,Y € A, choosing g uniformly at random from H, we can conclude that
EycalXNY| < M when Y is chosen randomly according to our distribution on
A.

We proceed to show that M = (% + %p + %pQ) |H| has the desired property.
Replace Y by its right translate that maximizes | X NY|. Let K = H — Y and
K’ = H — X. Evidently, |K| = |K'| = (1 — p)|H|. As

X NY|=|X|- (K- |[KNK) (7)

maximizing | X NY| is the same as maximizing |[KNK'|. If [KNK'| < 3(1—-p)|H],
we are done because equation () implies [X NY| < gp — i, and gp — i <
1+ 1p+1p? = M always.

Suppose, on the other hand, that |[K N K'| > 2(1 — p)|H|. If g € H has the
property that [Kg N K'| > 2(1 — p)|H| as well, then |[K N Kg| > (1 — p)|H|.
But at most 2|K| = 2(1 — p)|H| values of g can have this property. Indeed, for
g€G,let Ky={x e K:xzge K}. Then

> 1K= K[

geH

(each element of K has |K| translates that lie inside K'), which implies that
at most 2|K| values of g have |K,| > %|K|. This is what we desire, as |K,| =
|[K N Kgl.

For the values of g with |[K N Kg| < 1|K| and hence |KgN K'| < 3|K| we
have by equation (7))

Xyl <l - (2-3) 1] ®

—1m(1-30-0) o)
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For the remaining values of g (of which there are no more than 2|K|), we bound
|X NYg| <|X]|. This yields

Egen(|XNYy|)
< 2AK[X|+ (H| - 21K H|(1 — 30 -p)
- | H |
2(1 = p)plHI + (2p = 1)(5p — DIH[
|H|

11 1,
St op+ PP ) |H
(4+4p+2p>| |

This shows that M = (} + +p+ $p?)|H| has the desired property.
Thus we expect

|Bj N AZS| = |AZS| - |AJ N A18|

1 1 1
> plH| — ( + 1Pt 3 ~p°)|H|

- (3~ i) (1- p)lH]

which yields the first statement of the lemma. In the same way, equation (@)
yields the second statement. [J
Fix a good neighbor Hg;, = Hg;s; where s; € S for as many nearly good
cosets Hg; as possible (which is at least a?n). Let r = j;. The sizes of the
intersections B, N A4;s; and B;, N A,s;, are independent unless j,. = 7. We may
arrange for this not to be the case. Applying the Chernoff bound to the second
statement of the lemma, there remain at least (p — %)cﬂn great cosets Hg; with
1 2
|Bj, N A; SZ\ > 1(1 — p)|H|, with probability at least 1 — e L
The + (1= p) Vertlces of these nearly good cosets attach to the large connected
component of size pa? we found in step 2. Altogether, we have a connected
component of size

1 1
pa’ + (p— 5)a~(1—p) (10)
2 4
with probability at least
o?n (p—3)1H]| (p=%)o®n
l—e—e 2 —ne~ » —e 2 (11)
Writew = $(p—2)(1—p). If a > p+ Z expressmnlﬂﬂdesenbes a component
81n 1—a

of size at least p. Requiring n > =D @a?=1) and applying the hypothesis
relating n and |H|, we find that expression [Tlis at least ce. This proves Theorem

. _ /pt% 8In 25
mWIthB— ot and N = m O
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6 Proof of Theorem 1]

We wish to embed the Cayley graph I' = I'(G, S) of an abelian group G into a
two—dimensional box, so that we can apply Grimmett’s Theorem (Lemma [G]).

The generators s, . .. , s, in the Hall basis define a homomorphism ¢ : ZZ" —
G, given by

Qn

ola, ... an) =7 sp
The homomorphism ¢ maps the box B = [0,a; — 1] X - - - X [0, a,, — 1] bijectively
onto G, To flatten B into a two—dimensional box, we will select k£ dimensions and
choose Hamiltonian paths in the Cayley graphs of a section and a cross section.
Unwrapping these Hamiltonian paths each into one dimension will produce the
desired two—dimensional box.

We claim that there exists I C {1,...,n} such that HLE[ logQIG‘ and
Hi¢[ a; > log‘Gl . Indeed, choose the smallest k£ such that a;---ap > longGl.
Ifai---ar < ljglCIv‘(\;‘ then we may take I = {1,...,k}, and we are done. If
k = 1, this inequality is assured by the diameter assumption, since diam/[’ =
(a1 + - +ap)/2. f k > 1 and yet ay---ap > lfg‘?(‘;\ then ap > % >

2log |G|, assuming |G| is large enough. The diameter condition implies that
a1 Qg 1Qhy1 " Ay > loglcl , so I = {k} has the desired property.

Now choose Hamiltonlan paths g: 0,2 —1] = J[;c;[0,a;] and h : [0,y —
1] = [I;¢s00,ai]. Let A be the box [0,z — 1] x [0,y — 1]. Because ¢ o (g, h) is
a graph homomorphism mapping A bijectively onto G, it suffices to show that
A € L(p,ap). This follows immediately from Lemmal6, since  and y are each

at least log‘G‘

7 Examples

1. Our first example is a hypercube C),, which is a Cayley graph of the group Z%
with the usual set of generators R = {r1,...,7mp}. In this case, diam(C,) =
n = o(% "). Therefore, p.(C,) < 1 — ¢ for some & > 0, by Theorem M Of
course, this bound is much weaker than pe = (1 +0(1))/n established in [I].

2. Consider G, = S, x Z%, with the generating set R, = {((i i +
1),0),(id,rj);i = 1,...,n — 1;5 = 1,...,n}. From the previ-
ous example, Proposition Bl and Theorem [0 p.(I'(Gn,R,)) <
max{pc(Cy),pe(I'(Sn, Ry))} < 1 —¢ for some € > 0.

3. Fix a prime power ¢. Let G,, = U(n,F,) be the group of n x n upper
triangular matrices over the finite field with ¢ elements, with ones along the
diagonal. Consider the set L, = {E; i : 1 < i< j <n}of all elementary
transvections E - with £1 in posmon (,4), ones along the diagonal, and
zeros elsewhere. Clearly, L,, generates G,,. The subgroup H generated by the
EjE with j > i+1 (consisting of matrices with zero on the first superdiagonal)
is 1somorphlc to G,—1, and the quotient K = G,,/H is isomorphic to Fy~ L
By Theorems [Tl and [I0 and induction on n, there exists a constant € so that
Pe(l(Gr, Ly)) <1—e.
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4. Let G, = B(n,F,), and H, = U(n,F,). Let R,, be any generating set for the
diagonal subgroup. Then R, U L,, generates G,,, and equation () is satisfied
for large n. The Reduction Theorem H] gives p.(I'(Gp, R, U L,)) <1 —e¢.

5. Let G,, = U(n,F,) and R, = {Efl]rl :i=1,...,n—1}. Because R,, is no
longer a Hall basis in G,,, we cannot apply Theorem [2l However, Theorem
Bl applies in the same manner as in Proposition 8.

6. Consider S,, with the star transpositions R, = {r; = (14) : i = 2,... ,n}.
None of these generators commute, so we cannot apply Theorem Bl How-
ever, the short relations (r; rj)3 = 1 can be used in Theorem [9] to obtain

pe(I'(Sn, Rn); 3, 4) <1 -

8 Concluding Remarks

We are unable to prove the Benjamini conjecture in its full generality, even
for abelian groups. It would be nice to prove the Benjamini conjecture for all
generating sets of finite abelian groups.

In the notation of Theorem 2 we have

diam(I"(Hy,71(S1)) < diam(G, S)

¢
< Z diam(I'(H;,v;:(S5:)) -

Therefore, the condition (x) is formally neither weaker nor stronger than Ben-
jamini’s conjectured condition.

In view of the Reduction Theorem, it is important to study simple groups
with small generating sets. For example, any simple group can be generated by
two elements, one of which is an involution (see [11]). The corresponding Cayley
graph may provide interesting test cases for Benjamini’s conjecture.

It is well known that all Cayley graphs I, of the symmetric group S,

. | . . o . . .
have a diameter e°(Vnlogn) — 1 . Proving Benjamini’s conjecture in
nlogn

these cases is the ultimate challenge for the reader. Even for the generating
set {(12),(12 ~~~n)i1}, we are unable to bound p. away from 1.
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Abstract. We prove a new lower bound on the randomized decision
tree complexity of monotone graph properties. For a monotone property
A of graphs on n vertices, let p = p(.A) denote the threshold probability
of A, namely the value of p for which a random graph from G(n,p) has
property 4 with probability 1/2. Then the expected number of queries
made by any decision tree for A on such a random graph is at least
2(n?/ max{pn,logn}).

Our lower bound holds in the subcube partition model, which general-
izes the decision tree model. The proof combines a simple combinatorial
lemma on subcube partitions (which may be of independent interest)
with simple graph packing arguments. Our approach motivates the study
of packing of “typical” graphs, which may yield better lower bounds.

1 Introduction

A decision tree is the most basic computational device. It has unlimited power,
and attempts to compute a function of an input string by successively (and
adaptively) querying its values in different coordinates. The complexity of such
an algorithm is the maximum number of queries used for a worst case input.

A basic problem studied for this model is the complexity of monotone graph
properties. Here the input is a graph (on n vertices), and the function is the
indicator of a monotone (i.e. upward closed) family of such graphs A. A funda-
mental result of Rivest and Vuillemin [RV76] is that every such function requires
2(n?) queries. In other words, the trivial algorithm of querying the whole in-
put is not worse than the best algorithm by more than a constant factor. (We
assume throughout that properties A are nontrivial, meaning A contains some,
but not all graphs.) Moreover, further results [KSS84|JCKS02] show that for some
values of n every such function is evasive, namely the trivial algorithm is best
possible—mno algorithm can save even one query.

When randomization enters, the story becomes more interesting. A random-
ized decision tree for a given function is simply a probability distribution over

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 105113} 2002.
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(deterministic) decision trees for that function. Thus, we deal here only with
errorless algorithms. The complexity of such an algorithm is the maximum over
inputs of the expectation (with respect to the given distribution) of the num-
ber of queries. Randomized decision trees can be much more efficient than their
deterministic counterparts. The largest gap known is for a function on N bits,
which is evasive (hence its deterministic complexity is exactly N), while its ran-
domized complexity is ©(N:73-). Moreover, this function is transitive (that is,
invariant under some group acting transitively on the coordinates).

The question of the randomized complexity of monotone graph properties
was raised by several people, and a conjecture attributed to Karp is that for
these functions randomization does not help—mnamely that every such property
of graphs on n vertices has randomized complexity £2(n?). For some properties,
e.g. that of having an isolated vertex, it is easy to see that the randomized
complexity is about n?/4, roughly half the trivial bound, but no better upper
bound (even for algorithms that are allowed to make a small error) is known for
any property. For some specific properties a quadratic lower bound is known.

The first nontrivial lower bounds on the randomized complexity of general
graph properties—§2(n(logn)'/12)—were given by Yao [Y87]. The basic methods
introduced by Yao were significantly improved by [K88/H9IICKO1] to yield the
current best lower bound 2(n*/3(logn)'/?), still a far cry from the (conjectured
tight) upper bound. A slightly better bound of £2(n?/2) has been proved for the
class of all properties defined by a single minterm (that is, the property holds iff
the input graph contains a (copy of a) specified graph as a subgraph) [G92].

In this paper we give a lower bound that depends on the threshold probability
of the property. Let A be a graph property, and let p be such that

Pr[G(n,p) € A =1/2,

where G(n,p) is the usual random graph on n vertices with edge probability
p. Then our lower bound is £2(min{n?/logn, n/p}). Note that this is nearly
quadratic for many known properties (e.g. connectivity, Hamiltonicity, absence
of isolated vertices, containing a triangle), and improves the best bounds above
as long as p << n~/3. On the other hand, we get no improvement for general
properties.

The above bound is actually stronger than stated in two senses. One is that
it holds not just in the worst case, but on average for G(n,p) (this is typical of
almost all lower bounds). The other, more interesting aspect, is that our lower
bound holds in a seemingly stronger model. Note that a decision tree for any
function f partitions the inputs into subcubes (determined by its paths), each of
which contain inputs with a constant f value. Our model allows any such parti-
tion, not just one derived from a decision tree. The complexity on a given input
is simply the co-dimension of the subcube containing that input (corresponding
to the number of positions “read” by the algorithm, or equivalently, to the path
length in a decision tree). Then our lower bound on the expected complexity (of
an input drawn from G(n,p)) holds for any partition as above.

The result is obtained using a simple lemma about such partitions. Given
any partition of the Boolean cube {0, 1}N to subcubes, pick an input at random
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using the product distribution assigning a 1 to each coordinate independently
with probability p. Then the ratio of the expected number of positions “read”
containing 1, and the expected number of those containing 0, is exactly p/(1—p).
Like the packing lemmas typically used in such lower bounds, this lemma is used
to show (roughly) that if the minterms of the function are small, then the max-
terms are large. However, here this trade-off improves as p shrinks. Combining
this lemma with standard packing arguments gives our lower bound.

Before going into the proof we wish to raise a natural question, which is
probably not relevant to improving the present bounds, but is nonetheless of
some theoretical interest. We would like to know whether the random subcube
partition model we present is essentially different than the random decision tree
model.

Question 1. Are there graph properties, or properties of other families of sets, for
which the random decision tree complexity has a different asymptotic behavior
then the random subcube partition complexity (called RAND(f) below). Are
there any ”"natural” examples of this phenomenon?

The paper is organized as follows. In section 2 we present the subcube parti-
tion model, define basic notions and prove the basic combinatorial theorem for
it mentioned above. In section 3 we derive the lower bound on computing graph
properties in this model. In section 4 we propose some questions and conjectures
on packing “typical” graphs, which seem potentially relevant to improving the
current bounds, and also of independent interest.

2 Preliminaries

Consider the Boolean cube C' = {0,1}". Let C = [JC; be a partition of C
into subcubes. Every such subcube C; can be associated with a characteristic
vector in {0, 1, *}N. The 0’s and 1’s are the coordinates that are fixed in C; and
the *’s are the free coordinates. For every such C; let X;(C;) be the number
of I’s in the corresponding vector, and Xo(C;) the number of 0’s. We also set
X (C;) = Xo(C;) + X1(C;), the co-dimension of the subcube C;.

The deterministic complexity of a partition is simply the maximum value of
X (C;). We will say that a partition of C' computes a function f if f is constant
on each C;. Let DET(f) denote the minimum deterministic complexity over all
partitions that compute f. Note that this is a lower bound on the deterministic
decision tree complexity of f.

The distributional complexity over some probability distribution D on C' is
defined as follows. Let & € C be a point chosen at random according to D. Let
i(z) be the index of the subcube containing x, i.e. € Cj(,). Define the random
variables

X1 = X1(Ciz)), Xo = Xo(Cin)), X = Xo+ X1.

Now the distributional complexity for this partition is the expectation of
X. The distributional complexity of a function f, denoted DIST(f, D), is the
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minimum of this value over all partitions computing f. Again, this is a lower
bound on the distributional complexity of a decision tree for f on D.

Finally, a randomized partition is a distribution on partitions, and we may
consider the expectation of X over such a distribution, for a worst case input
x. We let RAND(f) be the minimum of this value over distributions supported
on partitions which compute f. Again, this is a lower bound on the randomized
decision tree complexity of f.

As observed by Yao for decision trees, the von-Neumann MiniMax theorem
["N28] applies in this context, giving, for every f,

RAND(f) = max DIST({, D).

As is common, we will choose a particular D to prove a lower bound on
RAND(f). We consider only product distributions D = p, = p given by by
p(z) = p2=*igN=2 % where (here and throughout the paper) we set ¢ = 1 — p.

Our approach is based on the following simple observation.

Lemma 1. For any partition {C;} of C' and x drawn from pp, gg;g = %.

We give two proofs of this simple fact.

First proof. It is tempting to try to prove this easy lemma by induction on
the number of subcubes. However this does not work, since not every partition
into subcubes can be achieved from a coarser one by splitting one of the cubes
involved into two; indeed this is what makes the partition model stronger than
the decision tree model, in which such a coarser partition always exists—simply
merge two maximal paths which diverge only at the last query).

Instead, we will work our way up by reverse induction, starting with the
partition into 2" subcubes and showing that merging two neighboring subcubes

does not change gg&;

To begin notice that the lemma is trivial in the case when there are 2"
subcubes (=points). In this case X7 is the number of 1’s in a point chosen at
random, F(X;) = np and E(Xy) = ng so the lemma holds.

Now assume the lemma holds for a given partition: Let E(X1)/E(Xo) = p/q.
Let C7 and Cj be two neighboring subcubes, i.e. their characteristic vectors are
identical except for one coordinate where the Cp-vector has a 1 and the Cy-
vector has a 0. Merging the two subcubes into one results in a subcube whose
characteristic vector is the same as the two aforementioned vectors except for a
* replacing the 1 and the 0 at the coordinate where they disagreed. Note that
w(C1)/p(Co) = p/q. Let X1 and X{, be the new random variables corresponding
to the new partition. It is easy to see that E(X]) = E(X;) — p(C;) for 1 =1,2
so that

EX)) _ EXy)—p(C1) _p

E(Xp)  E(Xo)—plc) 4
O

Second proof. For b € {0,1} and j € [N] let Xj be 1 if the jth coordinate of
the characteristic vector of C;(,y is b and 0 otherwise (it is 1 —b or *). Note that
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Xy =>" JEIN] X Z , so by additivity of expectation, all we have to prove is that for

every j, E(X{)/E(X]) = p/q. But in fact this holds even if we condition on an
arbitrary setting of all coordinates other than z;: either this setting determines
the subcube containing our input, in which case there is no contribution to either
numerator or denominator; or it does not, in which case the subcube containing
the input is determined by the jth bit, and there is a contribution of p to the
numerator and ¢ to the denominator. a

3 Graph Properties

A graph is associated with its characteristic vector of 1’s (edges) and 0’s (non-
edges). Graphs on n vertices are thus represented by binary vectors of length
N=(3)-

Let A be a (nontrivial) monotone graph property of graphs on n vertices.
“Graph property” means that as a Boolean function on C' = {0,1}", A is
invariant under the action induced on edges of the symmetric group S,, (acting
on the vertices). Slightly abusing notation, we use A to denote the set of graphs
that have the property, and also the corresponding characteristic function: A(G)
is 1 or 0 depending on whether or not G € A.

The product measure p, on C' now becomes the standard measure defining
G(n,p), the random graph on n vertices with edge probability p.

Let p = p(.A) be the threshold probability for A; that is,
Pr[G(n,p) € A] =1/2.

Note that there exists a (unique) such p because p4(p) = Pr[G(n,p) € A] is a
continuous, strictly increasing function of p € [0, 1] with p4(0) = 0, u4(1) = 1.
By replacing A by its dual (the family of graphs whose complements are not in
A) if necessary, we may assume that p(A) < 1/2. We will in fact assume in what
follows that p(A) = o(1), since for constant p our result is much weaker than
known bounds.

Let C be partitioned into subcubes that compute A (recall this means that
the graphs represented by the vectors in each subcube either all belong to A or
all do not). Let X1, Xy and X be defined as before with respect to the given
partition and the product measure u, with p = p(A).

2

Theorem 1. max{FE(Xy), E(X1)} > (1 — o(1)) min{&, %G?W}'

Let MIN; denote the number of edges in a smallest graph with property
A (i.e. the size of a smallest minterm of the function A). Let MINy denote
the number of edges in the complement of the largest graph not in A (size of a
smallest maxterm of A).

Observation 1. F(Xy) > MINy/2



110 E. Friedgut, J. Kahn, and A. Wigderson

Proof: Note first that if A(G) = 0 for (all) G € C; then X((C;) > MINy.
Consequently, E(Xg|x &€ A) > MINy. The result now follows since Pr(z ¢ A) =

1/2) O
Proof of Theorem [I} If E(X;) > g then by Lemma [[] E(Xo) > ¢ and we
are done. So let us assume E(X;) < g7. Writing A for maximum degree, let

B={G: A(G) <np++/4nplogn }.

According to the Chernoff bound, the probability of a given vertex of G(n,p)
having degree more than np++/4nplogn is O(1/n?); hence u,(B) = 1—0(1/n).
Let C = BN A. Then u,(C) =1/2 - O(1/n), so that

E(Xi|a € €) < (1/2= O(1/m)) " B(X1) < (1 +0(1)) 5.

In particular, this implies the existence of a graph G* € A on n vertices with at

most (14 o(1)) 5 edges and A(G*) < np + v/4nplogn.
Graphs G and H on vertex set [n] are said to pack if there is some permutation

o € S, for which o(H) C G.

Lemma 2. Let G and H be n-vertex graphs with |G| < (14 0(1))n/32, A(G) <
np + dnplogn, and |H| < WH"—\/;TW. Then G and H pack.

Corollary 1. If E(Xl) < gi then

(a) MINo = 16<np+\/m>’
3 n TL2
(b) MINy > (mm{%, 71281%”}), and

M n n2
(0) B(Xo) > (min{ g, o })
Of course this gives Theorem [Il

Proof of corollary. Since G* € A, no maxterm H of A can pack with G;
so Lemma B gives (a), which immediately gives (b); and (c) then follows from
Observation [I. O

Proof of Lemma 2. We will use the following packing lemma due to Catlin
[C74] and Sauer and Spencer [SSTS].

Lemma 3. For n-vertex graphs G and H ,if
A(H)A(G) < n/2,
then H and G pack.

Now let G, H be as in Lemma[2 Notice that since G has at most (1 + o(1))35
edges it has at most (1 + o(1)){g nonisolated vertices. It thus suffices to pack
(say) some (n/2)-vertex subgraph G’ of G containing all nonisolated vertices of

G, with any spanned subgraph of H on n/2 vertices. Let H' be the subgraph of
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H spanned by the (some) n/2 vertices of lowest degree. Since the average degree

. . i} n / n .
in H is at most goo—eress , we have A(H') < TpTVamTerny” Thus
2
A(H)A(G") < n/4 = %
and by Lemma BIG’ and H' do indeed pack. O

4 Packing Families of Random Graphs

The approach we follow in this paper gives rise to a line of questions that seems
to be of great theoretical interest, both since it is essential for exploiting this
technique further, and because it is a natural extension of the much-studied topic
of graph packing.

As the reader may have noticed, at the end of the previous section we guaran-
teed the packing of two graphs G* and H, using the fact that G* was something
like a subgraph of a random graph. The canonical examples showing that the
classical graph packing theorems are tight use examples such as the impossi-
bility of packing a complete matching with a star of degree n — 1. But in our
setting—involving graphs that have a reasonable chance of showing up in a ran-
dom graph—one does not find such high degree vertices, and average degree
becomes a more relevant parameter.

Let us begin with a rather bold conjecture that, using the technique in this
paper, would immediately imply, up to log factors, the £2(n?) lower bound for
randomized decision tree complexity.

Let A be a monotone graph property, and G a graph. We wish to find a small
witness to the fact that G € A or G ¢ A. Let

min{|H|: HC G, He A} if Ge A

Witness(G, A) = {min{|H HCOHZA I Gg A

Recall that p(A) is that (threshold) probability p for which

Pr(G(n,p) € A) =1/2.

Our conjecture is that at the threshold for A, in the random graph G = G(n, p)
typically either a smallest witness for membership in A uses £2(1/log(n)) of the
edges of G or a smallest witness for non-membership uses {2(1/log(n)) of the
edges of G (or both):

Conjecture 1. Let A be a monotone graph property of graphs on n vertices and
p=p(A). Then for G = G(n,p) either

E[Witness(G, A)|G € Al = 2(n*p/log(n))

or

E[Witness(G, A)|G ¢ Al = 2(n*(1 — p)/log(n)).
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As a start, this conjecture seems quite fascinating even for balanced graph prop-
erties, those for which p(A) = 1/2. In fact in this case we believe the log(n)
factor may be unnecessary, as, for example, we can show to be true when A
is the property of containing a clique of size k (= 2log,(n)). In this case each
minimal witness for membership in A has size of order log?(n), but it turns out
that a typical witness for non-membership is of size 2(n?); namely we can prove
that with high probability every subgraph H of G of size less than n?/100 edges
packs with a clique of size k. This illustrates the difference between packing
arbitrary graphs and packing subgraphs of random graphs. We know there is a
Turan-type graph of size O(n?/logn) that does not pack with a clique of size k;
but such a graph almost never occurs as a subgraph of G.

Though packing remains in some sense the heart of the matter, real progress
(on randomized complexity) probably cannot be based on new packing theorems
for pairs of random-like graphs; rather, we need to understand something about
packing two families of graphs.

Definition 1. Let A, B be families of graphs. We say A and B pack if there
erist A € A and B € B such that A and B pack.

The relevance of this notion derives from the fact that a family A and its dual
cannot pack. For example Conjecture [ implies the following statement, which
seems to be of independent interest. (Apply the conjecture to the property ob-
tained from A by adding all graphs with at least n?/4 edges whose complements
are not in B.)

Conjecture 2. Let A and B be monotone graph properties on n vertices gen-
erated by minterms of size o(n?/logn), and for which p(A),p(B) > 2(1). Then
A and B pack.

We close with one more question in a similar vein, though now just for pairs of
graphs. For a graph G on n vertices, set u(G) = Pr(G C G(n,1/2)) (where the
containment is up to isomorphism). It is easy to see that if each of u(G), u(H)
is more than 1/2, then G and H pack; but we expect more is true:

Conjecture 3. For each o > 0, if n is sufficiently large and G, H are n-vertex
graphs with u(G), w(H) > «, then G and H pack.

(And of course one may ask how quickly @ = «(n) can go to zero without
falsifying the conjecture.)

Though we have given only a small sample, we hope it is enough to indicate
the wealth of possibilities suggested by the present point of view.
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Abstract. We present two randomized algorithms to bound the bisec-
tion width of random n-vertex cubic graphs. We obtain an asymptotic
upper bound for the bisection width of 0.174039n and a corresponding
lower bound of 1.325961n. The analysis is based on the differential equa-
tion method.

1 Introduction

Given a graph G = (V,E) with |V]| = n and n even, a bisection of V is a
partition of V into two parts each of cardinality n/2, and its size is the number
of edges crossing between the parts. A minimum bisection is a bisection of V'
with minimal size. The size of a minimum bisection is called the bisection width
and the min bisection problem consists of finding a minimum bisection in a
given G. In the same manner, we can also consider a mazximum bisection, i.e.
a bisection that maximizes the number of crossing edges. A related problem is
that of finding the largest bipartite subgraph of a graph, i.e. a bipartite subgraph
with as many edges as possible. This problem is known as the Max Cut Problem
(see for example [6]). Given a graph, the size of a maximum bisection is clearly
a lower bound on the size of a Max Cut in the graph.

The min bisection problem has received a lot of attention, as the bisection
width plays an important role in finding lower bounds to the routing performance
of a network. The decisional version of the problem is known to be NP-complete
[6], even for cubic graphs [3]. On the other hand, several exact and heuristic
positive results are known (see for example [4]). In this paper, we deal with the
problem of estimating the typical size of minimum and maximum bisections of
random cubic graphs.

It is shown in [I0] that all cubic graphs have bisection width at most 7§ +
O(y/nlogn), and there are cubic graphs with bisection width of at least g7%.
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Australian Research Council and by the Centre de Recerca Matematica, Bellaterra,
Spain.
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Our first result is an asymptotic bound on the bisection width of random cubic
graphs. We refer the reader to [§], for the definitions of u.a.r. (uniformly at
random) and a.a.s. (asymptotically almost surely). For such statements, n — oo
and we restrict n to even integers.

Theorem 1 The bisection width of a random cubic graph on n vertices is a.a.s.

smaller than 0.174039n.

We actually give two quite different proofs of approximately equal upper
bounds; the other is 0.17451n (see Theorem [3).

Regarding the size of the maximum bisection, we are not aware of any non-
trivial lower bounds. Our second result provides an asymptotic bound on the
maximum bisection of random cubic graphs.

Theorem 2 The maximum bisection of a random cubic graph with n vertices
18 a.a.s. greater than 1.325961n.

Notice that, as the number of edges in a cubic graph is 1.5n, then we have a
1.131255 randomized approximation to the Max Cut and Max Bisection prob-
lems on cubic graphs. For Max Bisection the best known approximation ratio is
1.4313 [16] and for Max Cut the best known approximation ratio is 1.1383 [7].

We conjecture that the largest balanced bipartite subgraph of a random cubic
graph is a.a.s. almost the same size as the largest bipartite subgraph. We can
state this even more strongly, as follows.

Conjecture 1 For every e > 0, a.a.s. the largest bipartite subgraph of a random
cubic graph has a 2-coloring with the difference in the numbers of vertices of the
two colors less than en.

2 Greedy Algorithms for Minimum Bisection

In this section we prove Theorems [[l and [2. Given a random cubic graph, and
given a partial assignment of colors red (R) and blue (B) to its vertices, we clas-
sify the non-colored vertices according with the number of their colored neigh-
bors:

A vertex is of Type (r,b) if it has r neighbors colored R and b neighbors
colored B.

We will consider the greedy procedure Simple greedy given in Figure [to find
a.a.s. a balanced partition (R, B) with small bisection. The algorithm colors
vertices in pairs to maintain balancedness. It repeatedly uses three operations.
Opl consists of choosing one vertex of type (1,0) and one of type (0,1) w.a.r.,
and coloring each the same as its colored neighbor. Op2 consists of choosing one
vertex of type (2,0) and one of type (0,2) u.a.r., and coloring each the same
as its colored neighbors. Op3 consists of choosing two non-adjacent vertices of
type (1,1) u.a.r., and coloring one with R and one with B.
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Initial step: select two non-adjacent vertices u.a.r., color one with R
and the other with B
Phase 1: repeat
if there are vertices of both types (2,0) and (0,2) then perform Op2;
else if there are vertices of both types (1,0) and (0,1) then perform Opl;
until no new vertex is colored
Phase 2: repeat
if there are vertices of both types (1,0) and (0,1)then perform Opl;
else if there are at least two vertices of type (1,1) then perform Op3;
until no new vertex is colored
Phase 3: repeat
if there are vertices of both types (3,0) and (0,3)
then choose one of each type at random, and color each
the same as its colored neighbor;
if there are vertices of both types (2,1) and (1,2)
then choose one of each type at random, and color each
with the majority of its colored neighbors;
until no new vertex is colored
color any remaining uncolored vertices, half of them R and half B,
in any manner, and output the bisection R, B.

Fig. 1. Algorithm simple min greedy for Min Bisection

Note that the size of the bisection is the number of bicolored edges, with one
vertex of each color.

One method of analyzing the performance of a randomized algorithm is to
use a system of differential equations to express the expected changes in vari-
ables describing the state of the algorithm during its execution. An exposition
of this method is in [13], which includes various examples of graph-theoretic
optimization problems. For purposes of exposition, we continue for the present
to discuss Algorithm simple min greedy, without giving full justification. After
this, in order to reduce the complexity of the justification, it is in fact a different
but related algorithm which we will analyze to yield our claimed bounds. We
call this variation of algorithm a deprioritized algorithm as in [15], where this
technique was first used, though Achiloptas [I] used a related idea to different
effect.

We use the pairing model to analyze n-vertex cubic graphs, generated u.a.r.
Briefly, to generate such a random graph, it is enough to begin with 3n points
in n cells, and choose a random perfect matching of the points, which we call a
pairing. The corresponding pseudograph (possibly with loops or multiple edges)
has the cells as vertices and the pairs as edges. Any property a.a.s. true of the
random pseudograph is also a.a.s. true of the restriction to random graphs, with
no loops or multiple edges, and this restricted probability space is uniform (see
for example [2l4] for a full description).

Without loss of generality, when stating such asymptotic results, we restrict
n to being even to avoid parity problems. We consider Algorithm simple min
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greedy applied directly to the random pairing. As discussed in [13|, the random
pairing can be generated pair by pair, and at each step a point p can be chosen
by any rule whatsoever, as long as the other point in the pair is chosen u.a.r.
from the remaining unused points. We call this step ezposing the pair containing
p.

At each point in the algorithm, let Z,, represent the number of uncolored
vertices of type (r,b). To analyze the algorithm, when a vertex is colored we
immediately expose all pairs involved in that vertex. In this way, the numbers
Zp are always determined.

At any time, let W denote the number of points not yet involved in exposed
pairs. These are the points available for the pairs that will be exposed during
the next step. Then W = 3Zy9 + 2Z01 + 2Z10 + Zoz + Zao + Z11.-

Consider what happens when a vertex u is newly colored R and one of the
pairs containing a point p in that cell is exposed. The other point will lie in some
vertex v. Let d,, denote the expected contribution to the increment A(Z,;) in
Zyp due to the change in the status of v. Then, up to terms O(1/W),

3Z00 2701 Z02 2701 — Z11

doo = — 2290 goy = 20 gy = — 292 i =0, dyy = 220 411

00 o o W o2 7 o3 0, di W ;
Zoo 3Z00 — 2710 2710 — Z20 Zoo Z11
dio = dip = = dso = do1 = —
12 = 7 dio W , d2o W s dso = 3 dor =

The error term O(1/W) is due to adjustments occurring when v happens to be
the same as u (and also saves us from specifying whether the variables refer to
the graph before or after coloring u).

The corresponding equations when a vertex is colored B form a symmetric set
with these: they are the same but with the index pair on all variables swapped.
Therefore, the expected increments due to a dual step, consisting of one new
pair from a vertex of each color, is d, p:

doo = _ 6Zoo doi = 3Z00 —4Zor ;  2Zo1 — 2202 dii = 2201 +2Z10 — 2211
0= Ty LT W  f02 W R W ’
- Zo2 + Z11

diy = ==, where W = 3Z00 + 2Z01 + 2Z10 + Zoz + Z20 + Z1. (1)

Symmetrically corresponding variables have symmetrically corresponding equa-

tions. Note that dys and its symmetric mate are not required, since vertices of
type (0,3) are just colored in phase 3 with the color of all their neighbors and
therefore are not incident with any bicolored edges.

The rest of our discussion, until considering the deprioritized algorithm, is
mainly motivation but also includes some derivations of formulae used later. The
difficulty of analysis is caused by the prioritization in phases 1 and 2. In phase
1 the algorithm performs one of two types of operations on a pair of vertices, in
each case coloring them the same as their neighbors. If vertices of types (0, 2)
and (2,0) exist, these have priority (Op2), while if they don’t, but at least one
of each of types (0,1) and (1,0) exist, then these are treated (Opl). In practice,
for a random graph there are never very many vertices of types (0,2) and (2,0);
as soon as there are some of each, they are processed, and the number of new
ones arising tends to be less than the number used up. Which leaves a few of
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one type or the other, waiting for the matching ones to be created. To proceed
with the discussion, we assume that a given iteration in phase 1 performs Opl
with probability ¢, and therefore Op2 with probability 1 — ¢.

Define

27201 — 2Zp2
= T .

Due to Opl, there are two pairs exposed from each vertex. Thus the expected
number of new vertices of type (0,2) arising from this is 2dgy = % = 20.
At the moment, we make the assumption that we have the rb-symmetry: for all i
and j, Z;; = Z;; (later we will see how to remove it). With this last assumption,
there also are 26 new vertices of type (2,0) it is also 26. So each iteration of phase
1 performing Opl gives rise on average to 26 steps performing Op2 in order to
keep Zyo and Zyy constant.

However, these iterations with Op2 cause further vertices of types (0,2)
and (2,0). In Op2, one pair is exposed from each vertex, which gives expected
increase of 6 to Zyy and to Zyy. Following from this, we expect 6 extra steps
of Op2. For 8 < 1, the expected number of iterations of Op2 executed by the
algorithm for each Opl, is 357 20(0)° = 2%;.

As the probability of Op2 will be % =1 — ¢, and we can conclude that

0

1-0

¢_1+0'

(2)
Using this, we can compute the expected increments of the random variables Z;;
in each iteration in phase 1.

E[A(Zi;)] = ¢(2dij — 601) + (1 — ¢)(dij — b02) = (1 + ¢)dij — pdor — (1 — ¢>)<go2)
3

for any 4,j with ¢ < j and i + j = 3, where —d,, = 1 if (p,q) = (4,5), and 0
otherwise. The equations for ¢ > j are the symmetric ones.

In (B) we may use d;; as given in () but with di1 = (4Zo1 — 2Z11)/W
by rb-symmetry. Without justification at this point, we may express the above
expected increments as a set of differential equations, where each E [A(Z;;)] is
expressed as the differential Zl(j (all as functions of the number ¢ of iterations).
If we scale both time and the variables by dividing by n, and denote Z;;/n by
zi; and W/n by w, then the equations are

/ 6 , 3z00 — 4 ' 2201 — 2

Zooz—(l‘f'(?)%v 2’012(1+¢)M—¢> 202:(1+¢)M+(¢—1)7
4 -2

2= (14 ¢) 2L — L2 z§2z(1+¢)7202+zu, where w=3z00 + 4201 + 2202 + 211,

by rb-symmetry, ¢ = % and 0 = % The initial conditions at x = t/n =
0 are

200(0) = 1, 201(()) = 0, ZOQ(O) = O, 2’03(0) = O7 2’11(0) = O, 212(0) =0. (4)
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Note that by the way we defined ¢ in @), 20, = 0 and hence zg2 = 0. We are
interested in the point that zp; first goes negative, which by numerical solution
occurs when

x =x1 =~ 0.41178, zpo ~ 0.002405, 211 =~ 0.046633, z12 =~ 0.063700. (5)

The whole algorithm “takes off” at the start because the derivative of zp; is
strictly positive, so a.a.s. phase 1 does not quickly use up all vertices to be
processed.

At this point, since zp; and zpe are both 0, phase 2 is entered. The sit-
uation is similar to phase 1, but now the operation with highest priority is
Opl. The other operation, Op3, is such that two vertices of type (1,1) are ran-
domly chosen and colored, one B and one R. Following the discussion above, let
0y = %. Then, due to Op3, there is one pair exposed from each of two
vertices of type (1,1), and the expected number of new vertices of type (0,1)
arising from this is 2dg; = % = 265, where two vertices of type (1,1) are
used in this operation. In Opl, the expected number is 265. Letting ¢o denote
the probability that at a given time Op3 is performed in phase 2, the probability
of Opl will be 1%5-¢2 = 1 — ¢, giving

1— 26,
¢z = =0,

In place of ([B]) we now have
E [A(Zij)] = ¢2(dij — 611) + (1 — ¢2)(2di5 — 601) = (2 — d2)dij — p2011 — (1 — $2)d01.
(6)

To set the differential equations, let Y be a random variable that keeps track
of the number of times Op3 is performed, and let y = Y/n. This is needed for
record-keeping because each such operation causes two bicolored edges. Then

2201 — 2202

¢2 - 1)7 Z62:(2 - ¢2)T:
¢2)Z02 + 211

6 3z00 — 4
200 200 201 +(
w

Zf)o:—(Q - ¢2)Tv 2’61:(2 - ¢2)

42’01 - 2211

72¢25 2’42:(27 ’ yl:¢23

with w as before and with initial conditions given by (B) and zg; = zp2 = 0.
By the choice of ¢2, zg1 = 0, so zg2 = 0. The point of interest is

xg =sup{z : z11 >0, w>0, 0 < 1}. (7)

Numerically, we find that 65 does not reach 1 before z1; reaches 0, which clearly
must therefore hold at x5. This corresponds to the beginning of phase 3. During
phase 3 the number of bicolored edges created is 2 for every pair of vertices of
types (1,2) and (2,1) (using rb-symmetry) and at most 6 for every other pair
colored except types (0,3) and (3,0), which give none. Since zp; = 202 = 211 =0
at x2, our upper bound for the size of the bisection is thus (6z00 + 2212 + 2y)n
where the variables are evaluated at xo. Solving numerically, we find

Z()()(.’Eg) + 22’12(3?2) + 2y($2) < 0.1740381057, (8)
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where the constant is correct to ten decimal places.

Now we are in position to carry out the formal analysis via a deprioritized
algorithm. For a given sufficiently small € > 0, consider the deprioritized algo-
rithm in Figure 2l Notice that pre-phase 1 ensures a good supply of vertices of
types (0,1), (1,0), (0,2) and (2,0).

Pre-phase 1: do the following |en| times:
select two non-adjacent type (0,0) vertices u.a.r.,
color one with R and the other with B;

Phase 1: while all of Zy1, Z10, Zo2 and Zsp are non-zero
let 0 = 722015,2%2 and ¢ = 1;—2;

with probability ¢ perform Opl;
otherwise perform Op2;

Pre-phase 2: do |en| steps as in Pre-phase 1;

Phase 2: while Zyp; >0, Z1o >0 and Z11 > 1
let 0 = 320022201 and ¢y = 152,
with probability ¢2 perform Op3;
otherwise perform Opl;

Phase 3: as for Algorithm simple min greedy.

Fig. 2. Algorithm deprioritized min greedy for Min Bisection

The expected changes in the variables Z;; for each edge exposed are given
in (). In pre-phase 1, the derivation of (2) applies, but with ¢ redefined 1 at
all times, and with different terms in the equations for z{, and z{); due to the
fact that the vertex being processed is type (0,0) rather than (0,1) or (0,2).
At this stage, we entirely avoid using the rb-symmetry assumption. Referring
back to (), this requires only the adjustment of the formulae for z{; and w. The
result is

22’01 — 22’02

/ _ 12z00 232’00 —4z01

zgo=1 y 201 = , Zp2=2———,
w w w
2201 + 2210 — 22 202 + 2
/ 01 10 11 02 11
z211=2 " ) 2122277 w=3z00 + 2201 + 2210 + 202 + 220 + 211.

Other derivatives 27, are the symmetric versions of 2J; (with indices swapped);
243 and zh, are not needed. It follows that the unique solution must be the
symmetric one, which satisfies z;;(t) = z;;(t) for all 4, j and ¢, as well as the
stated equations.

Let z;;(t/n) denote Z;;/n after ¢ steps. Thus the previous equations give the
expected one-step change in the variables Z;; with error O(1/n). This error is
due to the changing value of the variables between when one vertex of type (0,0)
is chosen and the next. This applies with initial conditions given in (H). We write
Z;;(x) for the (unique) solutions of this initial value problem, 0 < z < e. We may
now apply the differential equation method (using, for example, [I2] Theorem 1]
or [I3] Theorem 5.1]) to deduce that during pre-phase 1, we have a.a.s.
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Zi;(t) = nZ;(t/n) + o(n) (9)

for each ¢ and j, where Z;;(t) is the value of Z;; after ¢ steps. This applies until
either ¢ = |en] or one of the derivatives approaches a singularity, which we can
prevent by restricting to a domain in which § > —1 + € and w > €, or the
differential equations no longer apply for some other reason, which in this case
only occurs if Zyg reaches 0. Note that the derivatives are all O(1), so Zgo(z)
stays close to 1 for z < € assuming that € > 0 is sufficiently small. We conclude
that a.a.s.

Zij(to) = nZ;;j(to/n) + o(n), to = |en]. (10)

We also note that z{; must be strictly positive, and so Zp; and hence Zpy are
strictly positive on (0, €). Thus, in particular, for sufficiently small €; = ¢1(¢) > 0,

201(6) Z €1, 202(6) Z €1. (11)

Now consider phase 1. Arguing as above, the expected changes in the Z;; are
given, with error O(1/W), by the right hand sides of the equations in (2), with

1-0 2201 — 22
w = 3290 + 2201 + 2210 + 202 + 220 + 211, ¢ = ——, 0 = uy
146 w
and the replacement equation
2201 + 2210 — 2211
w

2z =(1+9)

to avoid the rb-symmetry assumption. Again the symmetrically reversed func-
tions have symmetrically reversed equations (except that 6 stays the same).
Continue the definition of the functions Z;;(x) for x > € by the solution of these
equations with initial conditions given by the values of these functions at x = ¢
as determined above.

Note that setting z;; = z;; for all < and j in the equations, except in the
definition of ¢, again makes the formulae for z;; and z}; identical, despite the
asymmetrical definition of #. It follows that again the unique solution is sym-
metric, with Z;; = Z;;. We deduce that the equations () are satisfied, with the
symmetric definitions of w and 211, and we may restrict attention to the variables
appearing there.

Again applying the differential equation method, we deduce that (@) holds
a.a.s. as long as the solution set Z;; stays within a predefined closed domain
which does not contain singularities of the derivatives, and also the variables
Zp1 and Zyo stay positive. We may select the domain D satisfying Zg; > €,
Zo2 > €1, w > € and 6 > 1 — €. By ([[I)), the first two of these inequalities hold
at x = ¢, and the other two also hold for e sufficiently small by boundedness
of derivatives. Arguing by continuity, z{, as given in (Z) is strictly positive for
x < 0, where § > 0 is an absolute constant independent of €. By definition of
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0, z{, is identical to 0, and so Zpa = Zo2(€). Thus, for e sufficiently small, the
solution set Z;; stays within D for z < 4, and can only leave D when, for z > 4,

Zor =€, w=ecorf=1—e. (12)

Note that for e and ¢ sufficiently small, the initial conditions for Z;; are
arbitrarily close to (). Let us denote the solutions with initial conditions (@) by
Z;j. By standard theory of first order systems of differential equations, it follows
that the functions Z;; can be made arbitrarily close to Zz;; in the domain D,
by taking € and €; sufficiently small. By numerical computation, the conditions
corresponding to (I2) are not reached by the solution Z;;, until z approaches z;
given in (B), at which point zy; reaches 0. It follows that, as € and €; — 0, the
exit point of the Z;; from D also tends towards x1, and the values are given in
the limit by the values of z;; in (&]).

A similar argument applies for phase 2, and at this point we also introduce
the variable y, to keep track of the number Y of times Op3 is performed. The
conclusion is that there is a deprioritized algorithm in which the values of the
variables Z;; are a.a.s. Z;jn + o(n), where the functions Z;; and g solve ().
They can be made arbitrarily close to Zz;; for all < xo — ¢’, where x2 is given
in (@) and ¢’ is an arbitrary positive quantity. Additionally, Y = yn+o(n) a.a.s.
Note that |Z;;(ze — 0") — Zij(z2)| = O(d") since the derivatives are all bounded.
Examining phase 3 as for Algorithm simple min greedy, it follows that the size
of the bisection produced is a.a.s.

(200(2) + 2z12(22) + 2y(z2))n + O('n),

where §’ can be chosen arbitrarily small. By (&), this completes the proof of
Theorem [l

3 Maximum Bisection

Let us consider the maximization version of the bisection problem, Max Bisec-
tion, i.e. given a connected cubic graph with n vertices, for n even, find a bisection
which maximizes the number of crossing edges. In general, the problem is also
known to be NP-complete, even for cubic graphs, moreover for the particular
case of cubic graphs, the problem can be approximated with an approximation
ratio of 0.847 [9]. For motivation on the problem, see [5].

Let us consider the variation Simple max greedy of the Algorithm[Il Simple min
greedy, obtained by changing the meaning of Opl and Op2. In the Simple max
greedy algorithm, Opl consists of choosing one vertex of type (1,0) and one of
type (0,1) u.a.r., and coloring each opposite to its colored neighbor. Op2 consists
of choosing one vertex of type (2,0) and one of type (0,2) u.a.r., and coloring
each opposite to its colored neighbors. Op3, as before, consists of choosing two
non-adjacent vertices of type (1,1) u.a.r., and coloring one with R and one with
B. Also, in phase 3, change equal and majority, by different and minority.

Let us say that an edge is fully colored when both its ends are finally colored.
A fully colored edge is monocolored if both ends have the same color and bicolored
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if both ends have different color. So the monocolored edges by Min greedy get
bicolored by Max greedy and vice versa, whenever the vertices of the graph are
treated in the same order (which happens with the same probability, in both
cases). That is, every edge that counts in the bisection for one algorithm does
not count in the other and vice versa. Therefore, taking into account that the
total number of edges in a cubic graph is 1.5n, we have proved Therorem 2.

4 The Comb Swapping Algorithm

In this section we include a different approach that provides an independent
verification of approximately the same bound as in the previous section. Its
proof is just sketched, since it gives a slightly weaker result.

Let us recall that Robinson and Wormald proved that asymptotically almost
all random cubic graphs are Hamiltonian [I1]. The proof gave a contiguity result
which permits us, for the purpose of proving any statement to be true a.a.s., to
assume that a random cubic graph with n vertices (n even) is given as the union
of a Hamiltonian cycle and perfect matching chosen u.a.r. (See [14].) Given such
a graph G we can construct an initial bisection, by placing n/2 consecutive
vertices in the cycle on one side, say the R side, and the remaining n/2 on the
B side.

Given an arbitrary bisection (R, B) of G, define an R-comb to be a maximal
path of vertices in R such that each is adjacent to at least one vertex in B, and
such that this property also holds in the initial bisection. In a symmetric way
we can define a B-comb. The length of a comb is the length of the corresponding
path. An R-comb and a B-comb of length k are compatible if there is no edge
joining a vertex in one to a vertex in the other. To swap a compatible pair of
combs, swap each vertex in the B-comb into R, and each vertex in the R-comb
into B. Notice that by swapping two compatible combs of length k, we decrease
the bisection size by k —2. We will consider the algorithm in Fig. B, where K > 2
is a constant to be fixed later. At any step of the algorithm, let Y; be a random

Given a random cubic graph as a hamiltonian cycle + a perfect matching.
Construct an initial bisection (R, B), by breaking the Hamiltonian cycle
in two disjoint paths of length n — 1. Set k = K.
while k& > 2
while there is a compatible R-comb and B-comb of length &
swap the two combs.

endwhile
k=k—-1
endwhile

Fig. 3. The comb swapping algorithm for Min Bisection
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variable counting the number of B-combs of length i (i < k). We will consider
only the B point of view, as R has the same equations.

Initially, the expected bisection size is n/4, and the expected number of
B-combs of length i is asymptotically E[Y;] ~ 27%3n. So, at this point, the
expected contribution to the bisection of combs with length bigger than d is
(140(1)) 31 441 27" n. This tends quickly to 0 as d — oo, showing that our
bounds will not improve much by considering very long combs.

Let k& be fixed. During phase k, the maximum comb length is k. Let
s = ZleiYi. This quantity corresponds (roughly) to the number of vertices
in combs of one color. We compute the expected increment in Y; by first con-
sidering the contribution due to one edge from a vertex in the red comb. This
edge, e say, may subdivide, or split, a B-comb. Then the probability that e hits
a B-comb of length i is % (arguing about randomness without justification in
this sketch). For each B-comb of length j > i there are two positions giving
a splitting with length ¢ < j, except when j = 2i 4+ 1, but in such a case we
have two equally sized split portions. So, due to e, the expected increase in the
number of combs with length i is

. k
1Y; 2Y;
’ s T Z
Jj=i+1

The total increase due to the 2k edges involved in one swap is therefore
E[A(Y;)] = —dix + kd;,

where § denotes the Kronecker delta function, and the expected bisection de-
crease is 4 — 2k. Phase k finishes when all pairs of combs of different colors are
incompatible. It turns out that at this point, we may assume that the number
of combs of length k is negligible.

We may write down an associated differential equation (as with the other
method) and solve it numerically (we use a Runge-Kutta method), with initial
conditions y; = 2713 1< < K, z = 1/4 for the bisection width, and k = K
initially. When y;, hits 0, we can move to the next phase and make the initial
values of phase k — 1 equal to the final values of phase k. We select the value K
such that the possible gain by treating the longer combs (as calculated above) is
not significant. Taking K = 24 the solution of this system of equations, provides
a bisection with size less than 0.17451n (and treating longer combs cannot reduce
to 0.174507n). So we have

Theorem 3 The bisection width of a random cubic graph on n vertices is a.a.s.
less than 0.17451n.

The same argument can be used to derive a lower bound for the maximum
bisection. In this case we start with a partition obtained from the Hamilto-
nian cycle, but this time putting consecutive vertices in different parts of the
bipartition. This provides an initial bisection of expected size 1.25n. Define an
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equivalent notion of anti-comb, a maximal alternating path so that for every ver-
tex v its third neighbor is in the same side as v. Then by swapping anti-combs
with the same length we get the same gain (now positive) as when swapping
combs. Furthermore the equations for both systems are the same, so we improve
the initial bisection by the same amount, which gives the following.

Theorem 4 The mazimum bisection of a random cubic graph on n vertices is
a.a.s. greater than 1.32549n.
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Abstract. A k-dominating set of a graph, G, is a set of vertices,
D C V(G), such that for every vertex v € V(G), either v € D or there
exists a vertex u € D that is at distance at most k£ from v in G. We
are interested in finding k-dominating sets of small cardinality. In this
paper we consider a simple, yet efficient, randomised greedy algorithm
for finding a small k-dominating set of regular graphs. We analyse the
average-case performance of this heuristic by analysing its performance
on random regular graphs using differential equations. This, in turn,
proves an upper bound on the size of a minimum k-dominating set of
random regular graphs.

1 Introduction

A dominating set of a graph, G, is a set of vertices, D C V(G), such that every
vertex of G either belongs to D or is incident with a vertex in G. The problem of
finding a minimum dominating set of a graph is one of the core, well-known, NP-
hard optimisation problems in graph theory (see, for example, [5]). Johnson [7]
showed that for general graphs on n vertices, this problem is approximable within
1+logn. Raz and Safra [10] showed that this problem is not approximable within
clogn for some ¢ > 0. When restricted to graphs of bounded degree d > 3,
Papadimitriou and Yannakakis [I1] showed that the minimum dominating set
problem is APX-complete and is approximable within Zf:ll % -1/2.

A graph, G, is said to be d-regular if every vertex of G is incident with pre-
cisely d other vertices of G. When discussing any d-regular graph on n vertices,
dn is assumed to be even. We consider graphs that are undirected, unweighted
and contain no loops or multiple edges. Note that for d-regular graphs, the min-
imum dominating set problem is trivially approximable within (d + 1)/2.

Reed [12] showed that the size of a minimum dominating set of an n-vertex
cubic (i.e. 3-regular) graph is at most 3n/8 and gave an example of a cubic graph
on eight vertices with no dominating set of size less than three, demonstrating
the tightness of this bound.

As we consider random regular graphs, we need some notation. We use the
notation P (probability), u.a.r. (uniformly at random) and E (expectation). We
say that a property, B = B, of a random regular graph on n vertices holds a.a.s.
(asymptotically almost surely) if lim,, .o, P(B,,)=1.

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 126-138] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Molloy and Reed [9] showed that the size of a minimum dominating set, D,
of a random cubic graph on n vertices a.a.s. satisfies 0.2636n < |D| < 0.3126n.
Duckworth and Wormald [3] improved these results by showing that for a random
cubic graph on n vertices, the size of a minimum independent dominating set,
I, a.a.s. satisfies 0.2641n < |I| < 0.27942n. The upper bound was achieved by
analysing the performance of a greedy heuristic on random cubic graphs using
differential equations whereas the lower bound was achieved by means of a direct
expectation argument. For d > 3, Zito [17] presented upper and lower bounds on
the size of a minimum independent dominating set of random d-regular graphs.

A k-dominating set of a graph, G, is a set of vertices, D C V(G), such
that for every vertex v € V(G), either v € D or there exists a vertex u € D
that is at distance at most k from v in G. Chang and Nemhauser [1] showed
that the problem of finding a minimum k-dominating set of a graph is NP-
hard even when restricted to bipartite or chordal graphs of diameter 2k + 1.
The minimum k-dominating set problem has recently been studied in many
contexts (see, for example, [4]). Slater [5, Chapter 12] gives a recent survey of
results on the complexity and the approximability of this problem. In distributed
environments, graphs representing network topologies often have bounded or
even regular degree and small k-dominating sets are useful in bounding the
compactness of routing tables (see, for example, [g]).

Note that for £k = 1, the minimum k-dominating set problem is the more
familiar dominating set problem. Throughout this paper we consider the size
of a minimum k-dominating set of a random d-regular graph where d and k
are constant, d > 3 and k > 2. For k > 2, as far as the authors are aware,
no non-trivial approximation results were previously known for the minimum
k-dominating set problem on regular graphs.

It is simple to verify that the size of a minimum k-dominating set, D, of a
random d-regular graph on n vertices a.a.s. satisfies

(d—2)n
d(d—1)kF -2

n

<D< .
<| |_2k+1

(1)

The lower bound is derived by considering the maximum number of vertices a
vertex may dominate whilst the upper bound follows as a consequence of a result
of Robinson and Wormald [13| that proves the a.a. sure Hamiltonicity of random
regular graphs.

In this paper we consider a simple, yet efficient, randomised greedy algo-
rithm for finding a small k-dominating set of regular graphs. We analyse the
average-case performance of this heuristic by analysing its performance on ran-
dom regular graphs using differential equations. This, in turn, proves an upper
bound on the size of a minimum k-dominating set of random regular graphs.
For a few small values of d and k, our results are summarised in Table [[1 The
columns ML give the a.a. sure upper bounds (scaled by n) on the size of a min-
imum k-dominating set of random d-regular graphs that are the main results
of this paper. As a comparison, the columns LB give the corresponding trivial
lower bounds (scaled by n) given by Equation (TI).



128 W. Duckworth and B. Mans

Table 1. Bounding minimum k-dominating sets of a random d-regular graphs

d=3 d=4 d=5 d=26 d="7

ML LB ML LB ML LB ML LB ML LB

.1451 .1000 .1167 .0588 .0990 .0385 .0865 .0270 .0771 .0200
.0970 .0455 .0781 .0189 .0672 .0094 .0596 .0053 .0538 .0033
.0741 .0218 .0623 .0062 .0555 .0023 .0502 .0010 .0459 .0006

B ow N |

2 Random Graphs and Differential Equations

One method of analysing the performance of a randomised algorithm is to use
a system of differential equations to express the expected changes in variables
describing the state of the algorithm during its execution on random graphs.
Wormald [I6] gives an exposition of this method and Duckworth [2] applies
this method to other graph-theoretic optimisation problems. In this section we
describe the model we use to generate a regular graph u.a.r. (see, for example, [6])
and give an overview of the method of [16].

To generate an n-vertex, d-regular graph u.a.r., first take dn points in n buck-
ets labelled 1...n with d points in each bucket and then choose u.a.r. a disjoint
pairing of the dn points. The buckets represent the vertices of the randomly
generated graph and each pair represents an edge whose end-points are given by
the buckets of the points in the pair. For the generated graph to be regular and
simple, no pair may contain two points from the same bucket and no two pairs
may contain four points from just two buckets. With probability bounded below
by a positive constant, loops and multiple edges do not occur (see, for example,
Wormald [15 Section 2.2]).

Throughout the execution of our algorithm, edges are deleted and, as this
happens, the degree of a vertex may change. In what follows, we denote the set
of vertices of degree i in the graph, at time ¢, by V; = V;(¢) and let Y; = Y;(¢)
denote |V;|. (For such variables, in the remainder of the paper, the parameter ¢
will be omitted where no ambiguity arises.) We can express the state of the graph
at any point during the execution of the algorithm by considering the variables
Y; where 0 < i < d. In order to analyse a randomised algorithm for finding a
small k-dominating set, D, of regular graphs, we calculate the expected change
in this state over a predefined unit of time in relation to the expected change in
the size of D. Let D = D(t) denote |D| at any stage of an algorithm (time ¢) and
let EAX denote the expected change in a random variable X conditional upon
the history of the process. We then use equations representing EAY; and EAD
to derive a system of differential equations. The solutions to these differential
equations describe functions which represent the behaviour of the variables Y;.
Wormald [16] describes a general result which guarantees that the solutions of
the differential equations almost surely approximate the variables Y; and D with
error o(n). The expected size of D may be deduced from these results.
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3 A Simple Heuristic

We say that our algorithm proceeds as a series of operations. Pseudo-code for the
algorithm we present, k-greedy, is given in Figure [I} a more detailed description
follows and this is represented pictorially in Figure

Input: A d-regular n-vertex graph, G.
Output: A k-dominating set D for G.

D <+ 0;
while (|E(G)| > 0) do
Select w1 u.a.r. from those vertices of minimum positive degree in Gj;
Let S denote the neighbours of u;;
for (¢=2... k+1) do
if (S #0)
Select uq u.a.r. from the vertices of maximum degree in S
Let S denote the neighbours of ug;
UV 4 Ug;
else break;
endif
enddo
Add v to D;
Delete all edges incident with vertices at distance at most k from v;
Add any isolates that are created to D;
enddo

Fig. 1. Algorithm k-greedy

For each operation, a vertex, wi, is selected u.a.r. from those vertices of
minimum positive degree. The choice of which vertex to add to D in an operation
initially depends upon the degree(s) of the neighbour(s) of u;. Select us u.a.r.
from those vertices of maximum degree amongst the neighbours of w1 and delete
all edges incident with u;. Select ws u.a.r. from those vertices of maximum
degree amongst the neighbours of us and delete all edges incident with the other
neighbours of uy. Continue this process up to k+1 times. Each time, once u; has
been selected u.a.r. from the neighbours of u;_1, delete all edges incident with
vertices at distance at most j — 3 from the other neighbours of u;_;. The final
vertex of maximum degree chosen is the vertex, v, to be added to D. Once v has
been chosen, all vertices at distance at most k from v are dominated by v and all
edges incident with these vertices are deleted. In Figure[Z], a typical operation is
represented. The shaded wavy lines represent the deletion of all edges incident
with vertices at distance at most j — 3 from the neighbours of u;_; (apart from
u;). The meaning of other notation in the figure will become apparent in the
next section.
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Fig. 2. Selecting a vertex to add to D

The deletion of all the edges in an operation may cause the generation of
non-dominated vertices of degree zero which we refer to as isolates (as they are
isolated from the rest of the graph by the deletion of these edges). Such vertices
will not be selected by subsequent operations of the algorithm, therefore, any
isolates created in an operation are added to D as part of that operation along
with v. This ensures that the set returned is k-dominating.

4 Algorithm Analysis

The analysis of our algorithm is carried out using differential equations and in
this way we prove the following theorem.

Theorem 1. For each d > 3 and k > 2, there exists a constant ¢ such that the
size of a minimum k-dominating set of a random d-regular graph on n vertices
is asymptotically almost surely at most cn + o(n), for d and k constant.

Proof. The first operation of the algorithm is unique in the sense that when we
select w1 u.a.r. from those vertices of minimum positive degree, it is the only time
that it is selected from V. This follows from the well known fact that random
regular graphs are a.a.s. connected (see, for example, [TH]).

We split the remainder of the analysis into d — 1 ordered phases, Phase 1,
Phase 2, ..., Phase d — 1. Phase f, 1 < f < d — 2 is informally defined as the
period of time where the minimum positive degree of a vertex in the graph is
either d — f or d — f — 1 and any vertices in V3_;_; that are generated are used
up almost as fast as they are created so that Yy_y_; remains small. Once the
rate of generating vertices in V43— y_1 becomes larger than the rate they are used
up, the algorithm moves into Phase f+ 1. In Phase d — 1, the minimum positive
degree of a vertex in the graph is 1 and each operation generates vertices in V
with positive probability. The precise distinction between phases will be clarified
below.

Define a Type r operation to be an operation in which the vertex wu; is
selected u.a.r. from V.. Also, define a clutch to be a series of operations in Phase
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f from an operation of Type d — f up to but not including the next operation
of Type d — f. Initially one only needs to assume that after the initial operation
of the algorithm, the process starts in Phase 1; in Phase f, 1 < f < d — 2, all
operations are of Type d — f and d — f — 1; and in Phase d — 1, all operations
are of Type 1 so that a clutch in Phase d — 1 consists of just one operation. We
proceed with a general examination of the first d — 2 phases and then a general
examination of the final phase. This allows us to give a formal definition of the
distinction between the phases.

The initial operation of Phase f is of Type d — f (at least a.a.s.). The next
operation of the algorithm may be of Type d — f or Type d — f — 1 depending
on the size of the set Vz_;_1. In order to calculate the expected change in the
variables Y; for a clutch in Phase f, we first calculate the expected change in
the variables Y; for an operation of Type w € {d — f,d — f — 1} in Phase f,
1<f<d-2.

For an operation of Type w in Phase f, a vertex, w, is chosen u.a.r. from
V. Let s denote the sum of the degrees of all the vertices in the graph at a given
stage (time t). Note that

d
s=s(t) = ZZY,
i=1

For our analysis it is convenient to assume that s > en for some arbitrarily small
but fixed € > 0. Later we discuss the last operations of the algorithm where
s < en.

The probability that, when selecting a vertex of positive degree u.a.r. (at
time t), the vertex is of degree j is P; where

P, =P,(t)="2, 1<j<d

When an edge incident with a vertex of degree ¢ is deleted, the expected
change in Y; due to changing the degree of the vertex from i to i — 1 (at time ¢)
is p; + o(1) where

pi = pi(t) =Pip1 — Py, 1<i<d

and this equation is valid under the assumption that P41 = 0. To justify this,
note that when the vertex of degree i was chosen, the sum of the degrees of all
the vertices of degree i is iY; and s is the sum of the degrees of all the vertices in
G. In this case Y; decreases; it increases if the vertex selected has degree 7 + 1.
These two quantities are added because expectation is additive. The o(1) term
is due to the fact that the values of all these variables may change by a constant
during the course of the operation being examined. Since s > en the error is in
fact O(1/n).

Once u; has been chosen u.a.r. from all the vertices in G of degree w, before
deleting all of its incident edges, we investigate the degree(s) of its neighbour(s).
We select a vertex, usg, u.a.r. from those vertices of maximum degree amongst
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the neighbours of u;. The probability that us was in V,,,, d — f < m < d, at the
start of the operation (time t) is o + o(1) where

a=a(t)= (S5 )" — (ST
and ) )

Note that m a.a.s. satisfies d — f < m < d as this is Phase f.
The probability that there are r neighbours of u; in V,,, given that m is the
maximum degree of all neighbours of wy, is 8 4 o(1) where

() (2) (5550

B =0t =

The expected number of neighbours of u; of degree j, d — f < j <m — 1,
given that m was the maximum degree of all neighbours and there are r such
vertices is v 4 o(1) where

v =(t) = Pu) () wza<w i r) (P))* (Sf?i}l - Pj)w_r_a

a

which simplifies to

(Pr)” () (Sa )™ Hw — )Py '

")/:

The expected number of neighbours of degree i, d — f < i < d, incident with
uj, j > 1, is slightly different from that for u; as, if u; had degree j" at the start
of the operation, by the time all its incident edges are deleted, its degree is then
j' —1 as an edge between u;_; and u; is deleted. The analogous equations for
uj, j > 1, to those for «, § and v are o/ +0(1), 3’ + o(1) and 4" + o(1) where

o = al(t) = (S1 )" — (S

r{w—1 m—1\w—r—1
g =7t = ) (", )(Sdif ) and

(0%

(o) (") (5552w —r = )P,

r

! /!

V=7t = "

When we select u;, j > 1, of degree m’, we select u; 1 and delete the remain-
ing m’ —1 edges incident with u; (one edge from u; to u;_; was already deleted).
Apart from ;4 1, all other neighbours of u; have all edges incident with vertices
at distance at most j — 3 deleted. As random regular graphs a.a.s. contain few
small cycles [6] the subgraph deleted from each of these vertices is a.a.s. a tree.
We describe the deletion of a tree of height h in levels where the root of the
tree (a neighbour of u; other than u;1) is at level 0 and all other vertices in the
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tree at distance ¢ from the root are at level £. When an edge is deleted between
a vertex at level £ in the tree and a vertex at level £+ 1 (at time t), the expected
remaining degree of the vertex at level £+ 1 is T + o(1) where

d
T=T(t)=> (b—1)Ps.

b=2

For a tree with a root of degree j at the start of an operation, the expected
number of vertices at level £ > 0 in the tree (at time ¢), is Q(¢, j) + o(1) where

Q(&]) = Q(&j’ t) = (] — 1)T£_1.

The expected number of vertices of degree i in the levels 1,...,A — 1 when
exposing a tree of height h from a root of degree j is R(, 7, h) + o(1) where

h—1

R(i,j,h) = R(i,j,ht) = Y Q(L, j)Pi.

£=1

Therefore, the expected change in Y; when exposing a tree of height h from a
neighbour of u; of degree j (at time t) is X (i, j, h) + o(1) where

X(i’jv h) = X(izja h7t) = _5ij - R(iuj’ h) + Q(haj)pi

in which d;; denotes the Kronecker delta function.

In Figure [2], the heights associated with the shaded wavy lines denote the
heights of the trees deleted incident with their respective u;.

We are now ready to compute the expected changes in the variables Y;, for
an operation of Type w (not a clutch yet) in Phase f. We note that, due to
the intricate way each subsequent vertex of D is chosen, these equations are not
of the simplest form and note that we have analysed several simpler heuristics,
each of which give weaker results.

The expected change in Y; when performing an operation of Type w in Phase
fis ¢(i,w, k) + o(1) = ¢(i,w, k,t) + o(1) where ¢(i,w,0) is given by

X(i,w, k+1),
(i, w, k) is given by
d w m—1
6w+ Y ad(i,m k=1 + > B —1)(Sim-1 = Gim) + Y V(6i5-1 — ;)]
m=d—f r=1 j=d—f

and, for 0 < k < k, ¢(i,w, k) is given by

w—1 1

d
—8iw + Z o/[qb(i,m,fi—l)—&—Zﬁ'(r—l)X(i,m,k—ﬁ)—i— Z v X (4,7, k— k).

m=d— f r=1 j=d—f



134 W. Duckworth and B. Mans

We define a birth to be the generation of a vertex in Vy_¢_; by performing
an operation in Phase f. The expected number of births from performing an
operation of Type w € {d— f,d— f—1} (at time t) is v(k,w)+0(1) = v(k,w,t)+
o(1) where v(0,w) is given by

Q(k + 1,w)Pd,f,

v(k,w) is given by

d w m—1
Yo alu(k—1,m)+ Y B0 —Dima-yg+ Y ¥0ja-s]
m=d—f r=1 j=d—f

and, for 0 < k < k, v(k,w) is given by

d w—1 m—1
Z o'v(k—1,m)+ Z B'(r—=1)Q(k—r,m)Pa_s+ Z Y Q(k—k,j)Pa_g].
m=d—f r=1 j=d—f

Here, we consider the probability that vertices of degree d — f in the graph
become vertices of degree d — f — 1 by deleting an edge incident with the vertex.

Consider the Type d — f operation at the start of the clutch to be the first
generation of a birth-death process in which the individuals are the vertices in
Vi—f—1, each giving birth to a number of children (a.a.s. independent of the
others) with expected number v(k,d— f —1). Then, the expected number in the
§*0 generation is v(k,d — f)(v(k,d — f —1))’~! and the expected total number
of births in the clutch is

v(k,d—f)

1—vlkd—f—1)

The equation giving the expected change in Y; for a clutch in Phase f, 1 <
f < d — 2 is therefore given by

V(kadff)
1—v(k,d—f-1)

EAY; = ¢(i,d— f, k) + o(i,d—f—1,k)+o0(1), 1<i<d.

(2)

In the first d — 2 phases, since Y3_;_; is very small and Yg_ is at least a
constant times n, the probability of an isolate being created is negligible in any
one operation. Thus, the expected increase in the size of the k-dominating set
is 1 for any single operation the first d — 2 phases. So the equation giving the
expected increase in the size of the k-dominating set for a clutch in Phase f,
1< f<d-2is given by

v(k,d— f)

EAD =1 .
L

3)

For the final phase, all operations are of Type 1 and we must also consider the
possibility of isolates being generated. The equation giving the expected change
in Y; for a clutch in Phase d — 1 is therefore given by

EAY; = ¢(i,1,k), 1<i<d. (4)
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The expected number of isolates generated for an operation of Type 1 in
Phase d — 1 is v(k, 1), therefore the equation giving the expected increase in the
size of the k-dominating set for a clutch in Phase d — 1 is

EAD =1+ v(k,1). (5)

Write (i, w, k,t) = nd(i,w,k,t/n), Pi(t) = nPi(t/n), o'(t) = na(t/n)
1) = n3(tfn), Q1) = QUL b}, BE) = mBlt/m), s(t) = nelt/n).
Xl hot) = nX (i g, b /) (k. £) = (k. /). (1) = mpt /). o(t) =
na(i/m), SI(E) = nS3(t/n), B(E) = (/). +(8) = n3(t/m), T(E) = nT(t/m).

Y;(t) = nz;(t/n) and R(i, j, h,t) = nR(i, j, h,t/n).
Equation (2)) representing EAY; for processing a clutch in Phase f forms the
basis of a differential equation. The differential equation suggested is

dzl_ o(k,d— f)
I (b(ld f’ ) 717(k,d7f*1)

where differentiation is with respect to x and zn represents the number, ¢, of
clutches.

Equation (3]) representing the expected increase in the size of D after pro-
cessing a clutch in Phase f, 1 < f < d —2, and writing D(t) = nz(t/n) suggests
the differential equation for z as

dz o(k,d — f)

dx T TS hhd— 1) Q

For Phase d — 1, equation () representing EAY; for processing a clutch
suggests the differential equation

dzl

=¢(i,1,k), 1<i<d. (8)

Equation (B) representing the increase in the size of D after processing a
vertex (and therefore a clutch) in Phase d — 1, suggests the differential equation

for z as
dz

e 1+ v(k,1). 9)

We use a result from [16] to show that during each phase, the functions
representing the solutions to the differential equations almost surely approximate
the variables Y;/n and D/n with error o(1). For this we need some definitions.

Consider a probability space, S, whose elements are sequences (qo,q1, - - -)
where each ¢; € S. We use h; to denote (qo, g1, - - -, qt), the history of the process
up to time ¢, and H; for its random counterpart. S+ denotes the set of all
ht = (qo, - .., q:) where each ¢; € S, t =0,1,.... All these things are indexed by
n and we will consider asymptotics as n — co.

For variables Y7, ...,Y, defined on the components of the process and W C
Re*1 define the stopping time Ty = Ty (Y1,...,Y,) to be the minimum ¢ such

that
t/n,Y1(t)/n,...,Yo(t)/n) ¢ W.
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The following is a restatement of [16) Theorem 6.1]. We refer the reader to
that paper for explanations and to [14] for a similar result with virtually the
same proof.

Theorem 2 ([16]). Let W =W(n) C R For 1 <1 < a, where a is fized,
let yp - S™* = R and f; : R*T! — R, such that for some constant Cy and
all 1, |yi(he)| < Con for all hy € ST for all n. Let Yi(t) denote the random
counterpart of y;(ht). Assume the following three conditions hold, where in (ii)
and (iii) W is some bounded connected open set containing the closure of

{(0,21,...,24) : P(Y1(0) = zin, 1 <1 < a) #0 for somen} .
(i) For some functions 8 = B(n) > 1 and v = v(n), the probability that

- <
max [Yi(t+1) -Yi(0)] < 6,

conditional upon Hy, is at least 1 — vy for t < min{Tw, T }.
(ii) For some function \y = A\ (n) = o(1), for alll <a

[EYi(t+1) =Yi(t) | Hi) = fi(t/n, Ya(t)/n, ..., Ya(t)/n) | < A

for t <min{Tw, Ty }-
(iii) Each function f; is continuous and satisfies a Lipschitz condition, on

Wn{(t z,...,2q4) : t >0},
with the same Lipschitz constant for each .
Then the following are true.
(a) For (0,21,...,2,) € W the system of differential equations

d
£=fl($721=~~~7za)7 l=1,...,a

has a unique solution in W for z; : R — R passing through

1 <1 < a, and which extends to points arbitrarily close to the boundary of
W,

(b) Let A > A1 + Cony with A = o(1). For a sufficiently large constant C, with
probability 1 — O(ny + %exp(—’z%;)),

Yi(t) = nzi(t/n) + O(An)

uniformly for 0 <t < min{on, T} and for each I, where z(x) is the solution
in (a) with 2 = 2Y;(0), and 0 = o(n) is the supremum of those  to which
the solution can be extended before reaching within £°°-distance C\ of the
boundary of W.
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For Phase f and for arbitrary small €, define D¢ to be the set of all (¢, z;, 2)
for which t > —¢, £ > ¢, v(k,d— f—1) < 1—¢, 2 > —€ and z; < 1 + € where
1 < i <d. Then, Dy defines a domain for the process so that [2] may be applied
within Phase f.

For part (i) of 2l we must ensure that Y;(¢) does not change too quickly
throughout the process. As long as the expected number of births in a clutch is
bounded above, the probability of getting say n¢ births is O(n~%) for any fixed
K. As we assume d and k to be constant, this comes from a standard argument as
in [16 page 141]. So part (i) of @ holds with 8 = n¢ and v = n=%. Equations (2)
and (3)) verify part (i7) for a function A\; which goes to zero sufficiently slowly.
Note in particular that since § > € inside Dy, the assumption that s > en used
in deriving these equations is justified. By the definition of the phase and the
domain, Dy, it may be verified that the functions derived from equations (2]
and (B) are continuous on Dy and its boundary. This implies that the functions
are uniformly continuous. From this, the Lipschitz property of the functions
required by B] part (¢i7) may be deduced.

The conclusion of [2 therefore holds for each of the first d — 2 phases. This
implies (by taking A = o(1) tending to zero sufficiently slowly) that with proba-
bility

1 — O\ texp(—nA?)),

the random variables Y; and D a.a.s. remain within O(An) of the corresponding
deterministic solutions to the differential equations (@) and () until a point
arbitrarily close to where it leaves the domain Dy. Choosing, for example, A =
n~1/*4, makes this success probability 1 — o(n).

We compute the ratio dz;/dz. Now, differentiation is with respect to z and
all functions may be taken as functions of z. By (numerically) solving these
differential equations, for each of the first d — 2 phases, we find that the solution
hits a boundary of the domain at v(k,d — f — 1) = 1 — e. At this point, we
formally define Phase 1 as the period of time from time ¢ = 0 to the time ¢; such
that z = t1/n is the solution of 7(k,d —2) =1 — € and Phase f, 2 < f < d — 2,
as the period of time from time t;_; to time ¢; where z = t;//n is the solution
of v(k,d— f'—1)=1— ¢ in Phase f’.

Some extra work is required to ensure that the phases proceed as defined
informally and that Phase f + 1 follows Phase f without reverting back to
previous phases. For reasons of brevity, we do not include the full details here.
The work involves ensuring that around each change of phase, say from Phase
f to Phase f + 1, the expected number of births from processing a vertex in
Va—y—1 is at least a constant times m. For this, the main requirement is that
v(k,d — f — 1) is significantly larger than 1.

For Phase d—1, Theorem[2 applies as above except that here, a clutch consists
of one Type 1 operation. Computing the ratio dz;/dz and solving this, we see
that the solution hits a boundary of Dy 1 at & = €. From the point in Phase
d — 1 after which Theorem B] does not apply until the end of the algorithm, the
change in each variable per operation is bounded by a constant, hence in o(n)
steps, the change in the variables is o(n).
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The equations were solved using a Runge-Kutta method with a step-size of
1075, The solution of ¢ = € in Phase d — 1 corresponds to the size of the k-
dominating set (scaled by 1/n) when no vertices remain. For € = 0 and for a few
values of d and k, the constant, ¢, in Theorem [I]is given in Table [T] of Section [Il

This completes the proof of the theorem. a
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Abstract. The aim of this paper is to present an SDP-based algorithm
for finding a sparse induced subgraph of order ©(n) hidden in a semi-
random graph of order n. As an application we obtain an algorithm that
requires only O(n) random edges in order to k-color a semirandom k-
colorable graph within polynomial expected time, thereby extending the
results of Feige and Kilian [7] and of Subramanian [15].

1 Introduction

For several NP-hard optimization problems, such as the maximum independent
set problem, graph coloring, and even 3-coloring, strong non-approximability
results are known. In fact, both the size of a maximum independent set and the
chromatic number of a graph cannot be approximated within n'~¢, ¢ > 0, under
reasonable complexity-theoretic assumptions [9], [6]. Also, it is hard to 4-color
3-colorable graphs [IT]. Thus, since one cannot hope for algorithms that perform
well in the worst case, it is natural to ask for algorithms that work acceptably
in the “average case”.

But what does “in the average case” mean? One may take random graphs
for a first answer. Needless to say, the algorithmic theory of random graphs
has become an important and fruitful field of investigation. However, algorithms
for random graph problems tend to make extensive use of special properties of
random graphs. But what if the “average case” instances we have in mind do
not satisfy typical properties of random graphs?

Semirandom models may provide an answer. Instances of semirandom graph
problems consist of a random share and a worst case part added by the adversary.
The smaller the random share is, the harder the according algorithmic problem
becomes. Because of the presence of an adversary, algorithms that rely on typical
properties of random graphs will in general be useless in the semirandom case.
Conversely, one may conclude that algorithms that perform well on semirandom
instances are comparatively robust.

The first problem studied in this article is to find a sparse induced subgraph
of a semirandom graph. This problem is a straightforward generalization of the
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independent set problem. An instance is made up as follows. Let o € (0;1)
be a constant, and let V4 = {1,...,[(1 —a)n]}, Vo = {1 —a)n] +1,...,n}
and V = Vi U Vs, First each vertex v € V; chooses w random neighbours in
V4, independently of all others. The result is a random bipartite graph Gp; this
model of random bipartite graphs is also proposed in [7, Sec. 1.4]. Then the
adversary adds V;-Vs-edges and V;-V;-edges arbitrarily and inserts an arbitrary
graph with maximum degree < A into Vs, where A € Ny = {0,1,2,3,...} is
some constant. Finally, the adversary permutes the vertices V' according to some
permutation o € S, in order to obtain the instance G. The algorithmic problem
associated with the above model is to find a set S C V', #S > an, such that the
maximum degree of the subgraph G[S] of G induced on S is at most A. Note
that the decisions of the adversary are not random decisions. Hence, the only
random object in the construction of G is the choice of the random bipartite
graph Gg. Furthermore, the adversary is allowed to e.g. construct local maxima.
Clearly, neither the bipartite graph Gy nor the permutation ¢ are known to the
algorithm.

We present an algorithm that on input (G, A) within polynomial expected
time outputs a set S C V, #5 > an, such that A(G[S]) < A, provided w >
c(a)A is sufficiently large. Since w is a constant w.r.t. n, the graph G consists
of only O(n) random edges. As we shall see, by making w large enough one
can achieve that even the /th moment of the running time is bounded by a
polynomial, for arbitrary [. Clearly, probability is taken over the choice of the
random bipartite graph Gy = G, o,w-

Related work has been done by Feige and Krauthgamer [8] and by Feige and
Kilian [7]. In the semirandom model studied in [§] first a clique of size £2(n'/?)
is hidden in an otherwise random graph G, 1 /2. Then the adversary may remove
edges that do not connect two vertices that belong to the hidden clique. It is
shown that using SDP-techniques it is possible to recover the hidden clique with
high probability (where probability is taken over the choice of the random graph
Gh,1/2) and to certify the optimality of the solution produced by the algorithm.
Note that in this model the adversary is not allowed to construct local maxima.

Instances G = (V, E) of the semirandom model of the independent set prob-
lem studied in [[7] are created in three steps. First, a set S C V of an vertices is
chosen at random, where n = #V and « € (0;1) is a constant. Then, each edge
{v,w}, v € V\ S, w € S, is included into E with probability p independently
of all other edges. Finally, the adversary may add further (V' \ S)-V-edges. It
is shown that in the case p > (1 + ¢)In(n)/(an), e > 0, it is possible to re-
cover the hidden set S with high probability (where probability is taken over
the coin tosses of the process that created G). The problem becomes hard if
p < (1—¢)In(n)/(an), because in this case there are many vertices in V'\ S that
are not incident with any random edge.

Note that in the case p > (1 + ¢)In(n)/(an) every vertex of V' \ S is inci-
dent with £2(Inn) random edges with high probability, i.e. every vertex in V'\ S
has chosen §2(Inn) random neighbours in S. Consequently, the “w-neighbours
model”, where every vertex v € V' \ S chooses w random neighbours in S, in
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the case p > (1 + ¢)In(n)/(an) asymptotically coincides with the “binomial
model”, where each S-V \ S edge is present with probability p. It is explicitly
mentioned in [7] that the algorithm given for the binomial model also works for
the w-neighbours model, i.e. finds the hidden independent set with high proba-
bility. Thus, the new aspect in this current paper is that we find sparse hidden
subgraphs (not just independent sets) within a polynomial average running time
over all input instances of the w-neighbours model. Moreover, we show that it
is sufficient that w grows with A linearly.

The second problem studied in this article is the k-coloring problem. Semi-
random instances of the k-coloring problem are created as follows. First the
adversary partitions the vertex set into k disjoint classes. No assumptions are
made about the sizes of the k classes. Then, with respect to the classes produced
by the adversary, a k-partite graph is chosen at random according to a random
model analogous to the w-neighbours model of random bipartite graphs above.
Finally, the adversary may add edges that connect vertices in different classes.
We shall see that there exists a constant w(k) such that in order to k-color
semirandom k-colorable graphs within expected polynomial time it suffices that
each vertex chooses w(k) random neighbours in each of the other color classes,
thereby producing not more than @(n) random edges. Since by choosing w(k)
sufficiently large one can achieve that arbitrarily high moments of the running
time are polynomials, our k-coloring algorithm seems to be quite robust.

Semirandom models for the k-coloring problem have been studied by Blum
and Spencer [3], by Subramanian [I5], and by Feige and Kilian [7]. In the semi-
random model for k-coloring studied in [7], first the vertices V = {1,...,n}
are partitioned into k disjoint sets Vi,..., V) of size n/k each. Then, each edge
{v,w}, v € V;, w € Vj, i # j, is included into G with probability p, inde-
pendently of all others. Finally, the adversary may add further edges {v,w} as
above, thereby obtainig the instance G. The algorithm given in [7] k-colors G
with high probability, provided p > (1+¢)k(Inn)/n. Although the “w-neighbours
model” for k-colorable semirandom graphs is not explicitly mentioned in [7], the
k-coloring algorithm presented there can easily be adapted to k-color instances of
the w-neighbours model (with color classes of arbitrary size) with high probabil-
ity. Moreover, Feige and Kilian show that k-coloring is hard if p < (1—¢)(Inn)/n.
In [3] and [15] “binomial” semirandom models are studied, with p = n~1 for
€ > 0 constant. For the problem of coloring random graphs see e.g. Alon and
Kahale [2], or Promel and Steger [14].

Among the above, the only algorithm that solves the semirandom k-coloring
problem within expected polynomial time is the one given in [15]; in fact, Sub-
ramanian’s algorithm even finds an optimal coloring. In [5] the author has given
algorithms for the binomial semirandom independent set problem and for the
binomial semirandom k-coloring problem. In the case p > In(n)/n these algo-
rithms have a polynomial expected running time. Thus, concerning k-coloring,
the new aspect in the current paper is that the algorithm k-colors semirandom
graphs produced according to the w-neighbours model. Indeed, the fact that we
admit color classes of arbitrary sizes causes some new technical difficulties.
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2 Models and Results

2.1 Sparse Induced Subgraphs

Let @ € (0;1) be a constant, V. = {1,...,n}, Vi = {1,...,[(1 — a)n]},
and Vo = V\ V1. Let w € IN. By G,, o, we denote the set of all (Vi,V53)-
bipartite graphs Gy such that each vertex v € Vi in Gy has degree w. Hence

[(1—a)n]
_ ([an]
#gn,a,w - ( w

Thus, the random bipartite graph G,, ., is obtained by letting each vertex v € V;
choose precisely w random neighbours in V5, independently of all other vertices in
V1. Let A € INg be a constant. Instances of the “hidden sparse subset” problem
are produced as follows:

. We equip Gy o, with the uniform distribution.

1. A bipartite graph Gy € Gy, o, is chosen at random.

2. The adversary adds some edges {v,w}, v € Vi, w € V, to Gg in order to
obtain G1.

3. The adversary inserts a graph of maximum degree at most A into V4, thereby
obtaining Gs.

4. Finally, the adversary permutes the vertices of G, thereby completing the
instance G.

For a bipartite graph Go € Gy, o, We let Z(Go, A) denote the set of all instances
over Gy, i.e. the set of all graphs G that can be constructed from Gy via 2.—4.
above.

Note that the only random contribution to the construction of G is the choice
of Gy. Thus, the graph G contains precisely |(1 — an)]w random edges, and the
adversary may add up to

gATan] + 11 = aye)(fan] - o) + (170 0
edges. Consequently, () indicates that the algorithmic problem (on input (G, A),
find an induced subgraph of order > an and maximum degree < A) becomes
harder as w decreases; for the smaller w is, the more edges are under the rule of
the adversary. Similarly, the problem becomes harder as A increases.

If A is an algorithm that on input G = (V, E) and A outputs a set S C V
such that A(G[S]) < A and #S > an, provided G admits such a set S, then
we say that A finds (o, A)-sparse sets. Let R4(G) denote the running time of
A on input G. We say that A runs in polynomial expected time if there exists
a polynomial f(n) such that the following condition is satisfied: For any map I
that to each Gy € G, 0, assigns an instance I(Gg) € Z(Go, A) the expectation
of Ry oI is bounded by f(n). This definition carries over to the case that A is
randomized.

Theorem 1. For each o € (0;1) there exists a number w(a) > 0 such that for
all A € g and all wg > w(a)(A+1) there is a randomized algorithm that within
polynomial expected time finds (o, A)-sparse sets in T(Gp o wor Q).
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In Section [B] we present an algorithm that has the properties stated in The-
orem[Il Note that the theorem contains a result on the independent set problem
as a special case (A = 0); for this problem we can even construct a determinis-
tic algorithm. We emphasize the fact that the number of random edges needed
depends on A linearly. Though in Theorem [l A is not allowed to grow with
n, using the methods of this paper it is possible to design a randomized algo-
rithm that finds (o, A)-sparse sets even in the case that A = A(n) grows with
n (details omitted).

2.2 k-Coloring

Let k > 3 be a fixed integer and let V = {1,...,n}. Let x : {1,...,n} —
{1,...,k} be a map such that for the sets V; = x~1(i), i = 1,..., k, we have

#V1 S H#Vo < < #V

Let w € IN. Then, one can obtain a random k-colorable graph Gq by letting
each vertex v € V;, i =1,...,k — 1, choose w neighbours in V;, j =i +1,...,k,
independently of all other vertices. Clearly, x is a proper k-coloring of Gy. By
Gn,y,w Wwe denote the set of all random k-colorable graphs that can be obtained
in this manner. Our semirandom model of the k-coloring problem is as follows.

1. The adversary chooses an arbitrary map x : V — {1,...,k}, such that for
the sets V; = x71(i), i = 1,..., k, we have #V; < -+ < #V;.

2. Then, Gy € G,y is chosen randomly.

3. In order to obtain the instance G, the adversary adds to G arbitrary edges
{v,w} such that v € V; and w € V}, i # j.

For each pair (Go,x), by Z(Go,x) we denote the set of all instances over
(Go, x), i-e. the set of all graphs G that can be constructed from Gy and x by
3. above. Let A be an algorithm that on input G outputs a k-coloring of G,
provided x(G) < k. Let R4(G) denote the running time of A4 on input G. We
say that A k-colors (k,w)-semirandom graphs within expected polynomial time if
there exists a polynomial f(n) such that for all x : V' — {1,...,k} the following
condition is satisfied: For any map I that to each Gy € Gy, ., assigns an instance
I1(Gy) € Z(Go, x), the expectation of R4 oI is at most f(n).

Theorem 2. For each k € {3,4,5,...} there exists w(k) € {1,2,...} such that
the following holds. If wy > w(k), then there is an algorithm A that k-colors
(k, wo)-semirandom graphs within polynomial expected time. On the other hand,
if wo < w(k), then there is no such algorithm, unless P = NP.

3 Finding Sparse Induced Subgraphs

The algorithm for the hidden sparse subset problem makes use of an SDP-based
randomized procedure Filter. Similar methods have in [7] been applied to the
semirandom independent set problem. The procedure Filter itself is based on
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SDP-techniques developed in [1], [10], and [13]. Details can be found in my
technical report [4]. As before, we let o € (0;1), A € Ny, V = {1,...,n},
Vi={l,...,|1—a)n|},and Vo =V \ V.

Proposition 3. Let v > 0. Assume that Go € Gy ,w(a+1) for some sufficiently
large number w depending only on o and vy, and that G € Z(Ggo, A). Let S be the
sparse subset hidden in G. There exists a polynomial time randomized algorithm
Filter(G, A, ¢€) that with probability > 1—e™ 7™, over both the coin tosses and the
choice of Gy, outputs a set M of subsets of V' that contains an element I € M
such that #I NS > (a — 5e)n and #1\ S < e#1. Moreover, #M = O(n?).

Thus, with extremely high probability Filter(G, A, ) computes a set I that
contains many vertices of the hidden set S but only few vertices of V' \ S. (If
we are just to find an independent set, Filter can be derandomized [13].) The
algorithm Find shown in Figure[I] applies network flow techniques to I in order
to compute a large subset S’ C S. Finally, using flow techniques again, Find tries
to enlarge S’ until S is recovered. For the flow techniques to work properly, it is
essential that the random bipartite graph G, o ., contained in G is an expanding
graph. More precisely, we need the following estimate.

Lemma 4. Let v > 0 and d € IN. There exists a number wy that depends only
on a and vy such that for all w > wq - d the following holds. Given | numbers
My...,m € {0,1,2,...,n/2}, the probability that there exist pairwise disjoint
sets T1,..., Ty C Vi such that #T; < 55 and #N(T;) < d#T; — n; for all i, is

ROROIE 2

Since the bound (B) is not exponentially small, an algorithm that runs within
polynomial expected time has to take into account the possibility that the ran-
dom bipartite graph Gy € Gy, o contained in the input graph is not an expand-
ing graph. To this end, Find uses a variable n that measures how far from being
an expanding graph Gy is.

Proposition 6. Let a € (0;1), A € INg and k € IN be fized. Suppose that
w > wqg for some sufficiently large wy depending only on « and k. Let G €
T(Gn,awiati); Q). Then Find(G, A, o) outputs a set S C V' that satisfies #S" >
an and A(G[S']) < A. Furthermore, the kth moment of the running time of Find
1s polynomial.

For the rest of this section, we keep the notations and assumptions from
Proposition [l We denote the random bipartite graph that is contained in G by
Go. Moreover, S denotes the hidden sparse subset of Gy, #5 = [an]. We may
assume that the set M computed by Filter contains an element I such that
#INS > (a—5e)n and #1 \ S < e#I, because the probability that Filter
fails is exponentially small.

In order to prove our assertion concerning the running time of Find, we shall
show that Find terminates with a correct output before 1 becomes too large.
More precisely, let
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Algorithm 5. Find(G, A, «a)
Input: A graph G = (V, E), numbers « € (0;1), A € INo.
Output: A set 8" C V.

1. Let w be a sufficiently large number depending only on « and A. (One
can put w = wp where wy is as in Proposition[fl) Let A = max{A, 2}. Let
M =Filter(G, A e = a?/1000).

2. Forn=0,...,n/2 do

3. For all I € M do
4a. For all D' C V, #D’' <ndo
4b. Construct the following network N:

— The vertices of N are s, t, s, for v € I\ D’, and t,, for
weV.

— The arcs of N are (s, s,) for v € I\D', (tw,t) forw € V,
and (Sy, tw) for {v,w} € E,ve I\ D"

— The capacity c is given by ¢(s, s,) = (‘g?] forve I\D',
c(tw,t) = 2A + 1 for w € V, and ¢(sy,t,) = 1 for
{v,w} e E,vel\D.

Compute a maximum integer flow f in N and put

L={veI\D| f(s,58)=c(s,8,)}UD".

4c. Let ' =T\ L.

5a. If there is some set Y C V\S’, #Y < n, such that #S5'UY >
an and A(G[S'UY]) < A, then terminate with output S'UY .

5b. For any D C V, #D <n, do

5c. For 7=0,1,...,[logy(n)] do

5d. Compute V' = {v € V| #N(v)NI' < A}\ D. Construct

the following network N.

— The vertices of N are s, t, s, for v € V' \ S, and
ty for w e V',

— The arcs of N are (s,s,) for v € V' \ S’, (tw,t) for
w € V', and (sy,ty) if {v,w} € E, v € V'\ 9,
weV.

— The capacity ¢ of N is given by c(s, sv) = 3A for
all v € V'\ S, c(tw,t) = A+ 1 for w € V', and
(8, tw) =1 for {v,w} € E,veV'\ S, weV.

Compute a maximum integer flow f in N. Put L =
{v e V'\T| f(s,80) = c(s,80)} and S" = V' \ L. If
A(G[S]) < A and #S’ > an, then terminate with
output S’
6. Find a set S C V that satisfies #5’ > an and A(G[S’]) < A by enumer-
ating all subsets of V.

Fig. 1. The Algorithm Find.
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€% = max{3A#U — #N¢,(U)| U C V\ S, #U < an/(6A)}.

Moreover, given numbers 71,...,14, let D, .. denote the event that there
exist pairwise disjoint sets Z1,...,ZA C V\ S, #Z; < en/A, such that n; =0
or #Ng,(Z;) < S2#Z; — n; for all i. Further, for £ € {0,...,n/2}, let D
be the event that there exist n1,...,n4 > 0, Zle n; = &, such that Dy, . 5.
occurs. Let £ be the maximum & such that D occurs. We shall prove that
Find terminates before 7 exceeds max{0,&*,£**}. Thus, we may assume 1 > £*,
n=&.

Lemma 7. There exists a set D' C V', #D' <, such that at the end of 4c we
have S' C S and #5" > (o — L&)n.

Sketch of Proof. Decompose the set I'\ S into disjoint sets Z, ..., Z such that
#Z; < . Let M; be a maximum [%]—fold matching from Z; to S. Let D’
be the set of all unmatched vertices in Z;, ¢ = 1,...,A. Then #D’ < 5. Each
matching M; induces a flow h; in N in the obvious way. Let h = hy +---+ha1.
Because the sets Z; are pairwise disjoint, h is an admissable flow. Consequently,
any maximum integer flow f satisfies f(s,s,) = ¢(s,s,) forallv € I'\ (SUD’).
Thus L O I\ (SUD’). The choice of the capacity c implies #5” > (a—)n. O

Lemma 8. Suppose that step 5 is encountered with a set S" C S, #5 > (a —
). Then step 5 terminates and outputs a set S” C 'V such that #S" > an

and A(G[S]) < A.

Sketch of Proof. Observe that the property stated in Lemmald implies that either
#S\ S <norV=1{veV|#Nw) NS < A} satisfies #V \ S < %\S/. If
#S\ S < 1, step 5a will terminate with a correct output. Thus asssume that
#V\ S < %\S/. Then there exists a 3A-fold matching M* from V \ S with
defect n. Let D be the set of all unmatched vertices. Then, similar arguments as

in the proof of Lemma [T prove the assertion. O
2

Because for a given 7 the time consumed by steps 3-5 of Find is

times some polynomial, the estimate in Lemma Ml ensures that the kth moment
of the running time is polynomial, provided wy = wo(a, k) is sufficiently large.
A careful analysis of Find shows that the techniques developed in this section
enable us not only to eventually recover some sparse subset but even the hidden
set S. This is the reason why similar methods can be applied to the k-coloring
problem.

4 Coloring k-Colorable Graphs

In this section, we extend the methods of section Bl to obtain an algorithm
that k-colors k-colorable semirandom graphs within expected polynomial time.
Let V.= {1,...,n} and let x : V — {1,...,k} be a map such that for the
sets V; = x7 (i), i = 1,...,k, we have #V; < #Vp < -+ < #Vi. Let G =
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(V. E) € Z(Gy, x) for some k-colorable random graph Gy = G,, y ., where w is a
sufficiently large constant depending only on k. In order to k-color G, we proceed
as follows. Because we know that G contains an independent set of size > n/k
(namely Vi), the same techniques as in the steps 1 and 3-5 of Find enable us
to exhibit large independent sets of G (first, we let n = 0). Whenever a large
independent set Sy of G has been found, we remove Sy from G = G, thereby
obtaining Gy_1. Let Ny_1 = #V(Gr_1). In the case Sy = Vi, we know that
a(Gg—1) > Ni_1/(k — 1). Therefore, proceeding as in the steps 1 and 3-5 of
Find again, we find large independent sets of G_1, and so on. Finally, it is easy
to check whether G4 is bipartite. In this case, the sets Ss, ..., Sk together with
a 2-coloring of G5 yield the desired k-coloring of G. However, our algorithm will
have to take care of the fact that the cardinalities #V;, i = 1,...,k, are not a
priori known. Moreover, though the outlined heuristic will be successful if the
conditions stated in Lemma [ (with n = 0) holds for all V;, the algorithm is
supposed to k-color G even if this is not the case. To this end, k-Color uses a
variable T' from which the value for n to be used in the steps 3—5 of Find can
be computed; k-Color slowly increases T', thereby improving the probability of
success. The algorithm k-Color makes use of the following subroutine.

Algorithm 9. FindSet(l,G;,T,n)
Input: A graph G; = (V(G)), E(G))).
Output: An l-coloring of G or “fail”.

If this is the

1. If | < 2, then check within polynomial time if x(G; l.
l but x(G;) > I,

case, output an [-coloring of G; and terminate. If
terminate with output “fail”.

2. Let Ny = #V(G;). It N; < logmax{n, T}, then try to l-color G; within
time O(N} (1 + 3/3)N1) using the algorithm proposed in [I2]. In the case
of success, return an [-coloring; otherwise, return “fail”.

3a. FOI"nl:Nl/Z,l-i-Nl/l...,Nl do

3b. Let
. N\
& = mm{n/Q,max{f: < ¢ ) < T}}

for some sufficiently large constant ~.
For n; =0,...¢& do
3c. Let oy = ny/N;. Proceed as in the steps 1 and 3-5 of Find (with
« replaced by o; and 7 replaced by n;, and A = 0) in order to
exhibit independent sets of G; of size > «a;N; = n;. Whenever a
sufficiently large independent S; has been found, run

) <
<2

FindSet(l — 1,G; — S;, T, n).

If FindSet(l — 1,G; — S;, T, n) successfully I — 1-colors G; — Sy,
output the achieved I-coloring of G; and terminate.
4. Terminate with output “fail”.
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Algorithm 10. k-Color(G)
Input: A k-colorable graph G = (V ={1,...,n}, E).
Output: A k-coloring of G.

1. For T =1,...,3", run FindSet(k, Gy = G, T,n); if FindSet succeeds, out-
put a k-coloring of G and terminate.
2. k-color G using the algorithm described in [12].

The analysis of k-Color entails the following result.

Proposition 11. Let k € IN. Let G be a k-colorable graph. Then on input G the
algorithm k-Color outputs a k-coloring of G. Furthermore, for each l € IN the
algorithm k-Color k-colors (k,w;)-semirandom graphs such that the l[th moment
of the running time of A is polynomial, provided w is sufficiently large.
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Abstract. The paper considers spin systems on the d-dimensional inte-
ger lattice Z¢ with nearest-neighbor interactions. A sharp equivalence is
proved between exponential decay with distance of spin correlations (a
spatial property of the equilibrium state) and “super-fast” mixing time
of the Glauber dynamics (a temporal property of a Markov chain Monte
Carlo algorithm). While such an equivalence is already known in various
forms, the proofs in this paper are purely combinatorial and avoid the
functional analysis machinery employed in previous proofs.

1 Introduction

Lattice spin systems are a class of models that originated in Statistical Physics,
though interest in them has since expanded to many other areas, including Prob-
ability Theory, Statistics, Artificial Intelligence, and Theoretical Computer Sci-
ence. A (lattice) spin system consists of a collection of sites which are the vertices
of a regular lattice graph. A configuration of the spin system is an assignment
of one of a finite set of spins to each site. The sites interact locally, according to
potentials specified by the system, such that different combinations of spins on
neighboring sites have different relative likelihoods. This interaction gives rise
to a well-defined probability distribution over configurations of any finite subset
(volume) of the sites, conditional on a fixed configuration of the sites on the
boundary of this subset. Such a distribution is referred to as a finite volume
Gibbs distribution, and is regarded as the equilibrium state of the given subset
conditional on the given boundary configuration.

A Glauber dynamics is a Markov chain Monte Carlo algorithm used to sample
from the Gibbs distribution. A step in this Markov chain is a random update of
the spin of a single site (or of a finite set of sites), conditional on its neighboring
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spins and in a manner which is reversible with respect to the Gibbs distribu-
tion. As a result, such a Markov chain converges to the corresponding Gibbs
distribution. The Glauber dynamics plays a central role not just as an algorithm
for sampling from the Gibbs distribution but also as a model for the physical
process of reaching equilibrium.

A striking phenomenon in the field of spin systems, at least for “amenable”
lattices such as the integer lattice Z¢, is the equivalence of (a priori unrelated)
notions of temporal and spatial mixing. By temporal mizing we mean that the
Glauber dynamics converges “very fast” to its stationary Gibbs distribution,
while by spatial mizing we mean that in the Gibbs distribution, correlations
between the spins of different sites decay “very fast” with the (lattice) distance
between them. This equivalence is interesting because it precisely relates the run-
ning time of an algorithm to purely spatial properties of the underlying model. In
addition, a common heuristic in computer science is that local algorithms should
work well (run fast) for local problems. The equivalence between temporal and
spatial mixing is an example of the above heuristic in a restricted setting, where
the relationship is formally proven and where there are precise interpretations
for the terms “local algorithm”, “local problem”, and “run fast”.

A number of references discuss the above equivalence. They give different
proofs and use a variety of definitions of temporal and spatial mixing. Of these
references we mention Stroock and Zegarlinski [T1], who were the first to estab-
lish the above equivalence, Martinelli and Olivieri [9/T0], who obtained sharper
results by working with a weaker spatial mixing assumption, and Cesi [3], who
recently simplified some of the proofs. See also [§] for a review of results in the
field.

The references mentioned above make crucial use of functional analysis in
their proofs, and usually discuss quantities such as the spectral gap and the log
Sobolev constant of the dynamics as a measure of its temporal mixing. In this
paper, we give purely combinatorial proofs of this equivalence, based on the
elementary technique of coupling probability distributions. Although some of
the ideas we use have appeared before, our main contribution lies in presenting
a complete argument which is purely combinatorial, where the reader does not
need to resort to functional analysis concepts.

We note that the result we present in the direction going from spatial mixing
to temporal mixing (of the single site Glauber dynamics) is limited in the sense
that it only applies to monotone systems. For general systems, however, we
show that spatial mixing implies temporal mixing of a “finite-block” Glauber
dynamics, in which a sufficiently large block of spins is updated at each step.
The corresponding implication for the single site dynamics in the general case is
known [3BITO0ITI], but currently we do not have a combinatorial proof of it.

The remainder of the paper is organized as follows. Section Blincludes precise
definitions and statements of results. In Sect. [l we list a few basic tools we use
in the proofs. In Sect. @ we prove that temporal mixing implies spatial mixing
while in Sects. bland [ we prove that spatial mixing implies temporal mixing for
monotone and general systems respectively.
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2 Definitions and Statements of Results

2.1 Spin Systems

Consider the d-dimensional integer lattice as a graph with vertex set V = Z? and
edge set F, where (v,u) € E, denoted v ~ wu, if and only if Zle lv; — ;| = 1[4
We use the statistical physics terminology and refer to the vertices as sites. For
a finite subset ¥ C V, we define its boundary 0¥ = {v ¢ ¥ : Ju € ¥ s.t. v ~ u}.
Each site is assigned a spin from the spin space S = {1,..., ¢}, and the config-
uration space is denoted by 2 = 2y = SY. Given a configuration o € 2, we
write o[v] for the spin that o assigns to v and abuse this notation with o[A]
standing for the configuration of the subset A under o.

We consider spin systems with nearest neighbor interactions (although ev-
erything we do can be generalized to finite range interactions). Namely, we have
a (symmetric) pair potentia]ﬁ U:Sx8— 1R, and a self potential W : S — IR.
Then, for a finite subset ¥ and a boundary configuration 7 € {2yy, the Hamil-
tonian Hg : 2y — IR is defined as

Hy(o) = Yo UGklol) + > Ulollofu) + Y Wolv]) .

VEOV uEY  u~U vV, uE¥, v~U vew

The value this Hamiltonian assigns can be considered as the “energy” of ¢ when 7
is the boundary configuration. The finite volume Gibbs distribution associated
with the subset ¥ and the boundary configuration 7 assigns probability to o
which is proportional to the inverse exponential of its energy. Formally,

pi(0) = (Z5) " exp(=H(0))

where Zj, is the appropriate normalizing factor.

Example. Probably the best known spin system is the ferromagnetic Ising
model. In this case, the spin space is S = {—1,+1}, while U(s1,82) = —5- 51 - 82
and W(s) = —3-h-s, where 3 € IR is the inverse temperature and h € R is
an external field. Thus, the energy of a configuration is linear in the number of
edges with disagreeing spins, as well as the number of spins with sign opposite
to that of h. For example, if h = 0 and if we ignore the effect of the bound-
ary configuration (the so-called “free-boundary condition”) then the minimum
energy (highest probability) configurations are the two constant configurations
where all the spins have the same value (either +1 or —1).

! Most of our results hold — with suitable modifications — for any “amenable” lattice
(see, e.g., [6] for a definition). For simplicity, in this paper we focus just on Z<.

2 The given definition of the pair potential does not cover systems with hard con-
straints where U may be infinite. In general, the results in this paper apply to
systems with hard constraints as well (see full version for details).
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2.2 The Glauber Dynamics

We study the following simple Markov chain (X;), known as the (heat-bath)
Glauber dynamics, which is used to sample from puj,. Given the current configu-
ration X; € 2y, the transition X; — X;41 is defined as follows:

e Choose a vertex v uniformly at random from ¥.

o Let X i1[u] = Xy[u] for all u # v.

e Choose X;i1[v] from ,ufvt/}, where X] is the configuration of 9{v} defined
by X;[u] = Xi[u] for u € ¥ and X, [u] = 7[u] for u € OV.

It is not too difficult to verify that this Markov chain is reversible w.r.t. the Gibbs
distribution pj, and, in particular, that pj, is the unique stationary distribution.

Remark. In the literature, a Glauber dynamics is usually any Markov chain
that makes single site updates that are reversible w.r.t. to the single site Gibbs
measure. Indeed, all the results below apply to any choice of Glauber dynamics.
However, for definiteness we will assume the above definition throughout this

paper.

We also discuss a generalization of the Glauber dynamics to a Markov chain
where at each step a block of sites is updated rather than a single site. Let Qf =
[1,...,L]? be the d-dimensional regular box of side length L. Consider all the
translations of Q7 that intersect the subset ¥ and let

B(W,L)={A#0| A= (z+Qr) NV for some z € Z¢} .

We think of each A € B(¥, L) as a block. We then denote by HB(L) the heat-bath
block dynamics that makes updates to blocks from B(¥, L). Given the current
configuration Xy, the transition X; — X;11 is defined as follows:

e Choose a block A uniformly at random from B(¥, L).
o Let Xiiq[u] = X¢[u] for all u ¢ A.

e Choose X;41[4] from uf”, where X/ is the configuration of 94 defined
by X{[u] = X¢[u] for uw € ¥ and X}[u] = 7[u] for u € OP.

2.3 Temporal and Spatial Mixing

The statements in this paper relate an appropriate notion of temporal mizing
(convergence in time of the Glauber dynamics) with an appropriate notion of
spatial mizing (decay of correlation with distance in the Gibbs distribution). The
exact definitions are given below.

Let p; and po be two arbitrary distributions on 2y. We write [|u; — psl| =
maxacg, |#1(A) — p2(A)| for the total variation distance between the two dis-
tributions, and ||p1 — p2lla = maxacq, |p1(A) — pa(A)| for the distance when
projecting the two distributions onto 24 for A C V.
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Definition 2.1. We say that the Glauber dynamics has optimal temporal mix-
ing if there exist constants b and ¢ > 0 such that for any subset ¥ with any
boundary configuration, the dynamics on ¥ has the following property. For
any two instances (X;) and (Yy) of the chain and for any positive integer k,
| Xkn — Yin|| < bnexp(—c- k), where n = |¥| is the volume of W.

In particular, optimal temporal mixing means that the distance from the
stationary measure || Xgn, — p7]| < bnexp(—c- k) for any instance (X;). Before
we move on to the definition of the spatial mixing notion, we pause to compare
optimal temporal mixing as defined here with some of the other notions of tem-
poral mixing found in the literature. The mizing time of a Markov chain (as a
function of €) is the time it takes to get within a variation distance of € from
the stationary measure. Notice that optimal temporal mixing is equivalent to
a mixing time of O(nlog(%)). Optimal temporal mixing also implies that the
spectral gap of the dynamics is at least ~. While a spectral gap of Q(%) does
not immediately imply optimal temporal mixing, it is not too difficult to see
that if the log Sobolev constant associated with the dynamics is £2(1) then the
dynamics has optimal temporal mixing. We notice that in fact, in the context of
spin systems, all the above notions of temporal mixing are known to be equiv-
alent when considered to hold uniformly in the subset ¥ and in the boundary
configuration (since they are all equivalent to an appropriate notion of spatial
mixing as below).

The corresponding spatial notion we consider states that changing the spin
of a site on the boundary has an exponentially small effect on the configuration
of sites far away from the changed site. The distance between two sites v and u
is defined as the graph distance between them and denoted by dist(v, u).

Definition 2.2. We say the system has strong spatial mixing if there exist con-
stants 8 and o > 0 such that for any two subsets A,W where A C ¥, any
site uw € OV, and any pair of boundary configurations T and T that differ only
at u, |y — iy |la < BlA|exp(—a - dist(u, 4)).

Remark. In the literature, the definition of strong spatial mixing may vary, where
the difference is in which class of subsets ¥ the assumption applies to (for ex-
ample, ¥ may be restricted to be a regular box). We work with the strongest
version by requiring it to apply to all subsets in order to simplify our arguments.

2.4 Monotone Systems

Some of the statements in this paper apply only to monotone systems. In a
monotone system, each site v is associated with a linear ordering of the spin
space, denoted by >,. Since the spin space is finite, each of the linear orderings
has unique maximal and minimal elements, which we call the plus and minus
elements respectively. The single site orderings give rise to a partial ordering =y
of the configuration space. Specifically, o1 >y o3 if and only if o1 [v] =, o2[v] for
every v € W. The system is monotone with respect to the above partial order-
ing if, for every subset ¥ and any two boundary configurations 7 and 75 such
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that 71 >=pw 72, the Gibbs measure ' statistically dominates the Gibbs mea-
sure p? with respect to >y. Equivalently, the two distributions can be coupled
such that with probability 1, o1 =g 03, where o; and oy are a pair of coupled
configurations chosen from pj' and pj? respectively. Notice that it is enough
that the above property holds for all single sites to ensure that it holds for all
subsets W. Also, since the single site orderings are linear, the system is “real-
izably” monotone [5]. This means that, given a collection of boundary configu-
rations Ty, 7o, ..., Tk, We can simultaneously couple the k corresponding Gibbs
distributions such that if 7; =s¢ 7;, the corresponding coupled configurations
satisfy o; ¢ o; with probability 1 (simultaneously for each such pair 4, j).

Many well known spin systems are monotone, including the Ising model and
the hard-core model (independent sets).

2.5 Results

Several notions of temporal and spatial mixing for models on integer lattices are
known to be equivalent to one another [3IR[9/TT], though the proofs are often
rather complex and cast in the language of functional analysis. In this paper we
present combinatorial proofs of the following implications.

Theorem 2.3. If the single site dynamics has optimal temporal mizing then the
system has strong spatial mizing.

For monotone systems we show the converse as well:

Theorem 2.4. If a monotone system has strong spatial mizing then the single
site dynamics has optimal temporal mizing.

In the general case (without assuming monotonicity), we show that

Theorem 2.5. If a system has strong spatial mizing then there exists a finite
integer L for which the heat-bath block dynamics HB(L) has optimal temporal
mizing.

The converse of Theorem 23] (optimal temporal mixing of HB(L) implies strong
spatial mixing) can be proved using the same ideas as in the proof of Theorem 23]
(with the addition of a few minor technical details), so we skip it here.

Notice that strong spatial mixing implies optimal temporal mixing of the
single site Glauber dynamics in the general case as well [3I8[TOJTT], but we have
not yet been able to find a purely combinatorial proof of this implication.

3 Preliminaries

In this section we identify some of the common tools we use in our proofs.
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3.1 Coupling and Mixing Time

A common tool for bounding the total variation distance between two distri-
butions, and in particular for bounding the mixing time of Markov chains, is
coupling. A coupling of p; and ps is any joint distribution whose marginals
are p1 and po respectively. If o1 and o9 are a pair of random configurations cho-
sen from a given coupling of pq and ug then Pr(oy # o3) is an upper bound on
the total variation distance between p1 and po. Also, there is always an optimal
coupling, i.e., a coupling such that Pr(o; # o2) = |1 — p2]|-

In the proofs we give in this paper we use the following coupling of the
Glauber dynamics, which we call an identity coupling. An identity coupling is
determined by specifying, for each site v, a simultaneous coupling of all the single
site Gibbs distributions (ranging over all possible values for the configuration of
the neighbors of v). Namely, we have a joint distribution -, whose marginals are
,ua}, . ,,u?;}, where the set {71,..., 7k} = 257,). Given 7,, we simultaneously
couple a collection of instances of the Glauber dynamics (X}), (X?),..., (X})
using a Markovian coupling (i.e., the joint distribution of Xt1+1, . ,Xé_H is a
function only of the coupled configurations X}, ..., X!) where the coupled tran-
sition (X},...,X}) — (Xt ,th+1) is as follows:

e Choose a site v u.a.r. from ¥ (the same one for all chains).
e Choose a collection of spins (s1,...,s;) from the joint distribution ~,.
e For every 1 <i <lset X/ ,[v] =s; if and only if X/[0{v}] =1;.

An important property of this coupling is that if X/[0{v}] = X7[0{v}] then
X/, [v] = X{,[v] with probability 1. Notice that in a monotone system there
exists a monotone identity coupling, i.e., a joint distribution =, such that when-
ever T; Zp(v} Tj, Si Zv S; with probability 1.

We say that an identity coupling has optimal mizing if for any two instances
of the chain (X;) and (Y;), we have Pr(Xy, # Yin) < bnexp(—c - k), where
the probability space is the coupling of Xy, and Y}, resulting from the identity
coupling of the two processes. Notice that optimal mixing of an identity coupling
implies optimal temporal mixing of the dynamics. Finally, the coupling time of
an identity coupling is the minimum 7" such that Pr(Xr # Yr) < é As a result,
Pr(Xpr # Yir) < e~* for any positive integer k.

3.2 Bounding the Speed of Propagation of Information

A central idea in the analysis of the mixing time of the Glauber dynamics, in
particular when using spatial mixing assumptions, is to bound the speed at
which information propagates during the dynamical process. We cite a lemma
of this sort following Van den Berg [1], where the bound comes from a paths
of disagreement (or disagreement percolation) argument. Similar bounds can be
found in [7J8]. The version we give here applies to the Glauber dynamics on any
graph of bounded degree (as in [7]), rather than just for finite subsets of Z<.



156 M. Dyer et al.

Lemma 3.1. Let G = (V,E) be a graph of maximum degree A > 1, and
let n = |V|. Let (X¢) and (Yz) be two copies of a Glauber dynamics on G
such that the two initial configurations agree everywhere except on A C V.
Let B C V be another subset and let r = dist(A, B). Then, for any positive
integer k < ﬁ, if we run the dynamics for T = kn steps, Pr(Xr[B] #

Yr[B]) < 4min {|A|,|B|} ((Ae%)k)’”, where the probability space is the coupling
of X1 and Yr resulting from any identity coupling of (X¢) and (Y:). In par-
ticular, if T = kn and dist(A,B) > (A — 1)k, then Pr(Xp[B] # Yr[B]) <
4min {|A|,|B|} e~ dist(AB),

In words, Lemma BTl states that in kn steps, with high probability, information
percolates a distance of at most (A — 1)k.

Proof. Since we couple X; and Y; using an identity coupling, if at time zero v
had the same spin in both chains and at time T the spins at v differ then it must
be the case that at some time ¢’ < T the site chosen to be updated was v and
immediately before the update of v at time ¢’ the two chains had different spins
at one of the neighbors of v. Carrying this argument inductively, if we assume
that at time zero the only sites whose spins may differ are included in A then
in order for a site v to have different spins at time T there must be a path of
disagreement going from A to v. Specifically, there must be vg,v1,...,vp = v
and 0 < t1 <ty < ... < t; < T such that vg € A and for 1 < i <1, v; ~ v;_1
and at time t; the site chosen to be updated was v;. Notice that for a given
path v, ..., v; the probability of this event occurring is at most (?)(%)l Now,
if the two configurations at time 7' differ at some site in B, there must be a
path of disagreement of length at least r = dist(A, B) going from A to B. Since
the number of (simple) paths of length [ going from A to B is bounded from
above by min {|A], |B|} A(A — 1)"~! we can conclude that the probability of a
disagreement in B at time T' = kn is at most

min AL 81} 52 > -1 () (i)l <

l=r

min (141181} 5213 (L) < i gy (2208)

where in the last inequality we used the fact that r» > (A — 1)k. O

Remark. We will often use Lemma Bl in a setting where only a subset of the
sites may be updated in the Markov chain (i.e., the spins on some sites - typically
those on the boundary - are held fixed throughout the process). Notice that the
proof above is still valid in this setting (regardless of whether or not the fixed
spins disagree - i.e., are of sites in A). In fact, it is valid even if the two compared
chains have different sets of fixed sites as long as the sites which are fixed in only
one of the chains are all included in the subset A, i.e., we just assume that the
spins of these sites disagree in the two chains. An important point to keep in
mind in these scenarios is the meaning of the parameter n. Rather than the
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volume of the graph, n stands for the inverse of the probability that a given site
is chosen to be updated (and it must be the same in both chains). Indeed, this
is the only use we made of this parameter in the proof. The scenarios mentioned
in this remark will become clearer when they arise in the proofs below.

4 From Temporal to Spatial Mixing

In this section we prove Theorem B3] which states that if the Glauber dynamics
has optimal temporal mixing then strong spatial mixing holds. The first step in
the proof is to derive a stronger notion of temporal mixing, given in Lemma 5.1
below, where we have better error bounds when projecting the two compared
distributions on a smaller configuration space. This stronger notion, which we
call projected optimal mizing, is not an immediate consequence of optimal tem-
poral mixing and, in fact, the amenability of Z? is crucial for this implication.

Lemma 4.1. Optimal temporal mizing implies that there exist constants b’ and
c > 0 such that, for any subset ¥ of volume n, any boundary configuration, any
two instances (X¢) and (Y:) of the chain on ¥ and any subset A C ¥, we have
1 Xkn — Yenlla < V|Alexp(—c - k) for any positive integer k.

Proof. The idea of the proof is one we use throughout this paper, which involves
using Lemma [3:] in order to localize the dynamics we consider. Namely, when
we run the dynamics for kn steps, with high probability information from sites
which are at distance at least (2d — 1)k from A does not percolate into A.
Therefore, if we take a subset A, surrounding A and whose boundaries are at
distance at least (2d — 1)k from A, we can assume that the sites on the boundary
of Ay are fixed throughout the process. Thus, we can use the optimal temporal
mixing bound for a dynamics on the local subset Ay, whose volume is smaller
than that of ¥. As shown below, the fact that the volume of A grows only
sub-exponentially in k (here is where we use the amenability of Z9) gives the
required bound. An additional point we need to make in order to carry out the
above argument is that when running the dynamics on ¥, with high probability,
an appropriate portion of the time is spent in the subset Aj. This, however, is
an easy consequence of the Chernoff bound.

We proceed with the formal proof. Consider the subset of all sites within
distance (2d — 1)k from A, and let Ay be the intersection of this subset with ¥.
Notice that dist(A,¥ \ Ay) > (2d — 1)k and that |A;| < [2(2d — 1)k]4|A].

In addition to the chains (X;) and (Y;), we consider two additional chains,
denoted by (X**) and (Y;**), whose initial configurations inside Ay are the same
as (X) and (Y};) respectively. The configuration of ¥ \ Ay is fixed to the same
arbitrary configuration in both (X;**) and (Y;"*) and remains fixed throughout
the process, i.e., (XtA’“) and (Y;A’“) represent modified processes where, in a given
step, if the chosen site to be updated is outside Ay then the spin of that site
remains unchanged, while if it is in A then it is updated as usual. Notice that
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this modified process is the same as running the dynamics on Ay except that
the probability of a site being chosen at a given step is ﬁ instead of ﬁ

Using the triangle inequality, we have || Xpn — Yinlla < || Xin — X2 |4 +
||X1?;Z —Ykﬁl’“ lla+ ||Yk/:f —Y%n |l 4. LemmalZTl (together with the remark following it)
gives a bound on the first and third terms in the r.h.s. of the last inequality. To see
this, couple (X;) and (X;**) using a modified identity coupling, where an update
of a site outside A, in (X;) is coupled with doing nothing in (X;'*). Notice that
at time zero the two chains agree on Ax. Disagreement may percolate from ¥\ Ay
into the bulk of Ay as we run the chains, but since dist(A, ¥ \ Ag) > (2d — 1)k,
we can use Lemma B to deduce that || Xy, — Xi* |4 < 4]Ae~Rd=DF,

It remains to bound || X ,?7’; - Yk,/;’“H 4. Recall that both these chains have
the same fixed configuration outside A, so we can use the optimal temporal
mixing assumption for a process on Ag. Notice that when running the chain XtA’c
for kn steps, on average k|Ag| of the steps hit Aj. Using a Chernoff bound,
with probability at least 1 — exp(— k| A ), the number of steps that hit Ay, is at

8
least El4xl Thus, using the bound optimal temporal mixing gives for running a

2
k[ Ak]
2

process on Ay, for steps, we have

k k|lA
I8 = ¥l < 10 = Y < dufesp (-5 ) e (T <

k k
b[2(2d — 1)k]?|A| exp (—c- 2) + exp <_8> < b'|Alexp(—c - k)
for appropriate constants ' and ¢’ > 0. O

Proof of Theorem[Z.3. Let ¥ be a subset of volume n, 7 and 7% be two boundary
configurations that differ only at u, and let A C ¥. Following Lemma ETl, we
assume the dynamics has projected optimal mixing and show that

C/

g — 13 lla < V|Alexp (—le ~dist(u7/1)> + AfAlem (1)
The idea of the proof is that when running the Glauber dynamics, the time
needed in order for the projected distribution on A to be close to the stationary
one is less than the time it takes for the disagreement at u to percolate into A.
Formally, consider the following two instances of the Glauber dynamics on ¥. The
first, denoted by Z;, is an instance with 7 as the boundary configuration while
the second, denoted by Z;, is an instance with 7% as the boundary configuration.
The initial configuration of ¥ in both chains is chosen from u@u. Notice that this
is the stationary distribution of Z; and therefore Z; = uj," for all t.

Using the triangle inequality, we have ||ug, — pd |4 = |1y — Zil|la < |uf —
Zila+ 12 = Z{| 4 By letting t = S5t
small. We bound the first term using the temporal mixing assumption. Namely,
for t = dézz(f’l/)l) -n we have ||u], — Zi||a < b'|A]exp(—c - d(i;td(qj’l/)l)). We use
Lemma 31 in order to bound the second term. Notice that Z; and Z; have the

-n we can make sure both terms are
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same initial distribution on ¥ and thus they can be coupled such that at time
zero they have the same configuration on ¥ with probability 1. We continue to
couple the two processes using an identity coupling. Disagreement may percolate
from u, but since dist(u, A) = (2d—1)L we have || Z,— Z]|| < 4|AJe~distwA) O
Remark. Notice that the argument for showing that projected temporal mixing
implies spatial mixing uses only Lemmal[3.1]and can thus be carried out in models
with any underlying finite degree graph. However, the proof of Lemma E.1] uses
the amenability of Z¢ and breaks down for non-amenable graphs. Indeed, the
Ising model on a tree at an appropriate temperature provides a counter-example
to the claim of Lemma [ in non-amenable graphs as can be concluded from [7].

5 From Spatial to Temporal Mixing: The Monotone Case

In this section we show that in monotone systems the strong spatial mixing as-
sumption implies optimal temporal mixing of the single-site Glauber dynamics
(Theorem B4). Actually, we state two theorems whose combination gives Theo-
rem [2:4] The first theorem, whose proof uses ideas from the proof of Theorem 4.2
of [9], states that the strong spatial mixing assumption implies O(n log® n) cou-
pling time of any monotone identity coupling, uniformly in the volume n and
in the boundary configuration. The second theorem, which is based on Theo-
rem 3.12 of [§], states (for general systems) that if there exists ng for which
the coupling time of any identity coupling of the Glauber dynamics on subsets
. ¢ 1+1/d . .
of volume ng is at most Tog g %0 for an appropriate constant ¢, uniformly
in the boundary configuration, then this identity coupling has optimal mixing.
. 14+1/d . . .
In particular, any upper bound of 0(%?) on the asymptotic coupling time
immediately implies that the identity coupling has optimal mixing.

Theorem 5.1. Strong spatial mixing implies that the coupling time of any
monotone identity coupling of the Glauber dynamics on any subset is at most
T(n) = cn(logn)? for some constant c, uniformly in n and in the boundary
configuration.

Proof. As in our earlier arguments, the idea of the proof is again to localize the
dynamics, which allows us to use inductive bounds from smaller volume subsets.
However, here we use strong spatial mixing to achieve the localization, rather
than the bound on the speed of propagation of information from Lemma Bl

Fix a large enough ngy (to be determined later). Clearly, by choosing an
appropriate constant ¢ = ¢(ngp), the coupling time statement is true for all n <
ng. We now show the statement for n > ng, by inductively assuming its validity
for volumes m < [2- 2 log(3efn)]?, where a, 3 are the constants in the definition
of strong spatial mixing (Definition [22]).

Let ¥ be a subset of volume n with an arbitrary boundary configuration.
Let (X;) and (Y;) be two instances of the chain with arbitrary initial config-
urations inside ¥. We will show that after T'(n) steps, for every site v € ¥,
the probability that the two spins at v differ is at most é, and therefore, the
probability that two configurations (on ¥) differ is at most %, as required.
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Consider the regular box of radius 2 log(3en) around v, and let A, be
the intersection of this box with ¥. Let m = |A,| and notice that m < [2-
%log(?)eﬂn)]d. We now introduce four additional chains that may only update
sites in A,. We will couple these chains along with (X;) and (Y;) such that,
whenever the site chosen to be updated is outside A, only X; and Y; are updated
while the additional four chains remain unchanged. On the other hand, when
the site to be updated belongs to A, all six chains are updated simultaneously
according to the monotone identity coupling. Below we describe the additional
four chains and their initial configurations inside ¥. Outside ¥, all four chains
have the same boundary configuration as (X;) and (Y3).

e QF ’A“,Qt_ “Av + the chains starting from the all + (=) configuration on V.

o 7" 77 . the chains starting from the all + (—) configuration outside
Ay, while the initial configuration inside A, is chosen from the (stationary)
Gibbs measure on A, with this boundary configuration.

Notice that we can simultaneously couple the six chains such that at time
zero, with probability one, QJ’A” = Xo = QS’A“, (J)“A'” =Yy = QS’A“, and
Zf’Av > Z[’A'”. Since we use a monotone identity coupling, we have by induction
that these relations hold for all . Thus, we have

Pr(X[v] # Yilv]) < Pr(Q"[v] # Q" []) < Pr(Qf " [v] # Z"[v]) +

Pr(Z " o] # 27 [e]) + Pr(Z7 ™ [o] # Q7 (o)) -

We use the strong spatial mixing assumption to bound the middle term
of the last expression. Since Z,° v and Z, v are the stationary Gibbs dis-
tributions on A, with the corresponding boundary configurations, strong spa-
tial mixing (together with the triangle inequality) gives || 2~ — Z, % oy <
|0A, \ 0¥ |B exp(—a - dist(0A, \ 0%, v)). This does not necessarily guarantee the
same bound on the probability of disagreement under the coupling because the
coupling we use is not necessarily the optimal one. However, monotonicity guar-
antees that our coupling is within a factor of ¢ —1 (recall that ¢ is the size of the
spin space) from the optimal coupling, as explained next. We embed the ordering
associated with v in the linear ordering 1,2,...,q with integer arithmetic. Since
the spins at v are coupled such that with probability one Z,"*[v] > Z; " [v],

Pr(Z M) # 27 ) < B2 ] - 27 ) =

A — Ay Ay — Ay
BE(ZH Y w) - B2, ) < (@ DIZ5Y = 20l <

(g — 1)|0A, \ 0¥|B exp(—a - dist (94, \ 0¥, v)) < 1

3en
for large enough n. Notice that in order to get the inequality in the middle line
we used an optimal coupling of Z;~""[v] and Z; *[v] together with the fact
that the oscillation of any function whose range is [1, ¢] is at most ¢ — 1.
We now show that Pr(Q;""[v] # Z,"[v]) < z— when t = T(n) (by
symmetry, the same holds for the minus chains), thus completing the proof.
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Using a Chernoff bound, if we run the dynamics on ¥ for cn(logn)? steps then
with probability at least 1 — % the number of steps in which A, is hit is at
least

1 1
§cm(logn)2 = (2log n)cm% > (2logn)em(logm)?

for large enough n. If we assume that indeed A, is hit this often then we
can use the induction hypothesis to bound the probability that the spins at v
differ because the two chains we are comparing have the same fixed bound-
aries outside A,. Indeed, after T(m) = cm(logm)? steps in A,, the configu-
rations (on the whole of A,) disagree with probability at most é, and thus
after (2logn)T(m) steps, they disagree with probability at most n12 Hence,

Pr(Q}“&ﬁ;’[ | # Z;(ﬁ)[ ]) < g + -5 < 5= for large enough n, as required. O

— 6en n? = 36

Theorem 5.2. Suppose there exists an identity coupling such that for all sub-
sets A of volume at most ng, where ng is a sufficiently large constant, the cou-

pling time of the given identity coupling on A is at most mlo;n |A| uni-
formly in the boundary configuration. Then for all n and for all subsets ¥ of
volume m with any boundary configuration, Pr(Xg, # Yin) < |¥|exp(—c - k),
where ¢ = 2(2d — 1)n, ~1/d . Namely, this identity coupling has optimal mizing.

Proof. Consider the Glauber dynamics on ¥ with an arbitrary boundary config-
uration. We will show that for any two instances of the chain (X;) and (Y;) and
any v € ¥ we have Pr(Xp,[v] # Yinlv]) < exp(—c- k) under the given identity
coupling. Using a union bound, this implies that Pr(Xp, # Yin) < [¥|exp(—c-k).

Let lp = [1] = [2(%/(11)] As before, we will use Lemma Bl to localize
the dynamics. Together with the hypothesis of the theorem, this will imply that
after [gn steps the spins at v agree with high probability. What we want, however,
is that the probability of disagreement will continue to decay exponentially with
the number of steps. Notice that such a result would follow if, once the spins at v
agreed, they continued to agree through the rest of the process, but this is clearly
not the case. However, using the amenability of Z¢ and another localization
argument, we can show that if all the spins within a large enough radius around v
agree at a given time, then the spins at v will continue to agree for sufficiently
many steps (depending on the radius of agreement). Bootstrapping from the
sufficiently small probability of disagreement after lyn steps, we get the required
exponential decay.

We proceed with the formal proof. Let p(k) = maxx, vy vew Pr(Xgn[v] #
Yjn [v]). We have the following two claims.

Claim 1. Under the hypothesis of the theorem,

1 1

p(lp) < e2(ng + 1) = e24([2(2d — D)p]¢ + 1) ~

Claim 2. Without any assumptions, for any ki1 and ko,

plky + ka) < [2(2d = 1)ka]*p(k1)p(ka) + 4e "2
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Theorem follows from the combination of thg above two claims. To see
this, let ¢(k) = 2¢([2(2d — 1)k]¢ +1) - max {p(k), 2e” 2 } Using Claim [2], we have
by an explicit calculation that ¢(2k) < ¢(k)2. On the other hand, from Claim [
we get that ¢(lp) < % (where we used the fact that [y is large enough to handle

the case of p(lp) < 26_170). We then conclude that p(k) < ¢(k) < exp(—%)7 as
required.

The proofs of the above two claims use similar ideas to those used in the proof
of Lemma ET] i.e., using Lemma Bl to localize the dynamics and appealing to
the amenability of Z%. We refer the reader to the full version of this paper for the
detailed proofs of both claims, and also to [8], where a proof of a claim similar
to Claim [2 can be found. O

As remarked at the beginning of this section, combining Theorems[E.Tand
immediately yields Theorem 2.

6 From Spatial to Temporal Mixing: The General Case

In this section we prove Theorem [2.5] Namely, we show that in general (without
assuming monotonicity), strong spatial mixing implies that the heat-bath block
dynamics has optimal temporal mixing if the blocks used are large enough. Using
path coupling [2], the proof is reduced to showing that strong spatial mixing
implies that a condition known as the Dobrushin-Shlosman condition holds. The
last implication is known [4], but we include a simple proof of it here.

Proof of Theorem[2.3. Consider the heat-bath dynamics HB(L) on a rectangle ¥
of volume n with an arbitrary boundary configuration. Notice that L is a large
enough constant to be set later and will depend only on the dimension d and the
constants from the definition of strong spatial mixing. In particular, L is uniform
in n and the boundary configuration. Recall that the dynamics chooses a block
to be updated from B(¥, L), which is the set of translations of the box of side-
length L that intersect ¥. We denote the number of blocks by m = |B(¥, L)| and
notice that n < m < Lin (the lower bound is due to the fact that the number of
translations that intersect ¥ is at least the volume of ¥ while the upper bound
crudely uses the fact that each site is covered by L¢ translations). Using the
path coupling method [2], it is enough to show that there exists a constant ¢ > 0
(independent of n and the boundary configuration) such that, for any site u € ¥
and any two configurations o,0" that differ only at u, there exists a coupling
of the two chains whose current configurations are ¢ and " respectively such
that after one step, the average Hamming distance between the two coupled
configurations is at most 1 — = i.e, decreases by at least .

We couple these two chains using a specific identity coupling. Namely, the
block chosen to be updated is the same in both chains, and if the boundaries
of that block are the same in both ¢ and ¢* then we couple the update of the
block such that the configurations inside the block agree with probability one. If
the boundaries are not the same (this can happen only if u is on the boundary
of the chosen block), we use a coupling to be described below.
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From the way we defined the heat-bath block dynamics, each site in ¥ is
included in exactly L¢ blocks. Since we use an identity coupling, if a block
including the site u is chosen to be updated then the Hamming distance between
the two configurations will be zero (i.e., decrease by one) since the boundaries
of this block are the same in both ¢ and ¢*. The probability of choosing a block
as above is L—d . Thus, it is enough to show that the contribution to the expected

change in Hammlng distance from choosing the other blocks is at most Li=ec

As we already mentioned, the Hamming distance may increase only 1f the
block chosen to be updated is one whose boundaries include u. Since there are
at most 2dL%! such blocks, we will be done once we show that we can couple the
update of each such block A such that the resulting average Hamming distance
in A is strictly less then %

Let A be such that u € OA. Let alsor = %(4%)%, A ={v e A|dist(v,u) < r},
and A, = A\ A,. By the strong spatial mixing assumption, ||ug — MZuH/T <
Bl A exp(—a - r) < L™9 for a large enough L. We can thus couple the update
of A such that the two coupled configurations disagree over A, with probability
at most L~%. A trivial upper bound on the resulting average Hamming distance
in A in this coupling is then |A,|+ L™A,| < & + 1. O
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Abstract. Recently, it has been shown that one-dimensional quantum
walks can mix more quickly than classical random walks, suggesting that
quantum Monte Carlo algorithms can outperform their classical counter-
parts. We study two quantum walks on the n-dimensional hypercube, one
in discrete time and one in continuous time. In both cases we show that
the instantaneous mixing time is (7/4)n steps, faster than the ©(nlogn)
steps required by the classical walk. In the continuous-time case, the
probability distribution is ezactly uniform at this time. On the other
hand, we show that the average mixing time as defined by Aharonov et
al. [AAKV0I] is £2(n®/?) in the discrete-time case, slower than the clas-
sical walk, and nonexistent in the continuous-time case. This suggests
that the instantaneous mixing time is a more relevant notion than the
average mixing time for quantum walks on large, well-connected graphs.
Our analysis treats interference between terms of different phase more
carefully than is necessary for the walk on the cycle; previous general
bounds predict an exponential average mixing time when applied to the
hypercube.

1 Introduction

Random walks form one of the cornerstones of theoretical computer science. As
algorithmic tools, they have been applied to a variety of central problems, such
as estimating the volume of a convex body [DFK9IILK99], approximating the
permanent [JSRIITSVO0], and finding satisfying assignments for Boolean formu-
lae [Sch99]. Furthermore, the basic technical phenomena appearing in the study
of random walks (e.g., spectral decomposition, couplings, and Fourier analy-
sis) also support several other important areas such as pseudorandomness and
derandomization (see, e.g., [AS92, (§9,§15)]).

The development of efficient quantum algorithms for problems believed to
be intractable for classical randomized computation, like integer factoring and
discrete logarithm [Sho97|, has prompted the investigation of quantum walks.
This is a natural generalization of the traditional notion discussed above where,
roughly, the process evolves in a unitary rather than stochastic fashion.

The notion of “mixing time,” the first time when the distribution induced
by a random walk is sufficiently close to the stationary distribution, plays a
central role in the theory of classical random walks. For a given graph, then,
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it is natural to ask if a quantum walk can mix more quickly than its classical
counterpart. (Since a unitary process cannot be mixing, we define a stochastic
process from a quantum one by performing a measurement at a given time or
a distribution of times.) Several recent articles [AAKVOIJABNT01/NV00| have
answered this question in the affirmative, showing, for example, that a quantum
walk on the n-cycle mixes in time O(n logn), a substantial improvement over the
classical random walk which requires ©(n?) steps to mix. Quantum walks were
also defined in [Waf(T], and used to show that undirected graph connectivity is
contained in a version of quantum LOGSPACE. These articles raise the exciting
possibility that quantum Monte Carlo algorithms could form a new family of
quantum algorithms that work more quickly than their classical counterparts.

Two types of quantum walks exist in the literature. The first, introduced by
[AAKVOTIABNT01NV00], studies the behavior of a “directed particle” on the
graph; we refer to these as discrete-time quantum walks. The second, introduced
in [FGI8CFGOI], defines the dynamics by treating the adjacency matrix of the
graph as a Hamiltonian; we refer to these as continuous-time quantum walks.
The landscape is further complicated by the existence of two distinct notions of
mixing time. The “instantaneous” notion [ABNT01/NV00] focuses on particular
times at which measurement induces a desired distribution, while the “aver-
age” notion [AAKVOT], another natural way to convert a quantum process into
a stochastic one, focuses on measurement times selected randomly from some
interval. While the average mixing time is known to be at most polynomially
faster than the classical mixing time [AAKVOT], no such result is known for the
instantaneous mixing time.

In this article, we analyze both the continuous-time and a discrete-time quan-
tum walk on the hypercube. In both cases, the walk is shown to have an instan-
taneous mixing time at (7w/4)n. Recall that the classical walk on the hypercube
mixes in time ©(nlogn), so the quantum walk is faster by a logarithmic factor.
Moreover, since /4 < 1 our results show that the quantum walk mixes in time
less than the diameter of the graph, and in fact in the continuous-time case the
probability distribution at ¢t = (w/4)n is exactly uniform. Both of these things
happen due to a marvelous conspiracy of destructive interference between terms
of different phase.

These walks show i.) a similarity between the two notions of quantum walks,
and ii.) a disparity between the two notions of quantum mixing times. As men-
tioned above, both walks have an instantaneous mixing time at time (7w/4)n.
On the other hand, we show that the average mixing time of the discrete-time
walk is £2(n®/?), slower than the classical walk, and that for the continuous-time
walk there is no time at which the time-averaged probability distribution is close
to uniform in the sense of [AAKVOT]. Our results suggest that for large graphs
(large compared to their mixing time) the instantaneous notion of mixing time
is more appropriate than the average one, since the probability distribution is
close to uniform only in a narrow window of time.

The analysis of the hypercubic quantum walk exhibits a number of features
markedly different from those appearing in previously studied walks. In particu-
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lar, the dimension of the relevant Hilbert space is, for the hypercube, exponential
in the length of the desired walk, while in the cycle these quantities are roughly
equal. This requires that interference be handled in a more delicate way than is
required for the walk on the cycle; in particular, the general bound of [AAKV0I]
yields an exponential upper bound on the mixing time for the discrete-time walk.

We begin by defining quantum walks and discussing various notions of mixing
time. We then analyze the two quantum walks on the hypercube in Sections

and 3]

1.1 Quantum Walks and Mixing Times

Any graph G = (V, E) gives rise to a familiar Markov chain by assigning prob-
ability 1/d to all edges leaving each vertex v of degree d. Let P!(v) be the
probability of visiting a vertex v at step t of the random walk on G starting at
u. If G is undirected, connected, and not bipartite, then lim;_,o, P} existd] and
is independent of u. A variety of well-developed techniques exist for establishing
bounds on the rate at which P! achieves this limit (e.g., [Vaz92]); if G happens
to be the Cayley graph of a group — as are, for example, the cycle and the hy-
percube — then techniques from Fourier analysis can be applied [Dia88]. Below
we will use some aspects of this approach, especially the Diaconis-Shahshahani
bound on the total variation distance [DS81].

For simplicity, we restrict our discussion to quantum walks on Cayley graphs;
more general treatments of quantum walks appear in [AAKVO1/FG9S].

Before describing the quantum walk models we set down some notation. For
a group G and a set of generators I" such that I' = I'"! let X(G,I") denote
the undirected Cayley graph of G with respect to I'. For a finite set S, we
let L(S) = {f : S — C} denote the collection of C-valued functions on S
with Y ¢ |f(s)|* = 1. This is a Hilbert space under the natural inner product
(flg) = > scs f(s) g(s)*. For a Hilbert space V, a linear operator U : V' — V is
unitary if for all v,w € V, (vlw) = (Uv|Uw); if U is represented as a matrix,
this is equivalent to the condition that UT = U~! where 1 denotes the Hermitian
conjugate.

There are two natural quantum walks that one can define for such graphs,
which we now describe.

The discrete-time walk: This model, introduced by [AAKVOIABNTO01!
NV00], augments the graph with a direction space, each basis vector of which
corresponds one of the generators in I". (Note that this labels the neighborhood
of each vertex of the Cayley graph in a consistent way.) A step of the walk
then consists of the composition of two unitary transformations; a shift operator
which leaves the direction unchanged while moving the particle in its current di-
rection, and a local transformation which operates on the direction while leaving
the position unchanged. To be precise, the quantum walk on X (G, I') is defined
on the space L(G x I') = L(G) ® L(I'). Let {6, | v € I'} be the natural basis
for L(I'), and {d4| g € G} the natural basis for L(G). Then the shift operator is

! In fact, this limit exists under more general circumstances; see e.g. [MR95].
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S (64 ®3,) = (847 ® 6,), and the local transformation is D = 1 ® D where D
is defined on L(I") alone and 1 is the identity on L(G). Then one “step” of the
walk corresponds to the operator U = DV. If we measure the position of the
particle, but not its direction, at time ¢, we observe a vertex v with probability

Py(v) =3 er U0 | 6, ® (5ﬂ,>|2 where ¢g € L(G x I') is the initial state.

The continuous-time walk: This model, introduced in [FG9§], works directly
on L(G). The walk evolves by treating the adjacency matrix of the graph as
a Hamiltonian and using the Schrédinger equation. Specifically, if H is the ad-
jacency matrix of X (G, I"), the evolution of the system at time ¢ is given by
Ut, where U = e (here we use the matrix exponential, and U? is unitary
since H is real and symmetric). Then if we measure the position of the particle
at time ¢, we observe a vertex v with probability P;(v) = |<Ut1/)0|5v>|2 where
1o is the initial state. Note the analogy to classical Poisson processes: since
Ut = et =1+ iHt + (iHt)?/2 + - - -, the amplitude of making s steps is the
coefficient (it)*/s! of H®, which up to normalization is Poisson-distributed with
mean ?.

Remark. In [CEGOI], the authors point out that defining quantum walks in
continuous time allows unitarity without having to extend the graph with a
direction space and a chosen local operation. On the other hand, it is harder to
see how to carry out such a walk in a generically programmable way using only
local information about the graph, for instance in a model where we query a
graph to find out who our neighbors are. Instead, continuous-time walks might
correspond to special-purpose analog computers, where we build in interactions
corresponding to the desired Hamiltonian and allow the system to evolve in
continuous time.

In both cases we start with an initial wave function concentrated at a single
vertex corresponding to the identity w of the group. For the continuous-time
walk, we have (¢9|d,) =1 if v = u and 0 otherwise. For the discrete-time walk,
we start with a uniform superposition over all possible directions,

(o] 8y @ 6.) 1/\/|T1fv—u

otherwise.

For the hypercube, u =0 = (0,...,0).

In order to define a discrete-time quantum walk, one must select a local
operator D on the direction space. In principle, this introduces some arbitrariness
into the definition. However, if we wish D to respect the permutation symmetry
of the n-cube, and if we wish to maximize the operator distance between D and
the identity, it is easy to show [MRO1] that we are forced to choose Grover’s
diffusion operator [Gro96] which we recall below. We call the resulting walk the
“symmetric discrete-time quantum walk” on the n-cube. (Watrous [Wat01] also
used Grover’s operator to define quantum walks on undirected graphs.)

Since Grover’s operator is close to the identity matrix for large n, one might
imagine that it would take Q(nl/ 2) steps to even change direction, giving the
quantum walk a mixing time of ~ n3/2, slower than the classical random walk.
However, like many intuitions about quantum mechanics, this is simply wrong.
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Since the evolution of the quantum walk is governed by a unitary operator
rather than a stochastic one, there can be no “stationary distribution” lim;_, . P;
unless P; is constant for all ¢. In particular, for any ¢ > 0, there are infinitely
many positive times ¢ for which ||U? — 1|| < € so that [|[U,, — ¢, ]| < € and Py is
close to the initial distribution. However, there may be particular stopping times
t which induce distributions close to, say, the uniform distribution, and we call
these instantaneous mizing times. (For bipartite graphs such as the hypercube,
the most we can hope for is that P, and P,y; are each close to uniform on the
vertices of odd and even parity, say, respectively; to mix on the entire graph we
can then flip a classical coin and stop at t or ¢ + 1.)

Definition 1. We say that t is an e-instantaneous mixing time for a quantum
walk if | P, — II|| < e, where ||[A— B|| = 1> |A(v) — B(v)| denotes total varia-
tion distance and II denotes the uniform distribution, or, in the case of bipartite
graphs, the uniform distribution on vertices of the appropriate parity.

For these walks we show:

Theorem 1. For the symmetric discrete-time quantum walk on the n-cube, t =
[k(m/4)n] is an e-instantaneous mizing time with € = O(n~7/%) for all odd k.

and, even more surprisingly,

Theorem 2. For the continuous-time quantum walk on the n-cube, t = k(w/4)n
s a 0-instantaneous mizing time for all odd k.

Thus in both cases the mixing time is ©(n), as opposed to ©(nlogn) as it is in
the classical case.

Aharonov et al. [AAKV01] define another natural notion of mixing time
for quantum walks, in which the stopping time ¢ is selected uniformly from
the set {0,...,T — 1}. They show that the time-averaged distributions Pp =
(1/T) tT:_Ol P; do converge as T — oo and study the rate at which this oc-
curs. For a continuous-time random walk, we analogously define the distribution
Pr(v) = (1/7) fOT P;(v) dt. Then we call a time at which Pr is close to uniform
an average mizring time:

Definition 2. We say that T' is an e-average mixing time for a quantum walk
if HPT — HH <€, where II denotes the uniform distribution.

In this paper we also prove a lower bound on the e-average mixing times for
the hypercube. For the discrete-time walk, it is even longer than the mixing time
of the classical random walk:

Theorem 3. For the discrete-time quantum walk on the n-cube, the e-average
mizing time is 2(n%/? /e).

This is surprising given that the instantaneous mixing time is only linear in n.
However, the probability distribution is close to uniform only in narrow windows
around the odd multiples of (7w/4)n, so Pr is far from uniform for significantly
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longer times. We also observe that the general bound given in [AAKV01] yields
an exponential upper bound on the average mixing time, showing that it is
necessary to handle interference for walks on the hypercube more carefully than
for those on the cycle.

For the continuous-time walk the situation is even worse: while it possesses
O-instantaneous mixing times at all odd multiples of (7/4)n, the limiting distri-
bution limy_,~, Pr is not uniform, and we show the following:

Theorem 4. For the continuous-time quantum walk on the n-cube, there exists
€ > 0 such that no time is an e-average mizing time.

Our results suggest that in both the discrete and continuous-time case, the in-
stantaneous mixing time is a more relevant notion than the average mixing time
for large, well-connected graphs.

2 The Symmetric Discrete-Time Walk

In this section we prove Theorem [[] We treat the n-cube as the Cayley graph
of Z% with the regular basis vectors e; = (0,...,1,...,0) with the 1 appearing
in the ith place. Then the discrete-time walk takes place in the Hilbert space
L(Z% x [n]) where [n] = {1,...,n}. Here the first component represents the
position « of the particle in the hypercube, and the second component represents
the particle’s current “direction”; if this is ¢, the shift operator will flip the ith
bit of x.

As in [AAKVOIINV00], we will not impose a group structure on the direction
space, and will Fourier transform only over the position space. For this reason, we
will express the wave function ¢ € L(Z} X [n]) as a function ¥ : Z3 — C", where
the ith coordinate of ¥(x) is the projection of ¢ into d ® d;, i.e. the complex
amplitude of the particle being at position @ with direction ¢. The Fourier trans-
form of such an element ¥ is ¥ : Z% — C", where ¥(k) = Y__(~1)*=¥(x).
Then the shift operator for the hypercube is S : ¥(z) — Y i m¥(x @ e;),
where e; is the i¢th basis vector in the n-cube, and m; is the projection operator
for the ith direction. The reason for considering the Fourier transform above
is that the shift operator is diagonal in the Fourier basis: specifically it maps
@ (k) — Sy ¥ (k) where

Sk

For the local transformation, we use Grover’s diffusion operator on n states,
D;; = 2/n — §;; where §;; is the identity matrix. The advantage of Grover’s
operator is that, like the n-cube itself, it is permutation symmetric. We use this
symmetry to rearrange Uy = S D to put the negated rows on the bottom,
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2/n—1 2/n
2/n 2/n—1 2/n
Uk = SkD = —2/n+1 —2/n
-2/n -2/n -2/n+1

where the top and bottom blocks have n — k and k rows respectively; here k is
the Hamming weight of k.

The eigenvalues of Uy then depend only on k. Specifically, Uy, has the eigen-
values +1 and —1 with multiplicity £k — 1 and n — k — 1 respectively, plus the
eigenvalues A, \* where

% 2 .
A=1- 202 k= k) = e
n n

and wy € [0, 7] is described by
. 2
coswp, =1——, sinwg=—+vk(n—k)
n n

Its eigenvectors with eigenvalue +1 span the (k — 1)-dimensional subspace con-
sisting of vectors with support on the & “flipped” directions that sum to zero, and
similarly the eigenvectors with eigenvalue —1 span the (n — k — 1)-dimensional
subspace of vectors on the n — k other directions that sum to zero. We call these
the trivial eigenvectors. The eigenvectors with eigenvalue A\, \* = e*™* are

v U*_L(i L)
R Tk Ve\vn—=k VE/
n—k k

We call these the non-trivial eigenvectors for a given k. Over the space of posi-
tions and directions these eigenvectors are multiplied by the Fourier coefficient
(-1)*®_ so0 as a function of = and direction 1 < j < n the two non-trivial
eigenstates of the entire system, for a given k, are

oo 272 y 1/VE if by =1
NG —i/y/n—Fk ifk;j =0

with eigenvalue e?’*, and its conjugate vy, with eigenvalue e Wk,

We take for our initial wave function a particle at the origin 0 = (0, ...,0) in
an equal superposition of directions. Since its position is a é-function in real space
it is uniform in Fourier space as well as over the direction space, giving ¥ (k) =
(2=7/2/\/n)(1,...,1). This is perpendicular to all the trivial eigenvectors, so
their amplitudes are all zero. The amplitude of its component along the non-
trivial eigenvector vy is

ar = (Tolvw) = 2\/; <\/§ - H) (1)

vk (,j) = (=1)
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and the amplitude of v} is aj. Note that |ag|> = 27" /2, so a particle is equally
likely to appear in either non-trivial eigenstate with any given wave vector.

At this point, we note that there are an exponential number of eigenvectors
in which the initial state has a non-zero amplitude. We observe below that for
this reason the general bound of Aharonov et al. [AAKV0I] yields an exponen-
tial (upper) bound on the mixing time. In general, this bound performs poorly
whenever the number of important eigenvalues is greater than the mixing time.

Instead, we will use the Diaconis-Shahshahani bound on the total variation
distance in terms of the Fourier coefficients of the probability [Dia88]. If P;(x)
is the probability of the particle being observed at position @ at time ¢, and IT
is the uniform distribution, then the total variation distance is bounded by

~ 2 n—1
p-npsy S [rwf =13 ()

k+#(0,...,0) k=1
k#(1,...,1)

~ ‘ 2

Py(k)

(2)

Here we exclude both the constant term and the parity term k = (1,...,1),
since as stated above we only ask that P, approaches I = 27!, i.e. becomes
uniform on the vertices of appropriate parity.

To find Py(k), we first need ¥; (k). As Nayak and Vishwanath [NV00] did for
the walk on the line, we start by calculating the ¢tth matrix power of Uy. This is

a+(=1) a
a a+(=1) c
t
Uk = )
—c b b—(—1)
where
— (=1t 1\t .
- coswit — (—1) b= coswit + (—1) Cand c= sin wyt
n—k k k(n —k)

Starting with the uniform initial state, the wave function after ¢ steps is

- 2-n/2 [k In—k
U, (k) = Tn (coswk.tJr p— sin wt, coswgt — i 3 Sinwkt) (3)

n—=k k

In the next two sections we will use this diagonalization to bound the average
and instantaneous mixing times as £2(n3/?) and ©(n) respectively.

2.1 Bounds on the Average Mixing Time of the Discrete-Time
‘Walk

In this section, we prove Theorem Bl To do this, it is sufficient to calculate the
amplitude at the origin. Fourier transforming Equation Bl back to real space at
x=(0,...,0) gives
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n

P (0) = 27 "/2 Z 7, (k) = % Z (Z) (coswkt, e coswkt)
k E=0

n

The probability the particle is observed at the origin after ¢ steps is then

P(0) = [,(0)]? = (2” i <Z> Coswkt>2.

k=0

Let k = (1—x)(n/2). For small x, k is near the peak of the binomial distribution,
and wy = cos™ !z = (7/2) — x + O(2?) so the angle  between wy, for successive
values of k is roughly constant, § = (2/n) + O(z?) leading to constructive in-
terference if 0t ~ 2m. Specifically, let t,,, be the even integer closest to mmn for
integer m. Then cos wyt,, = + cos(2rkm+O(x*mn)) = +(1—-O(2*m?n?)). By a
standard Chernoff bound, 27" 37, (1_,, /2 (1) = o(1) so long as x = w(n~'/2).
Let z = v(n)n~Y? where v(n) is a function that goes to infinity slowly as a
function of n. We then write

(14z)n/2

- n v(n)Sm?
P0)= [o(1) +27" > <k> (1 — O(z%m?n?)) :1—0<n)
k=(1—-z)n/2
which is 1 — o(1) as long as m = o(n'/?v(n)~3), in which case t,, =

o(n3?v(n)=3).

For a function v : Z% x [n] — C with ||¢||; = 1 and a set S C Z, we
say that v is c-supported on S if the probability € S is at least ¢, i.e.
> wes,den] (2, d)|> > ¢. The discussion above shows that v, is (1 — o(1))-
supported on {0} for appropriate t,, = mmn. Note that if ¢ is c-supported on
{0} then, since U is local, U*y must be (¢ — (1 — ¢) = 2¢ — 1)-supported on
the set Wy, of vertices of weight k. (The factor of —(1 — ¢) is due to potential
cancellation with portions of the wave function outside {0}.) In particular, at
times t,, + k, for |k| < n/2 —n, ¢, 4x is (1 — o(1))-supported on W, o_,. If
x = z(n) = w(y/n), then |W(1/2_5)n’ /2™ = o(1) and, evidently, the average
(1/T) ST P; has total variation distance 1 — o(1) from the uniform distribution
if T = o(n?/?). Therefore, for any ¢ > 0 the e-average mixing time is £2(n3/2).

Thus we see that in the sense of [AAKVQI], the discrete-time quantum walk
is actually slower than the classical walk. In the next section, however, we show
that its instantaneous mixing time is only linear in n.

We now observe that the general bound of [AAKVOI] predicts an average
mixing time for the n-cube which is exponential in n. In that article it is shown
that the variation distance between Pr and the uniform distribution (or more
generally, the limiting distribution limz_, ., Pr) is bounded by a sum over dis-
tinct pairs of eigenvalues,

2
e 0
Ai = A

0,5 8.6 N FEN

!
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where a; = (1g|v;) is the component of the initial state along the eigenvector v;.
(Since this bound includes eigenvalues \; for which a; = 0, we note using the
same reasoning as in [AAKVO0I] that it also holds when we replace |a;|* with
@]

For the quantum walk on the cycle of length n, this bound gives an aver-
age mixing time of O(nlogn). For the n-cube, however, there are exponentially
many pairs of eigenvectors with distinct eigenvalues, all of which have a non-zero
component in the initial state. Specifically, for each Hamming weight k there are
(2) non-trivial eigenvectors each with eigenvalue €** and e~**. These complex
conjugates are distinct from each other for 0 < k < n, and eigenvalues with
distinct k are also distinct. The number of distinct pairs is then

() w0 3 () -

k k' =

Taking |a;| = 27™/2/y/2 from Equation [ and the fact that |\; — ;| < 2 since
the A; lie on the unit circle, we see that Equation Bl gives an upper bound on the
e-average mixing time of size £2(2"/¢). In general, this bound will give a mixing
time of O(M /e) whenever the initial state is distributed roughly equally over M
eigenvectors, and when these are roughly equally distributed over w(1) distinct
eigenvalues.

2.2 The Instantaneous Mixing Time of the Discrete-Time Walk

To prove Theorem Mwe could calculate ¥, (z) by Fourier transforming P; (k) back
to real space for all . However, this calculation turns out to be significantly more
awkward than calculating the Fourier transform of the probability distribution,
P;(k), which we need to apply the Diaconis-Shahshahani bound. Since P;(x) =
U (x) ¥ (2)*, and since multiplications in real space are convolutions in Fourier
space, we perform a convolution over Z3:

Pi(k) =Y W(K) (ko k)
-

where the inner product is defined on the direction space, u-v = Z?:l u;v}. We
write this as a sum over j, the number of bits of overlap between k' and k, and
[, the number of bits of k" outside the bits of k (and so overlapping with k@ k').
Thus k' has weight j + [, and k @ k' has weight k — j + [.

Calculating the dot product ¥, (k') - ¥, (k @ k') explicitly from Equation Blas
a function of these weights and overlaps gives

r= 5 (3" )

j=0 1=0

coswj4it coswy—jyit + A sinw; it sinwy_j4qt

()

where
e COSW), — COSWjy] COSWh—jtl

sin Wi+l sin Whk—j+1
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The reader can check that this gives 1375(0) = 1 for the trivial Fourier component
where k = 0, and Py(n) = (—1)* for the parity term where k = n.

Using the identities cosa cosb = (1/2)(cos(a—b)+cos(a+b)) and sina sinb =
(1/2)(cos(a — b) — cos(a + b)) we can re write Equation[d as

k n—k
- 1 K\ (n—k 1-A 1+A) }
Pi(k) = — . —— ) coswit+ [——— ) cosw_t
k k

25 () ®

J

(e}

where wi = wjy; + wi—j4-

The terms cosw4-t in Y are rapidly oscillating with a frequency that increases
with ¢. Thus, unlike the walk on the cycle, the phase is rapidly oscillating every-
where, as a function of either [ or j. This will make the dominant contribution to
P;(k) exponentially small when ¢/n = 7/4, giving us a small variation distance
when we sum over all k.

To give some intuition for the remainder of the proof, we pause here to note
that if Equation [6] were an integral rather than a sum, we could immediately
approximate the rate of oscillation of Y to first order at the peaks of the bino-
mials, where j = k/2 and | = (n — k)/2. One can check that dwy/dk > 2/n and
hence dwy /dl = dw_/dj > 4/n. Since |A| < 1, we would then write

D 1 O CR(k (n—k 4ijt/n 4ilt/n
B(k)=0 sz(ﬂ)( z )(e + et/

which, using the binomial theorem, would give

1+ e4it/n

|- (|5

In this case the Diaconis-Shahshahani bound and the binomial theorem give

1 n 2t 2\ 2
P 2 < = Kk n—k
| P — I|I” < 1 E (k) (cos - + cos -

0<k<n

1 2t\ " 26\ "
< — {(2 cos? ) + (1 + cos? ) — 1}
2 n n

If we could take t to be the non-integer value (7/4)n, these cosines would be
zero and P; would be exactly uniform.

This will turn out to be essentially the right answer. But since Equation [l is
a sum, not an integral, we have to be wary of resonances where the oscillations
are such that the phase changes by a multiple of 27 between adjacent terms,
in which case these terms will interfere constructively rather than destructively.
Thus to show that the first-order oscillation indeed dominates, we have a signifi-
cant amount of work left to do. The details of managing these resonances can be

1+ e4it/n

k
=

n—=k
2t 2t
= cos® = + cos"F ) (7)
n n
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found in [MRO1]. The process can be summarized as follows: i.) we compute the
Fourier transform of the quantity Y in Equation[6], since the sum of Equation
can be calculated for a single Fourier basis function using the binomial theo-
rem; ii.) we bound the Fourier transform of Y using the method of stationary
phase for asymptotic integrals. The dominant stationary point corresponds to
the first-order oscillation, but there are also lower-order stationary points cor-
responding to faster oscillations; so iii.) we use an entropy bound to show that
the contribution of the other stationary points is exponentially small.

To illustrate our result, we have calculated the probability distribution, and
the total variation distance from the uniform distribution (up to parity), as a
function of time for hypercubes of dimension 50, 100, and 200. In order to do
this exactly, we use the walk’s permutation symmetry to collapse its dynamics
to a function only of Hamming distance. In Figure we see that the total
variation distance becomes small when ¢ = (7/4)n, even though this is less
than the diameter n of the graph. Since the vast majority of the vertices are a
Hamming distance n/2 away from the origin, it is possible for the total variation
distance to be small (even though it is not the case that P; differs by a ©(1)
multiplicative factor between any two vertices, a stronger notion of mixing).
What is more surprising, and what the “conspiracy of interference” gives us,
is that the probability distribution is close to uniform on a plateau across the
hypercube’s equator as shown in Figure

1
-170} ",
0.8 -180
-190f e,
o.6r NN\ e .,
N .
0.4 -210
-220
0.2
-230
0.2 0.4 0.6 0.8 1 50 100 150 200
(a) Variation distance at time ¢ as (b) Log, Probability as a function
a function of t/n. of Hamming weight.

Fig. 1. Graph (a) shows an exact calculation of the total variation distance after ¢ steps
of the quantum walk for hypercubes of dimension 50, 100, and 200, as a function of ¢/n.
At t/n = /4 the variation distance is small even though the walk has not had time to
cross the entire graph. This happens because the distribution is roughly uniform across
the equator of the n-cube where the vast majority of the vertices are located. Note
that the window in which the variation distance is small gets narrower as n increases.
Graph (b) shows the log, probability distribution on the 200-dimensional hypercube as
a function of Hamming distance from the starting point after 157 &~ (7 /4)n steps. The
probability distribution has a plateau of 271%° at the equator, matching the uniform
distribution up to parity.
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3 The Continuous-Time Walk

In the case of the hypercube, the continuous-time walk turns out to be par-
ticularly easy to analyze. The adjacency matrix, normalized by the degree, is
H(x,y) = 1/n if  and y are adjacent, and 0 otherwise. Interpreting H as the
Hamiltonian treats it as the energy operator, and of course increasing the en-
ergy makes the system run faster; we normalize by the degree n in order to keep
the maximum energy of the system, and so the rate at which transitions occur,
constant as a function of n.

The eigenvectors of H and U! are simply the Fourier basis functions: if
vk(x) = (=1)** then Hup = (1 — 2k/n)vg and Ut vy, = e*(1=2/") 4 where
we again use k to denote the Hamming weight of k. If our initial wave vector
has a particle at 0, then its initial Fourier spectrum is uniform, and at time ¢ we
have ¥, (k) = 2"/2 ett(1=38). Again writing the probability P as the convolution
of ¥ with ¥* in Fourier space, we have

P Z% k’ W*(k@k’ = Z eta |k®k'| k") /n
kl

We write this as a sum over all possible overlaps j between k" and k, and overlaps
I between k' and k @ k. Since k' = j +1 and |k @ k'| = k — j + [, this gives

1 k n—k o
D 2it(k—2j5)/n k
Pk = E e = cos"” — (8)

7j=01=0

We now prove Theorem Using Equation [§, the Diaconis-Shahshahani
bound on the total variation distance is

1P - 1P < iz (+)

At t = (7/4)n and its odd multiples, this gives a zero total variation distance,
showing that if we sample at these times the probability distribution is exactly
uniform. Note that this is possible even when ¢ < n since the continuous-time
walk has some probability for taking more than ¢ steps (and, in fact, paths with
different numbers of steps interfere with each other). Thus the continuous-time
walk has exactly the same instantaneous mixing time as the discrete-time one,
but with such a beautiful conspiracy of interference that every position has an
identical probability.

In fact, the continuous-time walk can be viewed as n noninteracting qubits
using the hypercube’s structure as a weak product graph [MRO1]. However, it is
interesting that the constant in front of the mixing time is exactly the same as
that for the symmetric discrete-time walk.

Flnally, we prove Theorem @ by considering the Fourier transform of Pp =
(1/T) Zt o P;. For the discrete-time walk, Equation [ shows that for k£ > 0,
the Fourier coefﬁment of Pr consists of a sum of oscillating terms proportional

n

~ 2 2t
Pt(k)’ —(1+0052n) -1
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to coswit. As T — oo, these oscillations cancel, so we are left with just the
constant term k£ = 0 and Pp indeed approaches the uniform distribution. For
the continuous-time walk, on the other hand, Equation [8 shows that the kth
Fourier coefficient of Pr approaches the average over t of cos® 2t/n. In fact, it is
equal to this average whenever T is a multiple of (7/2)n. For k odd this average
is zero, but for k even it is

1 2k

f/ dz cosFz =
™ Jo I(

Since these Fourier coefficients do not vanish, Py does not approach the uniform
distribution even in the limit 7" — oco. In particular, the Fourier coefficient of
Pr for k=2is

[SIESN

)? k!

1
2

~ 17 2t 1  sindT/n
Pr(2)== [ dtcos®> = =2 4+"""—
7(2) /0 cos” — =3 + ST/n 9)

This integral is minimized when T = 1.12335n, at which point JBT(Q) =

0.39138+. Since Prp(2) is bounded below by this, it is easy to show that the
total variation distance HPT - 11 H is bounded away from zero as a result. Thus
there exists € > 0 such that no e-average mixing time exists.
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Abstract. We investigate quantitative aspects of randomness in

two types of proof systems for NP: two-round public-coin witness-

indistinguishable proof systems and non-interactive zero-knowledge proof

systems. Our main results are the following:

e if NP has a 2-round public-coin witness-indistinguishable proof system
then it has one using ©(n® + log(1/s)) random bits,

e if NP has a non-interactive zero-knowledge proof system then it has
one using @(n + log(1/s)) random bits,

where s is the soundness error, n the length of the input, and € can be

any constant > 0. These results only assume that NP # average-BPP. As

a consequence, assuming the existence of one-way functions, both classes

of proof systems are characterized by the same randomness complexity

as BPP algorithms.

In order to achieve these results, we formulate and investigate the prob-

lem of randomness-efficient error reduction for two-round public-coin

witness-indistinguishable proofs and improve some of our previous results

in [I3] on randomness-efficient non-interactive zero-knowledge proofs.

1 Introduction

The class of languages NP is often defined in terms of a proof system between a
computationally unbounded prover and a polynomial-time bounded verifier. On
input string x, a candidate for membership to a language L, the prover computes
a witness w of size polynomial in |z|. The verifier, given w, can efficiently verify
that © € L. Several probabilistic variants of such proof system for NP have
been extensively studied in the literature: interactive proofs [24], interactive
zero-knowledge proofs [24], interactive witness-indistinguishable proofs [I8], non-
interactive zero-knowledge proofs [6lJ5], probabilistically checkable proofs [16],
multi-prover interactive proofs [3] etc. The use of random bits either by one or
both parties is a crucial ingredient of all these proof systems.

In this paper we concentrate on two types of probabilistic proof systems
for NP: non-interactive zero-knowledge (ZK) proof systems (first obtained by

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 179-193] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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[6]), and two-round public-coin witness-indistinguishable (WI) proof systems
(first obtained by [15]). In both proof systems, as for the definitional NP proof
system, the prover only sends a single message sent by the prover to the verifier.
In the first type, the additional ingredient is a public random string which helps
in computing and verifying the proof; furthermore, the prover convinces the
verifier that © € L with high probability and the verifier does not obtain any
additional information he could not compute before (this is the zero-knowledge
property). In the second type, an additional step is a random string sent by the
verifier to the prover before the prover’s message, which also helps in computing
and verifying the proof; furthermore, the prover convinces the verifier that « € L
with high probability and the verifier cannot tell which witness was being used by
the prover (this is the witness-indistinguishability property). Since randomness
seems essential in order to achieve both the zero-knowledge and the witness-
indistinguishability property, the two mentioned proof systems seem to work in
a minimal enough setting for extending the NP proof system in order to achieve
these properties. Then the question of how much randomness is essential to this
purpose comes out naturally.

In this paper we characterize both types of proof systems by showing that
any such proof system can be transformed into one of the same type which
only uses O(n° + log(1/s)) random bits, where n is the size of the instance,
s is the soundness error, and € can be any constant > 0. In the case of non-
interactive ZK, this performance is optimal (up to a constant) for typical values
of s (e.g., s = 27™) unless NP=RP; the same is true in the case of 2-round WI,
unless there exist 1-round WI proof systems, which is currently a very interesting
open question. Our transformations require the only additional assumption that
NP # average-BPP and apply to any language in NP. We also note that the
randomness complexity of the obtained proof system does not depend on the
polynomial describing the size of the verifying predicate for the language.

Previously, non-interactive ZK proof systems for NP-complete languages have
been proposed in [BI6I172729|8I12/13] and all had much larger randomness com-
plexity, depending on the polynomial describing the size of the verifying predicate
for the language, with the only exception of [13], who presented a proof system
using ©(nf+log(1/s)) random bits, based on a specific intractability assumption
(hardness of deciding quadratic residuosity). We improve the latter proof system
on two counts: by reducing the assumption to just NP # average-BPP, and by
allowing our proof system to enjoy the same randomness complexity even when
satisfying adaptive soundness (which was not achieved by [13]).

The only previous 2-round WI proof systems have been proposed in [I5],
based on non-interactive ZK proof systems or approximate verifiable pseudo-
random generators. By combining it with results from [I3], their best proposed
proof system can be shown to achieve randomness complexity ©(n® - log(1/s)),
assuming the hardness of deciding quadratic residuosity. We improve this proof
system by reducing both the randomness and the strength of the complexity
assumption.
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Our main tools are randomness-efficient error reduction techniques, previ-
ously studied for applications to BPP algorithms (in particular, we use [9/1]),
to Arthur-Merlin proofs [2], and to non-interactive ZK proofs [13]. In partic-
ular, we study the problem of randomness-efficient error reduction for non-
interactive WI proof systems and 2-round WI proof systems. We also present
a new randomness-efficient technique for achieving adaptive soundness in non-
interactive zero-knowledge proof systems.

Several formal definitions and proofs are omitted for lack of space.

2 Definitions

We recall notions and definitions useful for the rest of the paper, including
formal definitions for combinatorial hitting set generators, two-round public-
coin witness-indistinguishable proof systems, and non-interactive zero-knowledge
proof systems.

Randomness-efficient error reduction. The problem of error reduction for
BPP algorithms consists of reducing the probability that the algorithm errs in
deciding whether an input z is in the given language L or not, from a constant
(e.g., 2/3) to an arbitrarily small value (e.g., 27% for any k). A simple way to
achieve this is to perform repeated executions of the original algorithm using
uniformly and independently distributed random bits each time and then taking
the majority of the outcomes. The problem of randomness-efficient error reduc-
tion for BPP algorithms consists of reducing the error by saving on the amount
of random bits used with respect to the mentioned simple approach. Several in-
teresting randomness-efficient error reduction techniques have been given in the
literature [281B5933TIT0/26/20037], culminating in the unconditional result that
any BPP algorithm can be modified into one that, on input an n-bit instance,
can achieve error §, using only ©(m+log(1/4)) random bit (here, m is the num-
ber of random bits used by the original BPP algorithm obtaining constant error
and can be reduced to n¢, for any € > 0, by assuming the existence of pseudo-
random generators or one-way functions). Most of the mentioned techniques are
based on some generators which we abstract under the name of “combinatorial
hitting set generators” (for lack of a better name), and that we formally define
below.

Definition 1. Let a,b, k be positive integers and ¢ € {0, 1}. We say that a func-
tion G : {0,1}* — {0,1}*" is an (a, b, k, §)-combinatorial hitting set generator if
and only if for any set S C {0,1}°, |S| > 2b~1 it holds that

Prob[s«{0,1}%; (y1,...,yx) < G(s) : y; € Stori=1,...,k] <.
where |y;| =b, for i =1,... k.

We will use the following two combinatorial hitting set generators.
The first, given in [9], uses pairwise independent functions, and achieves
parameters (2b,b,0(1/6),4), for any positive integer b and any ¢ > 0.
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The second, given in [1] and further studied in [10J26l20], uses ran-
dom walks on explicitly constructed expanders, and achieves parameters (b +
O(log(1/6)),b,0(log(1/4)), ), for any positive integer b and any & > 0. We note
that explicitly constructed expanders are available from the literature (see, e.g.,
[19/3034]).

NP, Interactive and non-interactive proof systems. The class NP is often
defined in terms of a proof system: on input an instance x to a language L, a
prover computes a witness w certifying that € L and sends w to a verifier who
can verify in polynomial time that x € L.

Interactive proof systems were originally introduced in the seminal paper
[24]. In an interactive proof system the prover and the verifier are modeled as
interactive and probabilistic Turing machines, the latter running in polynomial
time. An execution of the proof system consists of polynomially many rounds
of interaction, during which the prover tries to convince the verifier that their
common input x belongs to L; at the end of the interaction the verifier decides
whether to accept or reject. An interactive proof system satisfies two require-
ments: completeness and soundness. Completeness states that if = belongs to
L, at the end of the interaction with the prover, the verifier accepts with high
probability. Soundness states that for any x not in L, the probability that any
prover, can interact with the verifier and make the verifier accept, is very small.
An interactive proof system is called public-coin if the verifier’s messages only
consist of random bits. A 2-round interactive proof system consists of a single
message sent by the verifier, followed by a single message sent by the prover.

Non-interactive proof systems were originally introduced and studied by [6]
B, in the so-called “public random string model”. In this model all parties have
access to a short public random string, and the proof consists of a single message
sent by the prover to the verifier. A non-interactive proof system for a certain
language L is a pair of algorithms, a prover and a verifier, the latter running
in polynomial time, such that the prover, on input string x and the public ran-
dom string, can compute a proof that convinces the verifier that the statement
‘x € L’ is true. Such proof systems satisfy two requirements: completeness and
soundness. Completeness states that if the input x is in L, with high probability,
the proof computed by the prover makes the verifier accept. Soundness states
that for any x not in L, the probability that any prover, given the reference
string, can compute a proof that makes the verifier accept, is very small.

Zero-Knowledge and Witness-Indistinguishability. In both interactive
and non-interactive proof systems, at the end of the interaction, the verifier
might be able to compute additional information other than the fact that the
theorem is true. The notion of zero-knowledge [24] formalizes the property for a
proof system of not revealing any additional information to a verifier other than
the only fact that the theorem is true. The notion of witness-indistinguishability
[18] formalizes the property for a proof system for a language in NP of not re-
vealing which witness the prover is using while convincing the verifier that the
theorem is true. We will use in the sequel parameterized versions of both notions,
as follows. A non-interactive ZK proof system with parameters (1, s,7(s,n)) is a
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non-interactive ZK proof system where the completeness error is 0, the soundness
error is s, and the length of the reference string is r(s,n), where n is the length
of the common input. Similarly, a 2-round public-coin WI proof system with pa-
rameters (1, s,7(s,n)) is a 2-round public-coin WI proof system where the com-
pleteness error is 0, the soundness error is s, and the length of the random string
sent by the verifier is (s, n), where n is the length of the common input. We also
define zaps [15], which are 2-round public-coin WI proof systems with special
soundness and witness-indistinguishable properties (specifically, the soundness is
adaptive in the sense that a cheating prover is allowed to choose a false theorem
after seeing the reference string, and the witness-indistinguishability holds for
any string sent by the possibly cheating verifier) .

Pseudo-Random Generators. Pseudo-random generators were introduced in
[7]. Since then, they have been very often applied for minimizing randomness in
algorithms and as atomic tools in proof systems and cryptographic protocols.
Informally, a pseudo-random generator is a deterministic function that, given
as input a short seed of random bits, returns an output polynomially longer
than the seed, and such that the output is polynomially indistinguishable from
a truly random string of the same length. In the sequel, we will denote as (a, b)-
pseudo-random generator a pseudo-random generator with domain {0,1}* and
codomain {0,1}", where a < b and b =poly(a).

Commitment Schemes. A commitment scheme [4] is a very popular crypto-
graphic protocol, having several applications in the construction of proof sys-
tems and of more elaborated cryptographic protocols. We will use commitment
schemes that are non-interactive and are executed in the public random string
model. Informally, a non-interactive commitment scheme (C,R) in the public-
random-string model is a two-phase protocol between two probabilistic polyno-
mial time parties C and R, called the committer and the receiver, respectively,
such that the following is true. In the first phase (the commitment phase), given
the public random string ¢, C commits to bit b by computing a pair of keys
(com, dec) and sending com (the commitment key) to R. Given just o and the
commitment key, the polynomial-time receiver R cannot guess the bit with prob-
ability significantly better than 1/2 (this is the hiding property). In the second
phase (the decommitment phase) C reveals the bit b and the key dec (the decom-
mitment key) to R. Now R checks whether the decommitment key is valid; if not,
R outputs a special string 1, meaning that he rejects the decommitment from
C; otherwise, R can efficiently compute the bit b revealed by C and is convinced
that b was indeed chosen by C in the first phase (this is the binding property).

The scheme in [31] can be made non-interactive in the public random string
model. C and D use an (r,3r)-pseudo-random generator G, for some security
parameter r, and a public random string R of length 3r. In order to commit
to a bit b, computes com = G(seed) if b = 0 or com = G(seed) @ R if b = 1,
and dec = seed, where seed € {0,1}" is uniformly chosen. Note that if |R| =
|com| = 4r, then this scheme can use the same R to compute commitments to
polynomially many bits.



184 A. De Santis, G. Di Crescenzo, and G. Persiano

3 Randomness-Efficient Error Reduction Preserving WI,
ZK

In this section we discuss the conditions under which randomness-efficient error
reduction techniques can preserve the properties of witness-indistinguishability
and zero-knowledge, both for non-interactive and for 2-round proof systems.

With respect to witness-indistinguishability, we obtain that all combinatorial
hitting set generators satisfying a certain condition preserve this property for
non-interactive proof systems and they can be modified so that they preserve
this property for 2-round proof systems. The condition, which we formally define
later, is satisfied by many generators in the literature.

With respect to zero-knowledge, we know from [T3] that no combinatorial hit-
ting set generator in the literature is known to preserve this property but all of
them can be combined with known techniques based on the existence of one-way
functions so that they preserve this property for non-interactive proof systems.
Here we combine the result in [I3] with the technique in [9] to obtain low-
randomness constant-error proof systems for proving a (fixed) polynomial num-
ber of theorems. These will be useful for later constructions of low-randomness
non-interactive ZK proof systems for NP.

We define a property of combinatorial hitting set generators in Sec-
tion Bl and then study randomness-efficient error reduction techniques for
non-interactive WI proof systems in Section B2l 2-round WI proof systems in
Section B.3, and non-interactive ZK proof systems in Section 3.4

3.1 A Property of Combinatorial Hitting Set Generators

Informally, the property we require in the following definition is that, given a
random value z, it is possible to efficiently reconstruct a k-tuple that is a valid
output of the combinatorial hitting set generator, and that contains z as any
component of the k-tuple output.

Definition 2. An (a,b, k,d)-combinatorial hitting set generator G, is recon-
structible if, there exists an efficient probabilistic algorithm R such that, for
any ¢ = 1,...,k, the two distributions D{, D; are equal, where

D(Z) = {Z<_{O?1}b;(S/7y1""7yk)<_R(1k’Z7i) : (S/;yh'"7yi—17zayi+17"'7yk)}7
Dy ={s<{0,1}* (y1,.--,ux) < G(3) : ($;91,---,Yr)}-

We can show the following
Lemma 1. The combinatorial hitting set generators in [9/I] are reconstructible.

Proof. The generator G in [9] is based on pairwise independent functions over
field GF[2°], for some positive integer b, and is a combinatorial hitting set gener-
ator with parameters (2b,b,0(1/0), ), for any positive integer b and any § > 0.
Specifically, G is defined as is G(1¥,¢,d) = (y1,-..,yx), where y; = c-i + d for



Randomness-Optimal Characterization of Two NP Proof Systems 185

all i = 1,...,k, k = ©6(1/9), ¢,d are random field elements and the arithmetic
is over GF[2°]. In order to show that G is a reconstructible generator, we de-
fine algorithm R as follows. On input 1%, z, i, R randomly chooses ¢, d such that
c-i+d=zand thensets y; =c-j+d, for j =1,...,k. It is easy to show that
the distribution of the output of R is the same as the distribution of the input-
output pair of G. The generator G in [I] is based on random walks on explicitly
constructible expanders. Specifically, G uniformly chooses a starting node and
then returns all nodes (including the starting one) visited while performing a k-
step random walk on the expander. In order to show that G is a reconstructible
generator, we define algorithm R as follows. Algorithm R uniformly chooses a
starting node z, sets y; = z, and returns all nodes visited while performing an
(i — 1)-step backward random walk starting from z and a (k — i)-step forward
random walk starting from z. Now we need to show that the output of R and
the input-output pair of G are equally distributed. This can be proved by using
the fact that an expander is a regular graph, and the fact that the distribution
of a node obtained by performing a random step backward or forward from a
uniformly chosen node is again uniform. O

3.2 Error Reduction for Non-interactive WI Proofs

We show that reconstructible combinatorial hitting set generators are sufficient
to give a randomness-efficient error-reduction for non-interactive WI proof sys-
tems. In particular, we obtain the following

Theorem 1. If there exists a non-interactive WI proof system for a language
L with parameters (1,1/2,r), then there exist two non-interactive WI proof
systems for L with the following parameters:

1. (1,1/k,2r), for any positive integer k;

2. (1,0, + ©(log(1/9))), for any § > 0.

Proof. Let CHSG : {0,1}* — {0,1}** be a combinatorial hitting set generator
with parameters (a, b, k, §) (to be set later). Also, denote by (A,B) the assumed
non-interactive WI proof system for L with parameters (1,1/2,7), and con-
sider the following non-interactive WI proof system (P,V) for L with parameters
(1,0,7") (to be set later).
The Proof System (P,V):
1. P and V share common input x and a reference string o of 7’ bit
2. P has as additional input a witness w for x
3. P and V compute (y1,...,yx) = CHSG(o) for some k (to be set later)
4. For i =1,...,k, P runs algorithm A on input x and witness w and using
y; as a reference string thus obtaining proof 7;
5. P sends (my,...,m) to V
6. V uses algorithm B to verify that proofs 71,..., 7 are accepting on refer-
ence strings y1, ..., Yk, respectively; if so, P accepts; otherwise P rejects.
We can show that (P,V) is a non-interactive WI proof system for L with parame-
ters (1,1/k,2r) for any k, if CHSG is the generator from [9], or with parameters
(1,9, 7+ O(log(1/4))), for any 6 > 0 if CHSG is the generator from [IJ. O
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3.3 Error Reduction for 2-Round WI Proofs

If in the protocols given by Theorem [I], the random string is sent by the verifier
to the prover (rather than being publicly available), we obtain analogue claims
on randomness-efficient error reduction for zaps.

By combining combinatorial hitting set generators with a technique in [15],
we can prove a stronger theorem, by assuming that the original proof system is
only a non-interactive WI proof system. We obtain the following

Theorem 2. If there exists a non-interactive WI proof system for language
L with parameters (1,1/2,r), then there exist a zap for L with parameters
(1,8,0(r 4+ log(1/4))), for any ¢ > 0.

Proof. We use a non-interactive WI proof system for L (A,B) with parame-
ters (1,1/2,7), and the combinatorial hitting set generator from [I], denoted
as CHSG : {0,1}% — {0,1}**, with parameters slightly different than before;
namely, (O(r + log(1/9)),r, O(r 4+ log(1/0)),0 - ©(27 7)), for any § > 0 (we note
that we will not use the fact that this generator is reconstructible). We define
the following 2-round public-coin WI proof system (P,V) for L with parameters
(1,8,7") (to be set later).
The Proof System (P,V):
1. Let x be the input such that P wants to convince V that ‘x € L’ and let
w be P’s witness for z
2. V sends to P a random string o of length v = O(r + log(1/9))
3. P and V compute (yi,...,yx) = CHSG(o) for k = O(r + log(1/4))
4. P uniformly chooses a string v € {0,1}"
5. For i =1,...,k, P runs algorithm A on input z and witness w and using
v @ y; as B’s message, thus obtaining proof m;
6. P sends (my,...,m) to V
7. V uses algorithm B to verify that proofs 7, ..., 7, are accepting on refer-
ence strings y1, ..., Yk, respectively; if so, P accepts; otherwise P rejects.
We can show that (P,V) is a zap for L with parameters (1,5, ©(r + log(1/4))),
for any § > 0. ad

3.4 Error Reduction for Non-interactive ZK Proofs

We first recall a theorem from [I3] and then present one corollary for proving a
(fixed) polynomial number of theorems with a constant-error proof system, that
will be used later in our constructions.

Theorem 3. [13] Let s be a function, let ¢ € {0,1}, and let L be an NP-
complete language and assume the existence of one-way functions. If L has a
non-interactive ZK proof system (A,B) with parameters (1,1/2,7(1/2,n)) and
A runs in time polynomial in n given a polynomial-size witness, then L has
a non-interactive ZK proof system (P,V) with parameters (1,s,7(1/2,p(n)) +
O(log(1/s))), for some polynomial p.
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The above theorem was obtained in [13] by wusing a (n°+ © (log
(1/s)),nc, O(log(1/s)), s)-combinatorial hitting set generator. By replacing this
generator with one with parameters (2n¢,n¢,©(1/s), s) (such as the one in [9]),
we obtain the following

Corollary 1. Let k be a polynomial, let L be an NP-complete language and
assume the existence of one-way functions. If L has a non-interactive ZK proof
system with parameters (1,1/2,7(1/2,n)) and A runs in time polynomial in
n given a polynomial-size witness, then L has a non-interactive ZK proof sys-
tem with parameters (1,1/2,2r(1/2,p(n))), for proving k(n) theorems, for some
polynomial p, where n is the size of the theorems proved.

4 Low Randomness Proof Systems for NP

In this section we present our main constructions of two low-randomness proof
systems for any language in NP. We present a preliminary protocol in Section [£.2]
that is ‘almost’ a non-interactive ZK proof system with constant error sound-
ness (it satisfies completeness and zero-knowledge but only a weak version of
soundness). Then, by reducing the soundness error of this construction with the
randomness-efficient error-reduction techniques in Section [3, we obtain our two
main results. We also discuss the optimality of the number of random bits used
by both proof systems.

4.1 A Preliminary Protocol

As a preliminary protocol to be later combined with the randomness-efficient
techniques in Section [Bl we could design a non-interactive ZK proof system
for an NP-complete language with parameters (1,1/2,60(n)), for any € > 0,
and only assuming the existence of a one-way function, and then directly apply
these techniques. Instead, we design a preliminary protocol which only uses
O(n¢) randomness, satisfies completeness and zero-knowledge, but only satisfies
a weak version of soundness (roughly speaking, soundness holds only with respect
to provers who choose certain commitments honestly). The application of the
techniques in Section Bl will take care of a randomness-efficient reduction of the
soundness error with respect to any prover. With this different approach we
obtain better randomness complexity (improved by a large constant), better
communication complexity (improved by a linear factor) and greater simplicity
of the overall construction.

We now present a transformation from an arbitrary non-interactive WI proof

system for an NP-complete language L into a zero-knowledge protocol using
very small randomness. Fix a constant € > 0; then our transformation uses the
following tools:
e a non-interactive WI proof system (A,B) for L with parameters (1,s,r(s,n));
e a combinatorial hitting set generator CHSG with parameters
(2nf,n,0(1/s),s) (this can be obtained by using the generator in
[9));
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e an (n,4n)-pseudo-random generator PRG, where €y > 0 can be set to an
arbitrary constant. (This can be based on any one-way function using the
result in [25].)

e a non-interactive commitment scheme (C,R) using n random bits to commit
to any polynomial number of bits. (This can be based on any pseudo-random
generator using the construction in [31], reviewed in Section 2] and therefore
on any one-way function using the result of [25].)

e a standard polynomial time reduction from NP-complete languages ([21]).

An informal description. In order to avoid using randomness proportional to

the polynomial describing the size of the predicate which on input instance x,

and witness w, verifies that x € L, we reduce proving the original statement to

proving polynomially many smaller statements whose size only depends on the

security parameter (which can be set equal to n€¢, for any € > 0). Assume for a

moment that we can do this reduction; then, proving each of these statements can

be done very efficiently, but we are left with the problem of proving all of these
statements efficiently. This problem is solved by using the hitting set generator

CHSG and its returned strings as reference strings for proving all these state-

ments with constant soundness error (note that the zero-knowledge property is

preserved because we use the techniques underlying Theorem[3 and Corollary [II).

Therefore, it only remains to describe how proving the statement x € L is effi-

ciently reduced to proving polynomially many smaller statements. First, prover

and verifier reduce the statement (z € L)V (a portion of ¢ is pseudorandom)
to a 3SAT instance ¢ using known witness-preserving polynomial-time reduc-
tions (here, we use the techniques of [14/17] which also plays an important role
in the application of Theorem [B] and Corollary [[l). Then the prover computes
a commitment to the truth values of all literals in ¢ (this step requires only
n® random bits to commit to polynomially many bits if we use, for instance,
the scheme in [31]). Finally the prover proves that the committed bits are con-
sistent (namely, all pairs of commitments to (I;,—l;) hide bits (b;, 1 — b;), for
some b; € {0,1}), and that the committed bits satisfy the formula (namely, each
triple of commitments to literals in each clause hides at least one bit equal to

1). Proving these statements is reduced to proving equivalent statements for the

NP-complete language L and using the original proof system (A,B). Note that

now the size of each of these statements only depends on the security parameter

of the commitment scheme and not on the polynomial describing the size of the

verifying predicate for L.

Formal description. We denote by (P,V) the proof system for L obtained using
the following transformation.

Input to P: witness w for instance x;
The proof system (P,V): On input an n-bit instance x and a reference string
0 = 01009003, where |o1]| = 2n¢, |o9| = 3n€, and |os| = 27(1/2,p(n)), for some
p specified later, P and V do the following.
P and V: Let T,, = ‘3r; € {0,1}™ such that oy = PRG(r;)’; reduce state-
ment ‘(z € L)VT,,’ to statement ‘¢ € 3SAT”; let p; be such that |¢| < p1(n)
and let ¢ be the assignment satisfying ¢ thus obtained.
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P and V: Let (031, ...,03;) = CHSG(03), for k < p1(n)® + p1(n);

P.1: Compute commitment/decommitment keys (comy,dec;) for bit ¢(1), for
each literal [ in ¢, using scheme (C,R) on a single reference string oq. Send
comy to V, for each literal [ in ¢.

P.2: For each variable T; in o, let VT; =
‘J decy,,deci g, s.t. R(og,comy,,dec,,) = 1,R(02,comy,,dec,,) =
1,decy, # deci_g,’, and reduce statement VT; to ‘vz; € L.

P.3: For each clause ¢; = (I1 VI Vi3) in ¢, let CT; = ‘3 decy, , decy,, decy, s.t.
R(o3a,comy,,decy,) =1, R(o2, comy,, decy,) = 1, R(og, comy,, dec,) = 1, and
(dec;, = 1)V (decy, = 1) V (dec;; = 1)’; reduce statement ‘T, V CT;’ to
statement ‘cz; € L’; let pa(n) be such that |vz;| < pa(n) and |cz;| < pa(n)
for all ¢, j.

P and V: In the following steps use proof system (A,B) with parameters
(1,1/2,7(1/2,p(n))), where p = py is a polynomial such that |vz;| < p(n)
and |cz;| < p(n) for all 4, j.

P.4: For all statements vz;, compute proofs 7(vz); using algorithm A and o3;
as a reference string and send 7(vz); to V.

P.5: For all statements cz;, compute proofs m(cz), using algorithm A and o3;
as a reference string; send 7(cz); to V.

V.1: Given commitment keys com; for each literal [ in ¢, perform the same
reductions done by P in steps P.2 and P.3 above, thus obtaining statements
vz; € L and cz; € L.

V.2: Verify that proofs m(vz),;, m(cz); are accepting by using algorithm B and
03i, 035 as reference strings, respectively, for i = 1,...,p1(n) and j = p1(n)+
1,...,p1(n) + pi(n)3. If all verifications are satisfied then accept else reject.

First of all we consider the randomness complexity of (P,V). By setting poly-
nomial p as done in (P,V), and ¢y such that r(1/2,p(n)) = ©(n) (note that p
depends on €p), we see that the length of the reference string used by (P,V) is
O(n). We now note that the proof system (P,V) satisfies the requirements of
completeness, (weak) soundness and zero-knowledge. The completeness follows
immediately from the completeness of (A,B). For the (weak) soundness, assume
that © ¢ L and consider the class of provers that compute the commitments
com; honestly. Then we can apply Corollary [l with k(n) = p1(n)3 + p1(n) and
obtain that the error probability of (P, V) is at most 1/2. For the zero-knowledge,
the proof requires no further technical complication than the proof in [I3]; in
particular, note that since we are using the technique of [I7], a simulator can
generate a pseudo-random o7 and have an assignment for formula ¢, and then
carry out the rest of the simulation by actually running the prover’s algorithm.

4.2 Randomness Optimal Non-interactive ZK for NP

By properly composing the protocol in Section[Z]], with the randomness-efficient
error reduction technique in Theorem [I we obtain the following

Theorem 4. Let L be a language in NP. If there exists a non-interactive ZK
proof system for L with parameters (1, s,7(s,n)) and there exist one-way func-
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tions then for any € > 0 there exists a non-interactive ZK proof system for L
with parameters (1, s, ©(nc + log(1/s))).

Proof. Tt is enough to prove the theorem for an NP-complete language L', since,
after a standard polynomial-time reduction, the size of an instance to an arbi-
trary NP language and the size of an instance to the NP-complete language are
polynomially related, and therefore we can obtain analogue randomness com-
plexity (since the dependency of the randomness complexity as a function of the
instance size n is @(n¢) for any ¢ > 0).

The composition. We consider protocol (P,V) in Section for L’ and apply
the error reduction procedure of Theorem [ to the proofs computed in steps
P.4 and P.5, by using the reconstructible combinatorial hitting set generator of
[1] with parameters (©(n€ +log(1/9)), ©(n°), O(nc +1log(1/d)),d). Note that we
have increased the number of strings output by this generator by a factor ©(n°).

Properties. We are adding a random string of length ©(nc+log(1/§) to the length
of the random string used by (P,V), and therefore the total randomness used is
O(nc 4 log(1/6)). Completeness follows from the completeness of (P,V). Zero-
knowledge follows from the zero-knowledge of (P,V), and the result in Theorem []
saying that witness-indistinguishability is preserved by the reconstructible gen-
erator in [I]. Now we see that the soundness error is §, with respect to any prover.
First of all we note that for each of the p;(n)3 + p;1(n) proofs computed by P, a
prover has at most 297 choices of the statement vt; or ct;, since each of them
contains at most 3 commitments, each of length at most n3¢° random bits. On
the other hand, we are using a generator which decreases the error from 1/2 to
2-0(n"+log(1/9)). therefore, by proper choices of constants, the overall soundness
error is at most (py(n)3 + pi(n)) - 297 . 2O +log(1/9)) < 5,

On the assumptions of Theorem [4. We note that our transformation is
based on the assumption of the existence of any one-way function. However, we
can apply results from [32] to further weaken this assumption. Specifically, [32]
prove that any zero-knowledge proof system for a language not in average-BPP
implies the existence of a one-way function (their proof is, in fact, particularly
simplified in the case of non-interactive zero-knowledge proof systems). Then we
can strengthen Theorem ] by replacing the assumption of existence of one-way
function with the assumption that NP # average-BPP. Alternatively, by using
another result from [32], we can replace the assumption of the existence of a
one-way function with that of the existence of a language in NP that is hard
(i.e., not in BPP) for all sufficiently large instances.

Optimality. We note that a result of [22] can be rephrased by saying that only
RP languages have non-interactive ZK proof systems having soundness error
s =0.If s > 0, it is easy to prove a lower bound of log(1/s) on the number of
random bits of the reference string of any such proof system (or otherwise the
soundess property can be contradicted). Therefore, if s < 2—n" (which includes
the typical case s = 27™), the number of random bits used by our proof system
is optimal (up to a constant) unless NP is in RP.
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4.3 Randomness-Optimal 2-Round WI for NP

Similarly as for non-interactive ZK, we properly compose the protocol in Sec-
tion T with a randomness-efficient error reduction technique (for a stronger
result, only assuming the existence of a non-interactive ZK proof system, we can
combine it with the technique from Theorem [2). We obtain the following

Theorem 5. Let L be a language in NP. If there exists a zap for L with param-
eters (1,s,7(s,n)) then for any € > 0 there exists a zap for L with parameters
(1,5,0(n° + log(1/s)).

The proof of this theorem proceeds analogously to that of Theorem [l

Optimality. If the soundness error s of a zap is > 0, then it is easy to prove
a lower bound of log(1/s) on the number of random bits sent by the verifier in
any such proof system (or otherwise the soundess property can be contradicted).
Therefore, whenever s < 27" (which includes the typical case s = 27"), the
number of random bits used by our proof system is optimal (up to a constant)
among 2-round proof systems unless NP is in RP. We note however that given
the current state of the art, it is unknown whether 1-round WI proof systems
with soundness error s = 0 exist. We consider settling this question an interesting
open problem.

5 Efficient Adaptive Soundness and Other Applications

A technique used in our results can also be used to efficiently achieve adap-
tive soundness. Let us first recall this notion (introduced and called ‘strong
soundness’ in [5]). The property of adaptive soundness in proof systems in the
public random string model consists of requiring that the proof system is sound
even against cheating prover who choose false statements based on the reference
string. More formally, an adaptively-sound non-interactive ZK proof system in
the public random string model is defined as a non-interactive ZK proof system,
where the soundness requirement is replaced by the following:

2’: Adaptive Soundness. For all algorithms P’, it holds that

Prob[o+{0,1}"; (z, Proof)+ P': x ¢ L and V (o, z, Proof) = 1] < s.

We note that the only known way to achieve adaptive soundness is to start with
a proof system (A,B) satisfying ordinary soundness with parameters (1,1/2,r),
and obtain a proof system (C,D) by running n+ 1 independent executions of the
original proof system, where n is the size of the input. The soundness error is
then 27"~ for a fixed choice of the input, and 27 -27"~! = 1/2 for any possible
choice. The proof system of (C,D) has then parameters (1,1/2,nr).

A better technique would be to apply Theorem Blto proof system (A,B). As
a consequence, the resulting protocol would have parameters (1,1/2,0(n +1)).

We abstract our technique used for the proof system (P,V) in Section ET}
First, we reduce an n-bit statement to polynomially-many n®-bit statements and
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then we prove all these statements on reference strings obtained using the hitting
set generators of [9] and [I]. Using this technique, the resulting protocol would
have parameters (1,1/2,0(nc +r)).

Other than adaptive soundness, additional requirements to the definition of
non-interactive ZK proof systems have been presented in the literature, mo-
tivated by cryptographic scenarios, such as adaptive zero-knowledge [17], non-
malleability [36], and robustness [11]. We note that our techniques immediately
extend to satisfy all of these requirements with only constant overhead in the
randomness complexity, by combining them with the techniques in [I736/11].

We also note that we only focused on reducing the public randomness for
non-interactive ZK proof systems or the randomness of the verifier for 2-round
WI proof systems, ignoring the randomness of the prover, since the latter can
always be reduced by the prover using pseudo-random bits instead of random
ones.
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Abstract. Unlike other complexity measures such as deterministic and
nondeterministic time and space, and non-uniform size, it is not known
whether probabilistic time has a strict hierarchy. For example, as far as
we know it may be that BPP is contained in the class BPtime(n). In
fact, it may even be that the class BPtime(n'°®™) is contained in the
class BPtime(n).

In this work we prove that a hierarchy theorem does hold for “slightly
non-uniform” probabilistic machines. Namely, we prove that for every
function a:N — N where loglogn < a(n) < logn, and for every constant
d>1,

BPtime(nd)/a(n> g BPP/a(n>

here BPtime(t(n))/q(n) is defined to be the class of languages that are
accepted by probabilistic Turing machines of running time ¢(n) and de-
scription size a(n). We actually obtain the stronger result that the class
BPP/ o5105n is not contained in the class BPtime(n’i)/logn for every
constant d > 1.

We also discuss conditions under which a hierarchy theorem can be
proven for fully uniform Turing machines. In particular we observe that
such a theorem does hold if BPP has a complete problem.

1 Introduction

Complexity theory studies the problems that can be solved using a bounded
amount of computational resources. These resources include time, space, non-
determinism, randomness and non-uniform advice. In general the relation be-
tween the power of different resources is unknown (e.g., it is not known whether
or not a polynomial amount of non-determinism can be exchanged for less than
exponential amount of deterministic time, as can be done by trivial exhaus-
tive search). However, it is usually the case that one can prove that if we are
given more of the same resource then we can solve new problems. Such theorems
are called hierarchy theorems and exist, for example, in the case of determinis-
tic and non-deterministic time and space, and non-uniform advice. In all these
cases one can prove that for “nice” functions f : N — N, there are problems
that can be solved using f(n) amount of the resource and cannot be solved

using % amount. In particular the following inequalities are known for
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every constant d > 1: Dtime(n?) SP, Ntime(n?) S NP, Size(n?) S P poly
Dspace(n?) C PSPACE.

A notable exception is the case of probabilistic time. For probabilistic time
no such theorem is known. In particular as far as we know it may be the case
that BPtime(n) = BPP and it may even be the case that BPtime(n) is
equal to classes with probabilistic super-polynomial time (e.g. it may hold that
BPtime(n) = BPtime(n'°¢")). In fact, not much is known beyond the triv-
ial observation that BPtime(n) & Dtime(f(n)) € BPtime(f(n)) for every
(time-constructible) function f(-) such that f(n) = 2¢(). The best uncon-
ditional bound on BPtime(n) is that BPtime(n) & BPtime(f(n)) for any
(time-constructible) function f(-) such that f(¢)(n) = 2<(") for some constant c
(where £(¢) denotes the composition of f with itself ¢ times) [1]@

What is different with probabilistic time? The main difference seems to be
that a probabilistic Turing machine that decides a BPtime(t) language must
possess a very special property. It must hold that for any x € {0,1}* either
Pr[M(xz) =1] > 2/3 or Pr[M(z) = 1] < 1/3. It is undecidable to test whether a
machine M satisfies this property and it is also unknown whether one can test
whether a machine M satisfies this property for every « € {0,1}" using less than
2™ steps. Because of this difference, the standard diagonalization techniques that
allow us to obtain hierarchy theorems for P,NP and PSPACE do not work for
BPP

Note that it is believed that BPtime does have a strict hierarchy. Indeed, Im-
pagliazzo and Wigderson [4] show that if there is a problem in E = Dtime(2°(™)
that requires exponential-sized circuits then for every constant d there exists
a constant ¢ such that BPtime(n?) C Dtime(n®) and thus BPtime(n?) S
Dtime(n°t!) C BPP.

1.1 Our Results

Our main result is that a hierarchy theorem does hold for probabilistic machines
that are “slightly non-uniform”. That is, we define the class BPtime(t(n)) /q(n)
to contain all languages that are accepted by a t(n)-time probabilistic Turing
machine with description size a(n) (or almost equivalently, all languages that
are accepted by a t(n)-time Turing machine that gets a(n) bits of advice). Our
main theorem is the following:

BPP 10g10sn ¢ BPtime(n?)

for every constant d > 1. Using a padding argument, we obtain as a corollary
that for every constant d > 1 and every function a:N — N that satisfies

1. w(loglogn) < a(n) <logn
2. a(-) is “nice” in the sense that a(n®)) = O(a(n))B

! Allender et al strengthen this and show that for such functions f(-) there exists a
language L € BPtime(f(n)) such that every BPtime(n) machine will fail to decide
L almost everywhere [2]. See also [BII] for conditional hierarchy theorems.

2 The hierarchy theorem for non-uniform circuits is proven using a counting argument.

3 Note that this bound on the rate of growth is satisfied by the function log n.



196 B. Barak

It holds that
BPtime(n?) 4,y & BPtime(n*) 4

for some constant ~.

We also explore conditions under which hierarchy theorems hold for fully
uniform probabilistic time. We show (using the standard diagonalization tech-
niques) that if BPP has a complete problem (under a specific notion of com-
pleteness defined below), then BPtime(n?) & BPtime(n™!) for every con-
stant d. By applying the Sipser-Lautenman Theorem [5l6], we obtain that if
BPP D NP then BPP does have a complete problem (under this notion) and
so in this case BPtime(n?) C BPtime(n?t!). As a corollary we obtain that
BPtime(n) # NP.

1.2 Techniques

Our main technique is the use of an instance checker [7] for an EXP-complete
language in order to establish a hierarchy theorem. The existence of instance
checkers for such languages is implied by the existence of PCP proof systems
for EXP [8]9]. The main observation we use is that languages with an instance
checker have an optimal algorithm in some specific sensefl We use an instance
checker to decide whether z € L for an EXP-complete language L, when given
a set of oracles such that one of these oracles decides L. Instance checkers were
used before in a similar setting by Trevisan and Vadhan [12].

Organization. Section [Z contains some basic notations and definitions. It also
contains some basic upward scaling results that are proven using a padding
argument. Section [3 contains the observation that the existence of a BPP-
complete language implies a hierarchy theorem for BPtime, along with some
corollaries. Section [ contains our main result, which is a hierarchy theorem for
“slightly non-uniform” probabilistic Turing machines.

2 Preliminaries

We identify a language L C {0, 1}* with its characteristic function. That is, we
say that L(z) is equal to 1 if € L, and to 0 otherwise. For a probabilistic
Turing machine M and an input z, we define ¢3;(x) to be the maximum number
of steps M takes when given z as input, where this maximum is over all possible
coin-tosses of M. Let t: N — N be some function, we say that L € BPtime(t)
if there exists a probabilistic Turing machine M such that for any « € {0, 1}*,
ty(z) = O(t(|z])) and Pr[M(z) = L(z)] > 2. The class BPP is defined to
be UsenBPtime(n®). We say that L € Dtime(t) if there exists a deterministic
Turing machine M such that M (x) = L(x) for every « € {0, 1}*. The class EXP
is defined to be U.cyDtime(2").

4 This is similar to the optimal algorithm for NP, that uses the self-reducibility of
NP-complete languages [T0/11].
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We will sometimes identify a Turing machine M with its description as a
string in {0,1}*. The description size of M, denoted |M]|, is the length of this
string. For convenience, we assume that the description of Turing machines al-
lows padding. That is, we assume that if M is a Turing machine with description
of size k, then for every n > k, there exists a Turing machine M’ with descrip-
tion size n with the same output distribution and running time as M. We will
use a uniwersal Turing machine U such that on input a Turing machine M and
x € {0,1}*, the machine U runs for poly(|M |ty (z)) steps, and U(M, x) is dis-
tributed identically to M(z). For a Turing machine M, and a number m, we
denote by M™ the machine M, when restricted to run for at most m steps by
some time-out mechanism.

2.1 Scale-up Lemmas

Time-constructible functions. We define time-constructible functions as follows
(we add the extra requirement that n < f(n) < 2" since we are only interested
in functions of this form):

Definition 2.1. Let f:N — N be a function. We say that f is time-constructible
if n < f(n) < 2™ and there is a deterministic Turing machine M such that on
input n , M runs for at most f(n) steps and outputs f(n).

It is a basic fact in complexity theory that inclusions for complexity classes
“scale-up” (and so by the contrapositive argument separations “scale-down”).
This fact, which is proved using a padding argument, will be useful to us. We
will now state (without proofs) some specific lemmas of this form that we will
use.

Lemma 2.2. Let d > 1 be some constant. If BPtime(n?) = BPtime(ndt!)
d+1
then BPtime(n?t!) = BPtime(n(4™) "d ).

By repeatedly applying Lemma [Z2] we obtain

Corollary 2.3. Let d > 1 be some constant. Suppose that BPtime(nd) =
BPtime(n?t!). Then, BPtime(n?) = BPP.

Another scaling up result is the following:

Lemma 2.4. Let d > 1 be some constant. If BPtime(n?) = BPP then
BPtime(t(n)) = BPtime(t(n)®) for every constant ¢ > 1 and time-

constructible function t:N — N that satisfies t(n) > n?.
Together, Corollary 2.3 and Lemma 24 imply that

Corollary 2.5. For every d > 1, if there exists a time-constructible function
t : N = N and a constant ¢ > 1 such that t(n) > n and BPtime(t(n))
BPtime(t(n)¢) then BPtime(n?) C BPtime(ndt!)



198 B. Barak

3 A Hierarchy Theorem Using a Complete Problem

In this section we will define a restricted type of reductions and prove that if
BPP has a complete problem under reductions of this type then probabilistic
time has a strict hierarchy. Actually, a weaker form of this section’s main result
holds also for the standard notion of a Karp reduction (see Remark B.6). The
observations of this section are not hard and may be known, but we still think
their inclusion here is helpful.

3.1 Fixed-Polynomial Karp Completeness

We define a notion of hardness of languages that is somewhat different from
the standard notion of hardness. The first difference is that we want to define
BPtime-hardness rather than BPP-hardness. This means that we will say that
a language L is BPtime-hard if for any BPtime(t) language L’ there is a
reduction between L’ and L. Naturally, the complexity of the reduction itself
will have to depend on the complexity of L’ (i.e., on t), and a natural choice is
to require that the complexity of the reduction should be at most polynomial
in t. Indeed, we make this requirement and we strengthen it by requiring that
the complexity of the reduction should be at most ¢ where ¢ is some fixed
constant independent of L' and t. This may seem like a strict requirement, but
we note that hard languages for other classes also satisfy a similar requirement.
For example, there is a O(t3) time reduction from any Ntime(t) language and
the language 35 AT'. The formal definition follows:

Definition 3.1. Let L be a language. We say that L is BPtime-hard if there
exists a constant ¢ such that for any time-constructible function t:N — N and any
language L' € BPtime(t) there exists a deterministic t(|x|)°-time computable
function f : {0,1}* — {0,1}* such that for any x € {0,1}* it holds that x €
L' < f(z) e L.

We say that L is BPP-complete if L is BPtime-hard and L € BPP.

3.2 A Detour: Promise Problems

We will now present an example for a family of languages such that all languages
in this family are BPtime-hard by Definition [3-1] It is conjectured that there
exists a language in this family that is in BPP and so is BPP-complete. To
define this family we need to recall the notion of promise problem.

Definition 3.2. A promise problem II is a pair of sets (IIy,IIN) where
IIy, Iy C{0,1}* and Iy , IIx are disjoint (i.e., IIy N 1Ix = ).

Definition 3.3. Let t:N — N be some function. We say that IT = (ITy, IIy) is
in PromiseBPtime(t) if there exists a probabilistic t(n)-time machine M such
that v € Iy = Pr[M(z) =1]> 2 andx € IIy = Pr[M(z)=1] < . We

define PromiseBPP def UcenPromiseBPtime(n°).
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We note that unlike the case of BPtime, there is a hierarchy theorem for
PromiseBPtime and in particular it is known that PromiseBPtime(n?) G
PromiseBPtime(n?*!) for every constant d.

An (important) example for a promise problem is the CIRCUIT ACCEP-
TANCE PROBABILITY (CAP) promise problem. The CAP promise problem
is the pair (CAPy,CAPy) where CAPy contains all circuits C such that
Pryefo,13»[C(xz) = 1] > 2/3 (where n is the number of inputs to the circuit
C) and CAPy contains all circuits C' such that Pryeqo,13»[C(z) = 1] < 1/3.
Clearly the problem CAP is in PromiseBPP.

We say that a language L is consistent with a promise problem II =
(IIy,IIy) if for any 2 € {0,1}* it holds that x € Iy — = € L and
x € Iy = x ¢ L. We have the following Lemma:

Lemma 3.4. Let L be a language consistent with the promise problem CAP.
Then L is BPtime-hard (in the sense of Definition[31]).

Proof (Sketch). Every BPtime(t) language L’ can be reduced to CAP (and
therefore to L) in ¢? steps using the Cook-Levin reduction. O

We thus have the following corollary:
Corollary 3.5. If there exists a language L such that

1. L is consistent with the promise problem CAP.
2. L € BPP

Then there exists a BPP-complete language (in the sense of Definition[31).

We remark that it is reasonable to believe that there exists a language L sat-
isfying the conditions of Corollary B8 In particular, Impagliazzo and Wigder-
son [4] show that if there exists a language in E = Dtime(2°(") that requires
exponential-sized circuits, then the CAP promise problem can be solved in deter-
ministic polynomial-time, and so there exists a language satisfying the conditions
of Corollary B0lin P C BPP.

It is not known whether or not the reverse direction Corollary B:5]also holds.
That is, it is not known whether the existence of a BPP-complete language
implies that there exists a language in BPP that is consistent with CAP.

3.3 The Hierarchy Theorem

We now turn to proving the hierarchy theorem of this section.

Theorem 1. Suppose that BPP has a complete problem (by Definition [31).
Then there exists a constant ¢ such that for every time constructible t:N — N it
holds that BPtime(t(n)) G BPtime((t(n))°).

Note that by Corollary this implies that under this assumption
BPtime(n?) C BPtime(n®*!) for every constant d > 1.
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Proof. Let L be the BPP complete problem and let M} be a probabilistic
machine that accepts L and runs in time n® for some constant a. We know that
there exists a constant b such that for every time-constructible function ¢(-),
every language in BPtime(t) is reducible to L using a t(n)’-time deterministic
reduction. For a string i € {0,1}*, we denote by M; the deterministic Turing
machine whose description is . We denote by M/ the machine M;, restricted
(using some timeout mechanism) to run for at most ¢ steps.

We define the following language Kx € K iff Mi(lrl)b(m‘) ¢ L. We claim that

1. K € BPtime(t(n)?(@")
2. K ¢ BPtime(t(n)).

Once we prove both items we are done. Item 1 is true because deciding K can
b
be done by simply returning 1 — M, (Mi(‘zl) (2)). This value can be computed in

t(Jx[)9(@®) steps by using the universal Turing machine & to compute Mi(‘wl)b (x)
and then by running M, on the result.

Suppose that Item 2 was false. That is, that K € BPtime(t(n)). By the
completeness of L, there exists an ¢ such that for every x € {0,1}*, z € K <—

Mf(‘””')b(x) € L. In particular for z = 4 it holds that i € K «<— Mf(‘il)b(i) € L.
Yet by the definition of K this happens if and only if i ¢ K, and so we get a
contradiction. O

Remark 3.6. Suppose that we followed a more standard definition of BPtime-
hardness by allowing a different polynomial running time of the reduction for
every language L € BPtime. If we look at the proof of Theorem B.3, we
can see that we will still be able to derive a meaningful result from the exis-
tence of a BPP-complete language under this more relaxed notion. Indeed, the
same proof will yield that under this assumption it holds that BPtime(t(n)) &
BPtime(f(t(n)) for every time-constructible super-polynomial function f:N —
N (Because the language K we defined will be in BPtime(f(¢(n)) but not in
BPtime(t(n))). In particular, under this assumption it holds that BPtime(n) &
BPtime(nls").

Remark 3.7. The proof of the Sipser-Lautemann Theorem [BlJf], implies that the
promise problem CAP is reducible to a language L in the polynomial hierarchy
(actually in Xg). This implies that if BPP O NP then BPP has a complete
language (by Definition B) since BPP D NP implies that BPP O PH and so
that L € BPP. Combining this with Theorem B3], we get that BPP O NP im-
plies that BPtime(n) # BPP. As a corollary we obtain that BPtime(n) # NP
unconditionally, since if BPtime(n) = NP then by scaling up we get the equal-
ity BPP = NP which would imply that both BPP has a complete language
and BPtime(n) = BPP, which is a contradiction. We note that this does not
rule out the possibility that NP G BPtime(n).
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4 A Hierarchy Theorem Using Small Advice

In this section we will prove an unconditional hierarchy theorem for “slightly
non-uniform” probabilistic machines. Our results will have also a (rather weak)
implication on standard (uniform) probabilistic machines (see Section {I]). We
start by defining what we mean by non-uniform probabilistic machines:
Definition 4.1. Let a:N — N and t:N — N be two functions and let L C {0,1}*
be a language. We say that L € BPtime(t(n)) /q(n) if there exists a probabilistic
Turing machine M and a sequence {s, }nen such that
1. For anyn € N, |s,] < a(n).
2. For any x € {0,1}, it holds that Pr[M*1*D(z,s),|) = L(z)] > 2 (recall that
M denotes the restriction of M to t steps).
Note that the condition that for any x € {0,1}* either Pr[M*(I*D(z, s) =
1] > 2 or Pr[M**D(z,s) = 1] < % is guaranteed only if s is equal to the
“good” advice string s|,|. An almost equivalent formulation would be to say that
L € BPtime(t(n)) q(n) if there exists a sequence {M,, } nen of Turing machines,
such that for every n it holds that |M,| < a(n) and for every z € {0,1}",
Pr{My™ (z) = L(z)] > 2.

Our hierarchy theorem is:
Theorem 2. For every constant d > 1, the class BPP /155105, is N0t contained
in the class BPtime(nd)/logn.

This implies the following corollary:

Corollary 4.2. Let a : N — N be a function that satisfies both w(loglogn) <
a(n) <logn and a(n®M) = O(a(n)). Then for every constant d > 1 there exists
a constant v such that

BPtime(n?) 4,y & BPtime(n*) )

Proof (Sketch). Let’s look at the case d = 1. Suppose by contradiction that
BPtime(n),yqn) = BPtime(n2)/w(n) for all constants . By padding this
implies that BPtime(t(n))/yqt(n)) = BPtime(t(n)?)/ q(t(ny for all time-
constructible functions ¢t:N — N and constants 7. In particular we get that
BPtime(n),,(,) = BPtime(n?) 4(n)
D) BPtime(n2)/w(n2) = BPtime(n4)Ma(nz)
For some constant v < 1 that is chosen so that a(n) > ~ya(n?). Continuing in

the same way we obtain that for every constant c there exists a constant 7/ such
that

BPtime(n) q(,) 2 BPtime(n®) /o)
But since a(n) < logn and a(n) = w(loglogn) we actually obtain that
BPtime(n)/logn D) BPtime(n)/a(n) B) BPtime(nc)/A//a(n) ) BPtime(nc)/log logn

For every constant ¢, or in other words BPtime(n)/io5n 2 BPP, 1551001,
contradicting Theorem [4.
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4.1 Proof Idea for Theorem 2

To illustrate the proof idea, we will show a flawed approach for proving the fully
uniform version of Theorem @l For simplicity, we’ll restrict ourselves to the case
d = 1. That is, we will try to prove that BPP ¢ BPtime(n). We will see that
there is a point in which this proof direction fails, but this point can be overcome
by introducing slight non-uniformity.

Suppose, towards a contradiction, that BPtime(n) = BPP. By Lemma[2.4]
this means that BPtime(¢(n)) = BPtime(t(n)¢)) for every time constructible
function t(-) and every constant ¢ > 1. This means that for every language
L, if there exists a BPtime(7T'(n)) algorithm for L (for some time-constructible
function T'(-)), then there exists an algorithm that solves L in BPtime(T'(n)'/¢)
for every constant ¢ > 1 (assuming that 7'(-) is super-polynomial). This means
that every language L ¢ BPP has no “optimal algorithm”, but rather that any
algorithm for L can be improved by any polynomial factor.

We see that to get a contradiction it is sufficient to provide a language
L ¢ BPP that has an optimal algorithm in the following sense: there exists
a BPtime(T'(n)) (for some super-polynomial function T'(-)) Turing machine A
that solves L and a constant ¢ such that every other probabilistic Turing machine
A’ that solves L takes at least T'(n)/¢ steps.

How can we do that? The idea is that our optimal algorithm A will have the
following general form. Algorithm A will enumerate all Turing machines of size
at most f(n) (where f(n) is some unbounded function, e.g. f(n) = logn) and
will try to use each machine to solve the language L. To prove that A is indeed
an optimal algorithm we will use the fact that if there indeed exists a fast Turing
machine A’ that solves L, then for all but finitely many inputs, the machine A’
will be one of the machines enumerated by A. Therefore, we will claim that A
is able to use A’ to solve L and so A will be at most polynomially slower than
A’ (we'll choose f(-) such that 2/(") is polynomial). Of course, one detail that is
missing is how exactly will our algorithm A use the machines it enumerated to
solve L. Although for sufficiently large x’s, one of these machines will solve L,
how can we know which one does so?

In general, this does seem like a hard problem. However, recall that we are
free to choose L to be any language we want. In particular, we can choose L to
be a language that has an instance checker [7]. Roughly speaking, an instance
checker C for a language L is an efficient procedure that when given an input
x, and an oracle O(-), outputs a value v € {0, 1,fail}, where we are guaranteed
that if O(+) is an oracle for L then v = L(x) and otherwise with high probability
v € {L(z),fail}. Clearly, given an input  and m oracles Oq,... ,O,, such that
one of these oracles solves the language L, one can use the instance checker to
compute L(x). Therefore if we take L to be a language that has an instance
checker, we can (almost) give an optimal algorithm A for L. Since all EXP-
complete languages have an instance checker [8], we can just pick L to be some
EXP-complete language. The resulting algorithm A will work as follows:
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Algorithm A:
— Input: z € {0,1}* (denote n =4 |z]).

1. Form=1,2,...
2. For each probabilistic Turing machine M of size logn do:
a) Let a < CM" (z) (where C is the instance checker for L
and M™ denotes the machine M restricted to m steps).
b) If a # fail output a

Note that when A halts it will with high probability halt with the correct
answer. It is not hard to prove the following claim:

Claim 4.3. If there exists a BPtime(t) algorithm A’ for L, then with high
probability, on input x algorithm A stops after poly(|z|) - t(I(|x]))? steps and
outputs L(x), where I(n) is the length of the queries the instance checker C
makes on inputs of length n.

Define the function 7:N — N in the following way: let T'(n) be the minimal
number k such that for every x € {0,1}", A(x) halts with probability at least %
within k steps. We will assume that T'(+) is super-polynomial (otherwise, we can
show that BPP = EXP and then we can get a hierarchy theorem easily, e.g., by
Theorem [3.3). It may seem like we’re done since we have shown that L can be
solved by a time T'(-) probabilistic algorithm, but it is not in BPtime(7'(n)/¢)
for some universal constant ¢ > 1 (since if it was then A would have halted
sooner)ﬁ However we still have two problems:

1. The definition of a BPtime(7'(n)) Turing machine requires the machine to
stop within T'(n) steps with probability 1 and does not allow a machine that
only stops within T'(n) steps with high probability.

2. The function T(-) that we defined is not necessarily time-constructible.
Therefore, even if we show that BPtime(7'(n)) ¢ BPtime(T(n)/¢) we will
not be able to use Lemma 4] to show that this implies that BPtime(n) ¢
BPP.

It turns out that if we solve the second problem we will also solve the first.
This is because if T'(+) was time-constructible then we could implement a time-out
mechanism and so ensure that algorithm A halts within T'(n) steps with proba-
bility 1. Note that it would have been enough if we found a time-constructible
function 7”(-) that approximates T'(-) from above to a polynomial power (i.e.,
T'(-) should satisfy T((n) < T'(n) < T(n)? for some constant d > 1). The
problem is that it may be the case that the function T'(-) sits in a large “gap”
between the time-constructible functions. That is, it may be that the smallest
time-constructible function 7”(-) that is larger than T'(-) is actually much larger
than T'(+). That is, since the function T'(+) is arbitrary and is not necessarily time-

5 In this proof outline we make the simplifying assumption that t(I(n)) = t(n)°W),
which is the case if [(n) = O(n) (e.g., if we use the instance checker of [9]) and t(n) is
a “nice” function (e.g., t(n) = 2"°). Note that the constant ¢ is a universal constant
that depends on the instance checker.
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constructible it may be the case that it cannot even be roughly approximated
by a time-constructible function.

This is where we need to resort to non-uniformity. It turns out that if we
add even a very small amount of advice (i.e., loglogn) then any function T(i
where n < T(n) < 2" can be approximated by a time-constructible functionl%
This is done by simply hardwiring the number [loglogT'(n)]. This number will
take at most loglog n bits to specify, and thus we see that the function 7"(n) def
22115 T i hat approximates T(n) from above (i.e., T(n) < galiestos T
T(n)?), is time-constructible with loglogn bits of advice.

This shows that there exists a language L such that L €
BPtime(T(n)),10g10gn Put L ¢ BPtime(T'(n)'/¢), which is not so impressive,
because in fact even the stronger result BPtime(T'(n)),; ¢ BPtime(T'(n)) can
be easily shown to hold due to non-uniformity. However, if we look again at our
algorithm A we can see that in fact it works even against slightly non-uniform
algorithms. Indeed, Algorithm A enumerated all machines with description size
log n. Therefore, even if there exists a BPtime(¢(n)) algorithm A’ with logn
bits of advice to solve L then A will solve L within ¢(n)¢ steps. It follows that

BPtime(7(n))/1og10gn ¢ BPtime(T(n)"°) /105

By a careful padding argumentm similar in spirit to Lemma 24l we can show
that

BPP10z100n ¢ BPtime(n?)iq

For every constant d > 1. We now proceed to the actual proof, that involves
some issues and subtleties not mentioned in the above description.

4.2 The Actual Proof of Theorem 2

We define the class i.o. BPP to contain all languages that a probabilistic ma-
chines decides infinitely often. That is, L € i.o. BPP if there exists a probabilistic
polynomial-time machine such that for infinitely many n’s it is the case that for
all 2 € {0,1}", Pr[M(z) = L(x)] > % . We prove Theorem [ by considering two
cases according to whether or not EXP C i.o. BPP.

Lemma 4.4. Suppose that EXP C i.o. BPP. Then for every d, and every
a:N — N such that a(n) < n —w(1),

BPP,, ¢ BPtime(n%) 4,

Lemma 4.5. Suppose that EXP ¢ i.o. BPP. Then, for every d,
BPP10g10sn & BPtime(n?) /10q
Combining Lemmas 4] and [4.H yields Theorem [4]

5 We can assume that T'(n) < 2™ since we can choose the language L to be in
Dtime(2").

" As we’ll see in Section B2, to make things work we need to make a slight modification
Algorithm A.
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Proof of Lemma Let d > 1 be some constant. We let L’ be the following
language: M is in L’ (where M describes a probabilistic Turing machine) if

Pr[M'MVHl(M) = 1] < 4, where M" denotes M restricted to running ¢ steps.

We claim that for every BPtime(n¢) Turing machine M and any large enough
n and s € {0,1}%(") there exists a string = € {0,1}" such that Pr[M"’(s,z) #
L'(x)] > %. Indeed, if we let 2 be the Turing machine that is M with the string
s “hardwired” into it then we see that L'(z) = 1 < Pr[M"d(s,x) =1]< 3.
Yet, since L’ € EXP and we assume that EXP C i.o. BPP, we can solve
L’ in BPP on an infinite set I C N of input sizes. We define L in the following
way L(z) = L'(z) if |z| € I and L(z) = 0 otherwise. We see that L € BPP ; \
BPtime(n?) /(. (we use the advice bit to tell if n € I). O

Proof of Lemma [.5 We will choose L to be a language that satisfies the
following properties:

1. L is EXP-complete.

2. L can be decided by a 2"™-time deterministic algorithm.

3. L has an instance checker. That is, there exists a probabilistic polynomial-
time oracle machine C' with output in {0, 1,fail} such that for every x €
{0,1}* and every oracle O(-), Pr[C9(x) ¢ {L(z),fail}] < 27%02D and
Pr[CE(z) = L(x)] = 1. Furthermore, we require that the instance checker
will make only queries of fixed length that is linear in |z|. That is, all the
queries C' makes are of length c|z| for some constant c.

4. For convenience we will assume that L allows padding. That is, given = €
{0,1}™ and m > n it is possible to (efficiently) extend x to a string a’ €
{0,1}™ such that 2’ € L iff z € L.

The existence of such a language follows from Arora and Safra [9] (they
strengthen the result of Babai, Fortnow and Lund [§] to obtain an instance
checker with linear-sized queries, see [12]). We will also assume that L only con-
tains strings whose length is a power of 2. (If L doesn’t satisfy this assumption
then it can be modified to do so by dropping all other strings; the padding
property implies that the modified language will still satisfy the other prop-
erties.) We denote by I C N the set of “interesting” input lengths. That is,
I = {2 | k € N}. Note that the completeness of L implies that under the
assumptions of the Lemma (that EXP ¢ i.o. BPP) there is no probabilistic-
polynomial-time algorithm that solves L on infinitely many n € I. Note also
that once we restrict L only to strings in I, we can assume that the constant ¢
of the instance checker mentioned in Item Blis a power of 2.

We define the following function #:{0,1}* — N. We let (x) be the minimum
number m such that there exists a probabilistic Turing machine M of size logm
such that

Pr[CM" (z) # fail] > 2

We define the function t : I — N as follows: t(n) = %maxme{o)l}n/c t(z).
Intuitively, we defined ¢(n) in this way so that on one hand we will have that
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L ¢ BPtime(t(n)) but on the other hand we will have that (a slightly modified
version of ) Algorithm A described in Section[I]will decide L in poly(t(n)) time.
We have the following two claims:

Claim 4.6. There exists a constant e such that L € BPtime(T"(n)) for every
time-constructible function T':N — N such that T'(n) > t(cn)¢. (Recall that cn
is the size of query the instance checker for L makes on input of size n).

Proof (Sketch). If we take Algorithm A from Section EETland change it so that in
Step B it will go over all machines of size logm (instead of logn) then on input
x € {0,1}"™ with high probability it will output L(z) after at most t(cn)® steps
for some constant e (e.g., e = 7). O

As a corollary we get that under our assumption, it must be the case that

t(n) is super-polynomial (as otherwise we would have that L € i.o. BPP). That
is, t(n) = nv™),
Claim 4.7. L ¢ BPtime(t(n)),/10g¢(n)- Furthermore, this holds for almost all
input lengths in I. That is, for every large enough n € I and every Turing
machine M with logt(n) bits of advice, there exists a string x € {0,1}" such
that Pr[M(z) = L(z)] < 2/3.

Proof (Sketch). Suppose otherwise. Then it must hold that for some n € I there
exists a log m + log n-sized Turing machine M such that Pr[M™(z) = L(x)] >
2/3 for every z € {0,1}", where m < t(n) = + max, ¢ 1yn/c t(x). Take M to be
the machine M with success probability amplified so that Pr[M™(z) = L(z)] >
1 — 2720 where m = Fm (M can be described with less than log s bits).
By the definition of the function #(-), there exists a string z € {0,1}"/¢ such
that #(z) > 7 and so for every logm sized Turing machine, and in particular
for the machine M, the probability that CM"™ () # fail is at most % Yet this

is a contradiction since Pr[C*(z) # faill = 1, and by the union bound, the
probability that the checker will ask a query x’ and get an answer from M™
that is different from L(z') is negligible (i.e., 27 (™). O

Will we now use the language L and a padding argument to construct
for every constant d, a language L’ such that L’ will be in BPPiogiogn \
BPtime(n?) /1,4, As a first observation note that since t(n) < 27, it is not
hard to show that it must hold that for infinitely many n € I it holds that
t(cn) < t(n)2¢. Therefore, t(cn)® < t(n)¢ for some constant e’ for every n € J
where J is an infinite subset of I. Let d > 1 be some constant. We consider the
following language L'

L' ={z#1" : z e Land |z| € J and | = t(|z])V/? — |z — 1}
(note that (|z])*/? > |z| since (-) is super-polynomial). We claim that
1. L' € BPtime(n®) /1og 108 n-
2. L' ¢ BPtime(nd)/logn.

8 We could have used any other unbounded function instead of logn.
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Once we prove both items we’ll be done since we will have

BPP/loglogn ,¢_ BPtime(nd)/logn

Proof of Item[Il Suppose that we are given a string y = x#1!, where n def ly| =
|z| + 14 1. We claim that we can check whether |2| € J and n = t(|z|)'/¢ using
loglog n bits of advice. If we can do this then we’re done since we can then run
the modified Algorithm A on z for n% = t(z)¢ steps to decide whether or not
x € L. Yet, we only need 1 bit of advice to check whether or not n = t(k)/4
for some k € J. Then, we need to check if || = k[d Yet, this can be done
by using [loglog k| bits of advice since k is a power of 2. Note that since #(-) is
super-polynomial we know that n = t(k)*/¢ > k? and so [loglog k] < [loglogn].

Proof of Item[Z Suppose for contradiction that L’ is in BPtime(nd)/logn. This
means that for every x € {0,1}* such that |z| € J, we can decide whether
or not x is a member of the language L using (t(|z|)"/4)¢ = t(|x|) steps and
log(t(|z])'/?) = L logt(|z|) bits of advice. Yet this means that the language L
can be decided infinitely often in BPtime(t(n)), 10g ¢(n), contradicting Claim EZ

O
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Abstract. For every e > 0, we present a deterministic log-space algorithm that
correctly decides undirected graph connectivity on all but at most 2™ of the n-
vertex graphs. The same holds for every problem in Symmetric Log-space (i.e.,
SL).

Using a plausible complexity assumption (i.e., that P cannot be approximated by
SIZE(p)SAT, for every polynomial p) we show that, for every ¢ > 0, each problem
in BPP has a deterministic polynomial-time algorithm that errs on at most 2"
of the n-bit long inputs. (The complexity assumption that we use is not known to
imply BPP =P.)

All results are obtained as special cases of a general methodology that explores
which probabilistic algorithms can be derandomized by generating their coin
tosses deterministically from the input itself. We show that this is possible (for all
but extremely few inputs) for algorithms which take advice (in the usual Karp-
Lipton sense), in which the advice string is short, and most choices of the advice
string are good for the algorithm.

To get the applications above and others, we show that algorithms with short
and typically-good advice strings do exist, unconditionally for S£, and under
reasonable assumptions for BPP and AM.

1 Introduction

1.1 A Motivating Example

More than two decades ago, Aleliunas et. al. [3] presented a randomized log-space
algorithm for deciding undirected connectivity (UCONN). Their randomized algorithm
triggered (or maybe only draw attention to) the following open problem:

Can undirected connectivity be decided by a deterministic log-space algorithm?

Despite extensive study, the above question is still open. The lowest space-bound
currently known for deterministic algorithms (for undirected connectivity of n-vertex
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graphs) is (logn)*/3 [4], which builds upon [19] (obtaining space (logn)3/2) and im-
proves upon Savitch’s [21]] classical bound of (logn)2. We show that if a deterministic
log-space algorithm for UCONN does not exist, then this is due to very few graphs. That
is:

Theorem 1 For every € > 0, there exists a deterministic log-space algorithm that cor-
rectly decides undirected connectivity on all but at most 2™ of the n-vertex graphs.
Furthermore, the algorithm never outputs a wrong answer;, it either outputs a correct
answer or a special (‘“don’t know”) symbol. Such algorithms exist for every problem in
Symmetric Log-space (S £).

Surprisingly enough, the proof of Theorem [ is not difficult (see Sections [ and H).
It is based on a new viewpoint of the high-level “derandomization” process of Nisan,
Szemeredi and Wigderson [19]. Under a different setting of parameters, for every € > 0,
this process may be viewed as a deterministic log-space algorithm that takes advice (for
UCONN), denoted Answ, that satisfies the following two conditions:

1. The advice string is relatively short. Specifically, the length of the advice is n¢/?,
where n denotes the number of vertices in the input graph.

2. Most choices of the advice string are “good” for all n-vertex graphs. More precisely,
the algorithm works correctly (i.e., decides correctly whether the input n-vertex
graph is connected) whenever the 7¢/2-bit long advice string is a universal traversal
sequence for n¢/10-vertex graphs. Moreover, by [3], most advice strings satisfy that

property.

Note that we use the term “advice” in the standard sense of Karp and Lipton [16]; an
advice string is good if it makes the algorithm using it give the correct answer on all
inputs of the given length. The remarkable property of algorithm Answ is that it satisfies
both conditions above: it has good advice strings that are much shorter than the input,
and furthermore most strings of this length are good advice strings.

Remark 2 Note that the Condition 2 (i.e., many good advice strings) is easy to obtain
from every probabilistic algorithm. Indeed, Adleman’s simulation [1|] of probabilistic
algorithms by nonuniform ones shows that any BPP-algorithm A can be modified into a
deterministic A’ which takes advice, for which most advice strings are good. However,
since this transformation requires ampliﬁcatim@ in order to enable a union bound over
all inputs of a given length, the advice is necessarily longer than the input length, which
violates the Condition I (i.e., short advice string).

! For a recent survey of this class, including a list of complete problems, see [2]

2 Denoting by A(z,r) the output of A on input z and coins r, we obtain A’ by letting
A'(x, (1, ...., o(j2|))) output the most frequent value among A(x, 1), ..., A(, 7o(|a))- Us-
ing sophisticated amplification methods, the sequence (r1, ....,7o(j|)) can be encoded by a
string of length O(|x| + |r|), but we cannot hope for length shorter than |z| (because we need
to reduce the error to less than 27*! in order to apply the union bound).
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To demonstrate the impact of having many good advice strings that are shorter than
the input, we sketch how to complete the proof of Theorem [Il The general claim is that
an advice-taking algorithm for which at least 2/3 of the possible advice strings are good
can be transformed into a (standard) deterministic algorithm (of comparable complexity)
that errs on a number of inputs that is roughly exponential in the length of the (original)
advice. Thus, we obtain a meaningful result if and only if the length of the advice is
significantly smaller than the length of the input.

The claimed transformation is presented in two stages. First, we derive a randomized
(log-space) algorithm A’ that uses a logarithmic amount of randomness (and errs on at
most 2" inputs). Specifically, on input G, algorithm A’ uses its randomness as a seed
to an adequate extractor (cf. [26]), and extracts out of its input G an advice string, s,
of length n¢/2. Then A’ invokes Answ on input G and advice s, and outputs whatever
the latter does. It is easy to show that there can be at most o(n*/?)? inputs on which A’
errs with probability greater than 1/2. Applying a straightforward derandomization (and
ruling by majority), we obtain a deterministic (log-space) algorithm A” that decides
correctly on all but at most of the 2™ inputs.

1.2 The Underlying Principle

The above transformation can be applied to any advice-taking algorithm, and is mean-
ingful if and only if most of the advice strings are good and the length of the advice is
significantly smaller than the length of the input. That is:

Theorem 3 Let A be an advice-taking polynomial-time (resp., log-space) algorithm for
a problem II, and let £ : N — N. Suppose that for every n it holds that at least a 2/3
fraction of the £(n)-bit long strings are good advice stings for A; that is,

2
Pr,cio1yeom Vo € {0, 1} it holds that A(z,r) = II(z)] > 3
where II(x) denotes the correct answer for x. Then, for every ¢ > 1, there exists a
deterministic polynomial-time (resp., log-space) algorithm for II that errs on at most
200" of the n-bit inputs. Furthermore, in case {(n) = £2(n), the resulting algorithm
errs on at most 2" of the n-bit inputs.

The proof of Theorem[3 appears in Section[3l As hinted above, the proof proceeds by
viewing the input itself as a source of randomness and extracting a random advice string
via an adequate extractor (which uses logarithmically long seeds). The extracted advice
string is sufficiently random (and thus is a good advice with probability greater than
1/2) provided that the input comes from a source with min-entropy sufficiently larger
than the length of the extracted advice. It follows that the number of inputs on which
most extracted advice strings are not good can be bounded in terms of the min-entropy
bound.
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1.3 Other Applications

The question is how to obtain algorithms to which Theorem [3] can be (meaningfully)
applied. We have seen already one such example (i.e., Axsw), and in this subsection we
will discuss some more.

Conditional derandomization of BPP and AM. As mentioned above, any randomized
algorithm can be transformed into a (deterministic) advice-taking algorithm for which
most possible advice strings are good. The problem is that the length of the advice will be
longer than the length of the input. One natural idea is to use an adequate pseudorandom
generator in order to shrink the length of the advice strings, while maintaining the frac-
tion of good advice strings. We observe that the property of being a good advice string
for a specific algorithm can be efficiently tested using a sAT-oracle. Thus, it suffices
to have pseudorandom generators that withstand probabilistic polynomial-time distin-
guishers that use a saT-oracle. (Actually, it suffices to have pseudorandom generators
that withstand distinguishers that correspond to the class M.A.)

Recall that pseudorandom generators that withstand non-uniform polynomial-size
distinguishers that use a saT-oracle were constructed before (cf. [5/17]) under various
non-uniform assumptions (which also refer to circuits with saT-oracle gates). In partic-
ular, we will use the following result:

Theorem 4 (informal, implicit in [17/20]): Suppose that for every polynomial p there
exist a predicate in ‘P that is hard to approximat in SIZE(p)SAT. Then, for every
polynomial q, there exists a deterministic polynomial-time algorithm that expands k-bit
long random seeds to q(k)-bit long sequences that are indistinguishable from random
ones by any q(k)?-size circuit that uses a saT-oracle.

Combining Theorem @ with the observation that being a good advice string for a
polynomial-time algorithm is testable in comparable time with the help of an sAT-oracle,
we obtain (see proof in Section[3):

Theorem S (informal) For every polynomial p and constant e > 0, under the assumption
of TheoremH] every probabilistic p-time algorithm can be converted into a functionally-
equivalent polynomial-time advice-taking algorithm that uses advice strings of length
n€, such that more than 2/3 fraction of the possible advice strings are good.

3 Here, hard to approximate may mean that any machine in the class fails to guess the correct
value of a random instance with success probability greater than 2/3. Using Yao’s XOR Lemma
(cf. [27J8])), hardness to approximate can be amplified such that this class fails to guess the correct
value of a random n-bit instance with probability greater than (1/2) 4+ (1/p(n)). (Recall that
such amplification requires only logarithmically many instances, and thus in our case it affects
the resource bounds in a minor way.)
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Combining Theorem[3 and 5] we obtain (see proof in Section[3)):

Corollary 6 (informal) Under the assumption of Theorem 4, for every e > 0, every
language in BPP can be decided by a deterministic polynomial-time algorithm that
errs on at most 2" of the n-bit long inputs.

Interestingly, under the same assumption we can also derandomize AM (see proof in
Section[A):

Theorem 7 (informal) Under the assumption of Theorem H] for every ¢ > 0, every
language in AM can be decided by a non-deterministic polynomial-time algorithm that
errs on at most 2™ of the n-bit long inputs.

Comparison to previous results: When making the comparison, we refer to three issues:

1. The running-time of the derandomization,
2. For how many instances does the derandomization fail,
3. The intractability assumption used.

Our focus is on polynomial-time derandomization. Thus, Corollary[@lshould be compared
with Impagliazzo and Wigderson [13]], who proved that BPP = P under the assumption
that for some ¢ > 0, the class £ is not contained in SIZE(2°"). Likewise, Theorem [7]
should be compared with Kilvans and van Melkebeek [17], who proved that AM = NP
under the assumption for some ¢ > 0, the class & is not contained in SIZE(2°7)SAT,
Both [13]] and [177]] present perfect derandomizations, whereas our derandomizations fail
on very few inputs (which is of course weaker).

Comparing the assumptions is easier for the AM derandomization, as both Theo-
rem[7land [[T7] refer to lower bounds for circuits with SAT oracle gates. But as Theorem [7]
refers to separation of classes with smaller resources, our assumption is weakerH As for
the BPP derandomization, it seems that the assumption made by [13]] and Corollary
are incomparable. We still need the SAT oracles, but as above, our classes are lower.

There is another set of derandomization results, typically under uniform complexity
assumptions (which are seemingly weaker than the analog non-uniform assumptions,
cf. [14]). These results yield deterministic simulations that may make many errors;
however, no efficient procedure can find inputs on which the simulation errs. This notion
of imperfect simulation seems incomparable to ours; we seem to make much fewer errors,
but the inputs for which errors occur may be easy to generate.

* For example, if P is contained in STZE(n?) then £ is contained in SIZE(2°") for every ¢ > 0,
but the converse is not known. Thus, “£ is not contained in SIZE(2°™) for every ¢ > 0” implies
“P is not contained in SIZE(n?)” (but again the converse is not known). Also note that, in case
of predicates in £, hardness on the worst-case yields hardness to approximate.
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About our assumption: To gain some intuition about the assumption used in Corollary[6]
we consider a few plausible conjectures that imply it.

— Given a Boolean circuit, determine whether it evaluates to 1 on more than half of its
possible inputs. Clearly, this problem can be decided in time that is exponential in
the number of inputs to the circuit, but it seems hard to decide it in significantly less
time. Specifically, suppose that the input circuit has size n and £(n) input bits (e.g.,
{(n) = O(logn)), then the problem is solvable in time 2/*) - n but seems hard to
decide in time 2¢(")/10_ Furthermore, the problem seems hard even for 2¢(")/10_gjze
circuit that use saT-gates (i.e., an oracle to sAT). However, conjecturing that this
problem is hard even to approximate (i.e., when given a random circuit as input)
requires a suitable notion of the distribution of inputs (i.e., circuits). A conceivably
good definition is that the input/circuit distribution is uniform over ¢(n)-variate
polynomials over GF(2) having n monomials.

— For any polynomial ¢, we consider the following decision problem: Given a de-
scription of a prime P and an natural number x < P, decide whether most of the
natural numbers in the set {x + 1,...,x + q(|P|)} are quadratic residues modulo
P. Clearly, this problem can be decided in time ¢(|P|) - | P|?, but it seems hard to
decide (or even approximate) it by (say) g(|P|)'/3-size circuits even ones having
SAT-gates.

— Given a sequence of n-by-n matrices, A1, ..., Ay, over a sufficiently large finite

field, determine 3 g,y det(3_,c g Ai), where det(M) denote the determinant of
the matrix M. Again, this problem can be solved in time 2¢ - n3, but it seems hard to
solve it by (say) min(2e/ 3 g/ 3)-size circuits, even ones having SAT-gatesB (Again,
we may use £ = O(logn).)
We comment that this problem is downward-self-reducible and random-self-
reducible (see our Technical Report [10]). This is particularly interesting in light
of the paper [[14], which shows that for such functions uniform, worst-case hard-
ness implies that they can be used in the NW-generator (obtaining derandomization
on the average). More concretely, assume this function is not in BPTIME(p)SAT,
for any fixed polynomial p, for infinitely many input lengths. Then every language
in BPP has a deterministic polynomial-time algorithm which, for infinitely many
input lengths errs on at most 2" inputs, with € > 0 an arbitrarily small constant.
To summarize, the special structure of this function, enables reducing our hardness
assumption from non-uniform and average-case to uniform and worst-case. Thus, it
will be interesting to try and substantiate (in direct or indirect ways), the conjecture
that for this function is indeed difficult to compute in time 2¢/°(1).

5 The "/ term, which is meaningful only if ¢ = §2(nlogn), is introduced to account
for a possible (¢ - n®)-time algorithm that computes the formal (degree n) polynomial

def
p(T1, .y Te) = det(zf:1 x;A;), and computes the sugm Zzl,m’”e{o,l} p(z1,...,Te) by
n+

n

computing separately the contribution of each of the ( ) terms of p.
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Direct Product Problems. Direct product problems yield another interesting case where
randomized algorithms can be transformed into ones having relatively short good ad-
vice strings. Specifically, any good advice string for the original problem constitutes a
good advice string for the direct product problem. Applying Theorem [3] we obtain a
deterministic algorithm (of related complexity) for the direct product problem that errs
on a number of inputs that is independent of the arity of the (direct product) problem.
For further details, see Section[6]

2 Preliminaries

In this section we recall some standard notions and notations. We will also recall some
known results.

2.1 Randomness and Extractors

We consider random variables that are assigned binary values as strings. In particular,
U,, will denote a random variable that is uniformly distributed over {0, 1}". The min-
entropy of a random variable X is the maximal (real number) & such that for every
string « it holds that Pr[X = z] < 27F,

The statistical difference between two random variables X and Y, denoted
A(X,Y), is defined as 3 - > |[Pr[X = 2] — Pr[Y = z]]|. Clearly, A(X,Y) =
maxg{Pr[X € S] — Pr[Y € S]|}. We say that Y is e-close to X if A(X,Y) < ¢
otherwise, we say that Y is e-far from X.

A function E : {0,1}" x {0,1}* — {0,1}* is called a (k, €)-extractor if for every
random variable X that has min-entropy at least & it holds that E(X, U;) is e-close to
Uy. The following fact is well-known and easy to establish:

Fact 8 Suppose that E : {0,1}" x {0,1}t — {0,1}* is a (k, €)-extractor. Then, for
every set S C {0,1}¢, all but at most 2% of the x’s in {0, 1}" satisfy Pr[E(z,U;) €
5> (181/2') - e

Proof: Let B C {0, 1}" denote the set of s that satisfy Pr[E(z, U;) € S] < (|S]/2%)—
€. Consider a random variable X that is uniformly distributed on the set of the latter x’s.
Then,

AE(X,U),Up) > Pr[E(X,U;) € S] —Pr[Uy € S| > €
Thus, log, | B| < k must hold, and |B| < 2* follows. Wl
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Uniform families of extractors: We actually consider families of (extractor) functions
(of the above type). These families are parameterized by n, whereas ¢, ¢, k and € are all
functions of n. Thus, when we say that {F,, : {0, 1}" x {0,1}*(") — {0,1}(™},,cn is
a (k, €)-extractor we mean that for every n the function F,, is a (k(n), €(n))-extractor.
We will use the following well-known result of Trevisan [26]:

Theorem 9 For every ¢ > 1, € > 0 and every linear-space computable ¢ : N —
N, there exists a polynomial-time computable family of functions {E,, : {0,1}" x
{0,1}000en) 5 £0, 1}, N that constitute a (k, €)-extractor, where k(n) 2o £(n)e.
Furthermore, these functions are computable in log-space.

2.2 Some Complexity Classes

We denote by SIZE(p) the class of (non-uniform) families of p-size circuits, and by
SIZE(p)SAT the class of such circuits augmented by sAT-gates (oracle gates to SAT).

We refer to two restricted classes of interactive proof systems (cf. [L1]), specifically
M A and AM. The class M A (resp., AM) consists of all languages having a two-round
public-coin interactive proof in which the prover (called Merlin) sends the first (resp.,
second) message (cf. [6]). In both cases, the verifier’s (Arthur’s) message consists of
the entire contents of its random-tape (hence the term public-coin). By M.A(p) (resp.,
AM(p)) we denote a parameterized version of M.A (resp., AM) in which the verifier’s
complexity is bounded by p.

3 The Transformation: Proof of Theorem 3

We combine an algorithm A as in the hypothesis (of Theorem [3) with an adequate
extractor to obtain the desired deterministic algorithm. Specifically, let use denote by S
the set of good advice strings of algorithm A; that is, for every € S and = € {0,1}",
it holds that A(x,r) = IT(z). Then, by the theorem’s hypotheses, |S| > (2/3) - 2¢(™),
Let B, : {0,1}™ x {0,1}*(™ — {0,1}*(™ be a (k(n),0.1)-extractor. Then, by Fact[8]
for all but at most 2¢(™) of the n-bit long s, the probability that E, (z, Uy(,)) € S is at
least (2/3) — 0.1 > 1/2. Thus, for all but at most 2¢("™) of the z’s, for a strict majority
of the (extractor seeds) ' € {0,1}*("™) it is the case that E, (z,') € S. Scanning all
possible 7/ € {0,1}*(™), an ruling by the majority of the A(x, E,,(x,r’)) values, we
obtain the correct answer for all but at most 2¢(") of the n-bit long inputs. (The resulting
algorithm is depicted in Figure[1l)

® We mention that both the error-correcting code and the (weak) designs used by Trevisan’s
extractor can be constructed in log-space.
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On input z € {0,1}", scan all possible 7' € {0, 1},
performing the following steps for each 7'

1. Obtainr < E,(z,r").
2. Invoke A on input z and advice 7, and record the answer in v(r’).
Output the majority value in the sequence of v(r’)’s.

Fig. 1. The resulting deterministic algorithm.

Clearly, the time complexity of the resulting algorithm is 2(") - (T4 (n) + Tx(n)),
where Ty (resp., Tr) denotes the time complexity of algorithm A (resp., of the extractor
E = {E,}nen). Similarly, the space complexity of the resulting algorithm is ¢(n) +
Sa(n)+ Sg(n), where S 4 (resp., Sg) denotes the space complexity of A (resp., of F).

Using Theorem[9, we may set ¢(n) = O(logn) and k(n) = £(n)°, while using a
log-space computable extractor. Thus, the main part of Theorem Blfollows. To establish
the furthermore part of Theorem Bl(which refers to £(n) = 2(n)), we use Zuckerman’s
extractor [28] instead of Theoremﬂ

Remark 10 If algorithm A never errs (but may rather output a special “dont know”
symbol on some (x,r) pairs) then the same property is inherited by the resulting de-
terministic (single-input) algorithm. A similar statement holds for one-sided error of
algorithms for decision problems. (In both cases, we may actually use dispersers instead
of extractors.)

4 Undirected Connectivity: Proof of Theorem [II

As explained in the introduction, Theorem [I] is proved by applying Theorem Blto an
advice-taking algorithm that is implicit in (or rather derived from) the work of Nisan,
Szemeredi and Wigderson [19]. The latter algorithm refers to the notion of a universal
traversal sequence for the set of all (3-regular) graphs of a certain size. Such sequences
were defined by Cook (cf. [3]]) and extensively studied since. There are many variants
of this definition, and we choose one that is most convenient for our purpose.

Definition 11 (Universal traversal sequences for d-regular graphs):

7 To handle log-space algorithms, we need a log-space computable extractor for this case (i.e.,
of £(n) = 2(n) and k(n) = c- £(n)). Such extractors do exist [22].
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— Let G be a d-regular graph, v be a vertex in G, and 0 = (071, ...., 0¢) be a sequence

over [d] e {1,...,d}. The o-directed G-walk starting at v is the vertex sequence
(vo, V1, ..., vt), where vo = v and v; 41 is the afh neighbor of v;.

— We say that o € [d]* is (d, m)-universal if for every m-vertex d-regular graph G
and every vertex v in G, the o-directed G-walk starting at v visits all the vertices
of the connected component of v in G.

We say that o € {0,1}* is (d, m)-universal if when viewed as a sequence over [d]
it is (d, m)-universal.

The following result is implicit in the work of Nisan, Szemeredi and Wigderson [19].

Theorem 12 (following [19]): Let ¢{,m : N — N be space-constructible func-
tions such that m(n) < £(n) < n for all n'sHl Then, there exists a deterministic
O((log®n)/(log m(n)))-space advice-taking algorithm Axsw for UCONN that on in-
put an n-vertex graph uses an advice string of length £ é]n), where the set of good advice
strings contains every (3, m(n))-universal sequencell Furthermore, algorithm Answ
never errs, but may rather output a special (“dont know”) symbol (in case the advice
string is not good).

Nisan er. al. [19] used the fact that (by [[I8]) (3, m)-universal sequences of length
exp(log® m) can be constructed in O(log® m)-space. Setting £(n) = n and m(n) =
exp(log'/? m), their O(logg/ % m)-space algorithm follows by combining Theorem
with the O(logn)-space algorithm (of Nisan [18]) for constructing a m(n)-universal
sequence of length n. Here, instead, we use the well-known fact that most sequences of
length O(m?) are (3, m)-universal [3]. That is:

Theorem 13 (Aleliunas et. al. [B]): More than a 2/3 fraction of the O(m? - log m)-bit
long strings are (3, m)-universal sequences.

Setting £(n) = O(m(n)3-logm(n)) < m(n)4,itfollows that a 2/3 fraction of the £(n)-
bit long strings are (3, £(n)"/*)-universal, and thus are good advice strings for Axsw
(when applied to n-vertex graphs). Specifically, under this setting, Answ uses space
O((log®n)/logm(n)) = O((log®n)/logf(n)) (and £(n)-bit long advice strings).

8 The growth restriction on these functions is natural in the context of [19]. Of course
m(n) < £(n) must hold, as otherwise the claim holds vacuously (because m-universal
sequences must have length greater than m). For £(n) > n, algorithm Answ uses space
O((log £(n))(log n)/(logm(n))) rather than O((log® n)/(log m(n))).

? Nisan et. al. [19] work with an auxiliary 3-regular O (n?)-vertex graph that is derived from the
initial n-vertex graph in a straightforward manner. The algorithm works in iterations, where a
good advice allows to shrink the size of the graph by a factor of m(n)/4 in each iterations. (In
case the advice is not good, the algorithm may fail to shrink the graph, but will detect this failure,
which justifies the furthermore clause.) Thus, there are (logn)/(log(m(n)/4)) iterations, and
each iteration is implementable in O(log n) space.
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For £(n) = n'/9(), we obtain a deterministic log-space advice-taking algorithm for
UCONN that uses ¢(n)-bit long advice strings such that at least a 2/3 fraction of the
possible advice strings are good.

We are now ready to invoke Theorem Bl given any desired constant ¢ > 0, we set
¢(n) = n/* (for any constant ¢ > 1) and invoke Theorem[3l This yields a deterministic
log-space algorithm for UCONN that errs on at most 2¢(")° = 27° of the n-vertex graphs.
The main part of Theorem [I] follows. By Remark[10, the fact that Axsw never errs is
inherited by the log-space algorithm that we derive, and thus the furthermore-part of
Theorem [ follows.

USTCONN and SL. The arguments presented above apply also to USTCONN, where
one is given an undirected graph G and a pair of vertices (u, v) and needs to determine
whether or not these vertices are connected in GG. Actually, the main algorithm presented
in [[19] is for that version, and so all the above holds. Since USTCONN is log-space
complete for the class SL (symmetric log-space), it is easy to see that for every € > 0
every problem in SL, has a deterministic log-space algorithm which is always correct,
and answers “dont-know” on at most 2" inputs of length n. Indeed, one only has to
observe that log-space reductions can only blow-up the input length polynomially, and
since € can be made arbitrarily small we get the same bound on the number of “dont-
know”s. A compendium of interesting problems in SL can be found in [2]].

5 Derandomizing BPP and AM

Comments on the proof of Theorem[4: With a minor modification (to be discussed),
Theorem 3.2 in (the full version of) [T7] yields Theorem[dl Theorem 3.2 in [T7] assumes
the existence of a predicate that is hard to approximatd'd by SIZE(p)SAT, and conclude
that a certain pseudorandom generator expanding k-bit strings to g(k)-bit strings exists,
where q(k) < p(v/klog q(k))'/2. The resulting generator withstand ¢(k)-sized circuits
with sAT-gates, and operates in time related to the complexity of evaluating the predicate
on (Vklogq(k))-bit long inputs and to 2°(*). However, the latter additive term (of
20(k)) is merely due to the fact that [17] use the brute-force design construction of [20)]
rather than their efficient (i.e., poly(k)-time) construction, which can be used whenever
p is a polynomial ['] (Another minor detail is that we want to withstand q(k)?-sized
circuits rather than withstand ¢(k)-sized circuits.) Theorem Hlfollows by setting, for any
given polynomial g, the polynomial p such that ¢(k)? < p(vklog g(k))'/? holds (e.g.,

p(n) < (). A

10 See Footnote B
"' Indeed, Theorem 3.2 in [17] is stated for arbitrary p’s, and the focus is actually on super-
polynomial p’s.
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Proof of Theorem [ For each set in BPP, by using straightforward amplification,
we obtain a randomized polynomial-time algorithm that errs with probability at most
2-("+2) (on each n-bit input). This algorithm yields an advice-taking algorithm for
which at least 3/4 of the possible advice strings are good. We call such an algorithm
canonical.

For any polynomial ¢ and € > 0, we construct a generator G 4 as in Theorem HI
such that n-bit long strings are stretched into sequences of length ¢(n) that pass all
q(n)?-size distinguishers (i.e., circuits with SAT-gates).

We claim that for every ¢-time canonical algorithm, A, at least a 2/3 fraction of the
sequences generated by G 4 are good advice strings. Otherwise, we consider an M.A4-
proof system for bad (i.e., non-good) advice strings. On input a string € {0,1}™,
where m = ¢(n), the prover (i.e., Merlin) sends x € {0,1}", and the verifier accepts if
and only if A(x, r) differs from the majority vote of A(x, s) taken over a sample (of say
100) uniformly selected s € {0, 1}"™. Note that if  is a bad advice string then the verifier
accepts with probability at at least 0.99 (provided Merlin acts optimally), whereas if r is a
good (i.e., not bad) advice string then the verifier accepts with probability at most 0.01 (no
matter what Merlin does). Thus, the probability that the verifier accepts a string produced
by G, 4 is at least (1/3) - 0.99 = 0.33, whereas the probability that the verifier accepts
a uniformly distributed ¢(n)-bit long string is at most (1/4) - 1 + (3/4) - 0.01 < 0.3.
Observe that the verifier’s running-time is bounded by O(m) = O(g(n)). Applying
known transformations from M.A to AM, and from the latter to BPTIMESAT, yields a
distinguisher in BPTIME(m?)SAT for m-bit inputs (provided that g(n) > n log n)[13 we
derive a contradiction to the security of G 4, and the theorem follows. [ |

Proof of Corollaryll: By applying Theorem[3(with ¢ replaced by ¢/2), we can derive for
any set in BPP a polynomial-time advice-taking algorithm with advice strings of length
n¢/? such that at least 2/3 of the advice strings are good. Then applying Theorem B](with
¢ = 2), the current claim follows. [

Proof of Theorem[Z: We just follow the proof of Corollary[6, adapting the notion of a
good advice to the AM setting, and observing that the proof of Theorem [5]still applies.
Specifically, a good advice for an AM-game is a verifier message that is good for all
inputs of a certain length (i.e., for inputs in the language there exist an acceptable prover
response, whereas no such response exists in case the input is not in the language). The
M A-proof system described in the proof of Theorem 3] extends in the straightforward

12 The transformation of M A to AM increases the running-time by a factor related to the length
of the original Merlin’s message, which equals n in our case. In the second transformation
(i.e., from AM to BPTIMESAT), we need to make a SAT-query that is answered with an optimal
Merlin message. This amounts to encoding the accepting predicate of Arthur as a SAT-instance,
where the length of that instance is almost linear in the verifier’s running-time (on a multi-tape
Turing machine). Thus, MA(m) C AM(mn) C BPTIME(mn log(nm))SAT.
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manner (i.e., Merlin now sends an adequate x along with an adequate prover message for
the AM-game). Indeed, moving to AM will blow-up the complexity by a factor related
to the prover message, and so we should start (w.l.o.g.) with a AM-game in which the
verifier’s messages are longer than the prover messages But otherwise, the argument
remains intact. i

6 Direct Product Problems

The following observation is due to Noam Nisan: A natural domain where one may obtain
advice-taking algorithms with good advice strings that are much shorter than the input
is the domain of direct product problems. That is, suppose that I/ is a problem having a
(polynomial-time) randomized algorithm. As we have commented in the introduction,
by straightforward amplification [[1]] we may obtain an advice-taking algorithm for I7
such that for some polynomial ¢, the algorithm uses ¢(n)-bit long advice for n-bit long
inputs such that at least a 2/3 fraction of all possible advice are good. The key point is
that such an advice-taking algorithm for /7 yields an algorithm with similar performance
for the direct product of 7. That is, for any n and ¢, given input (x1, ..., z¢) € {0,1}*'™
and an ¢(n)-bit long advice, the latter algorithm invokes the single-instance algorithm
on each x; using the same advice in all invocations. Clearly, if the advice is good for
the single-instance algorithm then it is also good for the multiple-instance algorithm.
Applying Theorem B] we obtain

Theorem 14 For every problem II in BPP, there exist a polynomial p and a determin-
istic polynomial-time algorithm A such that for every n and t, for all but at most 2P("")
of the sequences T = (x1, ...,x¢) € {0, 1}1'™ it holds that A(T) = (II(x1), ..., I (x4)).

We stress that the number of inputs on which A may err depends only on the length of
the individual I7-instances (i.e., n), and not on their number (i.e., ). We comment that
this is superior to what could be obtained by straightforward considerations

13 Specifically, assuming that the prover’s messages in the AM-game are shorter than m, we get
an MA(m) proof system for bad advice strings, which is transformed to an AM (m?) proof
system, which in turn resides in BPTIME(m? log(m?))SAT. So we should use a generator as in
Theorem[] such that n°-bit long strings are stretched into sequences of length g(n) that pass
all g(n)>-size distinguishers (rather than ¢(n)?-size ones).

14 For example, suppose that IT has a BPP-algorithm of randomness complexity p (such that
p(n) > n or else we can derandomize I7 itself). Then, by straightforward amplification, we
obtain a 2/3-majority of good advice strings for advice length £(n) = O(p(n) - n) (or even
£(n) = O(p(n) + n) by using expander-based amplification). Thus, in Theorem [[4] we obtain
p(n) = £(n)¢, for any desired ¢ > 1. In contrast, if we use 2, ..., T+ to generate m =~ t/p(n)
disjoint random pads for invocations of the BPP-algorithm on input z; then we may err on
exp(—m)-2!" = 270t of the sequences. Using za, ..., 2+ to generate tn/(log d) related
pads (by using a d-regular optimal expander) may yield error on (1/1/d)t"/ (108 @ . gtn — otn/2
sequences. For large ¢, this is inferior to the upper bound of 20 (n)-m)*/2 < 20(m)° sequences
(not to mention 20 (M+m* = 2¢(M° ‘for any ¢ > 1) obtained by using Theorem [
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Abstract. By the breakthrough work of Hastad, several constraint sat-
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resistance property: satisfying more clauses than what picking a ran-
dom assignment would achieve is NP-hard. This is the case for exam-
ple for Max E3-Sat, Max E3-Lin and Max E4-Set Splitting. A notable
exception to this extreme hardness is constraint satisfaction over two
variables (2-CSP); as a corollary of the celebrated Goemans-Williamson
algorithm, we know that every Boolean 2-CSP has a non-trivial approx-
imation algorithm whose performance ratio is better than that obtained
by picking a random assignment to the variables. An intriguing question
then is whether this is also the case for 2-CSPs over larger, non-Boolean
domains. This question is still open, and is equivalent to whether the
generalization of Max 2-SAT to domains of size d, can be approximated
to a factor better than (1 — 1/d?).

In an attempt to make progress towards this question, in this paper we
prove, firstly, that a slight restriction of this problem, namely a gener-
alization of linear inequations with two variables per constraint, is not
approximation resistant, and, secondly, that the Not-All-Equal Sat prob-
lem over domain size d with three variables per constraint, is approx-
imation resistant, for every d > 3. In the Boolean case, Not-All-Equal
Sat with three variables per constraint is equivalent to Max 2-SAT and
thus has a non-trivial approximation algorithm; for larger domain sizes,
Max 2-SAT can be reduced to Not-All-Equal Sat with three variables
per constraint. Our approximation algorithm implies that a wide class
of 2-CSPs called regular 2-CSPs can all be approximated beyond their
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1 Introduction

In a breakthrough paper, Hastad [6] studied the problem of giving approximate
solutions to maximization versions of several constraint satisfaction problems.
An instance of a such a problem is given as a set of variables and a collection
of constraints, i.e., functions from some domain to {0,1}, on certain subsets
of variables, and the objective is to find an assignment to the variables that
satisfies as many constraints as possible. An approximate solution of a constraint
satisfaction program is simply an assignment that satisfies roughly as many
constraints as possible. In this setting we are interested in proving either that
there exists a polynomial time algorithm producing approximate solutions, i.e.,
solutions that are at most some constant factor worse compared to the optimum,
or that no such algorithms exist.

Typically, each individual constraint depends on a fixed number £ of the
variables—this case is usually called the Max k-CSP problem. The complexity
of the constraint satisfaction problem (CSP) is determined by the precise set
of constraints that may be posed on subsets of k variables, and accordingly we
get various families of Max k-CSP problems. For each such CSP, there exists a
very naive algorithm that approximates the optimum within a constant factor:
The algorithm that just guesses a solution at random. In his paper, Hastad [6]
proved the very surprising fact that this algorithm is essentially the best possible
efficient algorithm for several constraint satisfaction problems, unless P = NP.
Hastad [6] suggests that predicates with the property that the naive randomized
algorithm is the best possible polynomial time approximation algorithm should
be called non-approximable beyond the random assignment threshold; we also
use the phrase approrimation resistant to refer to the same phenomenon.

Definition 1. A solution to a maximization problem is a-approximate if it is
feasible and has weight at least o times the optimum. An approximation algo-
rithm has performance ratio « if it delivers a-approzimate solutions in polyno-
meal time.

Definition 2. A CSP is said to be approximation resistant or non-
approximable beyond the random assignment threshold if, for any constant
e > 0, it is NP-hard to compute a (p + &)-approximate solution, where p is
the expected fraction of constraints satisfied by a solution guessed uniformly at
random.

Clearly, understanding which predicates are approximation resistant is an im-
portant pursuit. The current knowledge is that for Boolean CSPs, which under-
standably have received the most attention so far, there is a precise understand-
ing of which CSPs on exactly three variables are approximation resistant: All
predicates that are implied by parity have this property [6l11]. It is known that
no Boolean CSP over two variables is approximation resistant; this is a corollary
of the breakthrough Goemans-Williamson algorithm [4]. For the case of four or
more variables, very little is known; therefore it seems to be a good approach to
first understand the situation for two and three variables.
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Accordingly, we are interested in the situation for CSPs with two and three
variables over larger, non-Boolean, domains. In particular, it is a really intriguing
question whether every CSP over two variables can be approximated better than
random, no matter what the domain size is. The central aim of this paper is to
study this question. We are not able to resolve it completely, but we conjecture
that the answer to the question is yes.

1.1 Formal Definitions of Some CSPs

Before discussing our results, we will need to define some of the CSPs that we
will be concerned with in this paper. A specific k-CSP problem is defined by the
family of constraints that may be imposed on subsets of k variables. Allowing
arbitrary constraints gives the most general problem, which we call Max Ek-
CSP(d). In this paper, d refers to the domain size from which the variables may
take values, with d = 2 corresponding to the Boolean case. Over domain size d,
a constraint is simply a function f: [d]* — {0,1}, where [d] = {0,1,...,d — 1}.
Equivalently, a constraint f can be viewed as a subset of [d]* consisting of all
inputs which it maps to 1.

The Max Ek-Sat(d) problem is defined by the constraint family {f C [d]* :
|f| = d¥ —1}, i.e., the family of all constraints having just one non-satisfying as-
signment. Max Ek-NAE-Sat(d) is the problem where the constraints assert that
the specific variables are not all equal, except that we also allow translates of vari-
ables, e.g., for the two variable case, a constraint can assert z; +1 # xo + 3 (the
addition being done modulo d); this is the analog of complementation of Boolean
variables. In the Max Ek-Lin(d) problem, the constraint family is given by all
linear constraints: {Lin(ay,...,ax,¢) : «;,¢ € [d]} where Lin(ay,...,ax,¢) =
{(x1,...,2,) : > ; a;z; = cmod d}. The Max Ek-LinInEq(d) problem is defined
by the family of all linear inequations: {f C [d]* : f¢ is a linear constraint}—
here f¢ = [d]* \ f denotes the complement of the constraint f.

For the two variable case, we define the constraint satisfaction problems Max
BIJ(d) and Max Co-B1J(d) which are generalizations of Max E2-Lin(d) and Max
E2-LinInEq(d) respectively. Let Sg be the set of all bijections from [d] to [d]. For
each m € Sy, define the 2-ary constraint fr 4 = {(a,b) € [d]? : b = 7(a)}. Now
define the family BIJ(d) = {fr.a : ® € Sq}; we call the CSP associated with
this family Max BIJ(d). The problem Max Co-BIJ(d) is obtained by constraints
which are complements of those in BIJ(d), i.e., a constraint is of the form 7(x1) #
x9 for some bijection 7 defined over [d]. It is clear that these problems generalize
Max E2-Lin(d) and Max E2-LinInEq(d) respectively.

For the three variable case, we define the problem Max E3-NAE-Sat(G) for
finite Abelian groups G. For each triple (g1, g2,93) € G® define the constraint
Ny, .g2.9s = {(T1,22,23) € G : =(g171 = gowa = g3x3)}. Now define the family
NAE(G) = {Ny,.00.95 : (91,92,93) € G*}; we denote by Max E3-NAE-Sat(G)
the CSP associated with this family of constraints. Note that the group structure
is indeed present in the problem since the constraints involve multiplication by
elements from G. In fact, we are able to prove in this paper that Max E3-
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NAE-Sat(Z,) is approximation resistant while we are unable to determine the
approximability of Max E3-NAE-Sat(Zsx Z5).

It is an interesting open question to determine what kind of hardness holds
for the restricted version of Max E3-NAE-Sat(G) where group multipliers are
not allowed; for this problem the group structure is, of course, not present at
all. Recently, Khot [8] has shown that Max E3-NAE-Sat(Z3) is approximation
resistant even without group multipliers.

1.2 Our Results

Preliminaries: First, we make explicit the easily seen result that an approxima-
tion algorithm for Max E2-Sat(d) with performance ratio better than 1 — 1/d?,
i.e., better than the random assignment threshold, implies that any CSP over
2 variables can be approximated to within better than its respective random
assignment threshold. In other words, Max E2-Sat(d) is the hardest problem in
this class, and if there is some Max E2-CSP(d) which is approximation resistant,
then Max E2-Sat(d) has to be approximation resistant.

Consequently, our interest is in the approximability of Max E2-Sat(d), specifi-
cally to either find a polynomial time approximation algorithm with performance
ratio greater than 1 — 1/d? or to prove a tight hardness result that the trivial
1—1/d? is the best one can hope for. While we are unable to resolve this question,
we consider and prove results for two predicates whose difficulty sandwiches that
of solving Max E2-Sat(d): namely Max Co-BlJ(d) and Max E3-NAE-Sat(Z,).
The former problem is (in a loose sense) the natural 2-CSP which is next in
“easiness” after Max E2-Sat(d) as far as approximating better than the ran-
dom assignment threshold is concerned. There is an approximation preserving
reduction from Max E2-Sat(d) to Max E3-NAE-Sat(Z,), implying that Max
E3-NAE-Sat(Z,) is a harder problem than Max E2-Sat(d).

Algorithms: For the Max Co-BIJ(d) problem, we prove that it is not approx-
imation resistant by presenting a polynomial time approximation algorithm
with performance ratio 1 — d=! + 0.07d~*. This result implies that a large
class of 2-CSPs, called regular 2-CSPs (defined below), are not approxima-
tion resistant. Viewing a 2-ary constraint C' over domain size d as a sub-
set of [d] x [d], the constraint is said to be r-regular if for each a € [d],
Hz: (z,a) € C} = {y: (a,y) € C}| = r (the term regular comes from the fact
that the bipartite graph defined by C' is regular). The constraint is regular if it
is r-regular for some 1 < r < d. A 2-CSP is regular if all the constraints in the
CSP are regular and it is r-regular if all the constraints are r-regular.

Our result for regular 2-CSPs includes as a special case the result of Frieze
and Jerrum [3] that Max d-Cut can be approximated to better than its random
threshold. Our performance ratio is weaker, but our analysis is simpler and
gives a more general result. Another special case is the result for Max E2-Lin(d)
where our result actually improves the approximation ratio of Andersson et al [2].
Recently, Khot [9] gave a simpler algorithm that beats the random assignment
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threshold for Max E2-Lin(d) as well as the more general Max BI1J(d) problems—
his result is actually more general and can find a near-satisfying assignment given
a near-satisfiable instance, i.e., an instance where the optimum solution satisfies
a fraction 1 — ¢ of constraints. Our approximation algorithm for Max Co-BLJ(d)
is based on a semidefinite programming relaxation, similar to that used for Max
BIJ(d) by Khot [9], combined with a rounding scheme used by Andersson [I] to
construct an approximation algorithm for Max d-Section, the generalization of
Max Bisection to domains of size d. Technically, we view this algorithmic result
as the main contribution of this paper.

Inapprozimability results: For the Boolean case, d = 2, it is known that Max E3-
NAE-Sat can be approximated to better than random. The GW-algorithm [4]
for Max E2-Sat essentially gives such an algorithm, and the performance ratio
was later improved by Zwick [12]. We prove that for larger domains, the problem
becomes approximation resistant; in other words, it is NP-hard to approximate
Max E3-NAE-Sat(Z,) to better than (1 — 1/d? + ¢) for any d > 3 and any
€ > 0. This result rules out the possibility of a non-trivial algorithm for Max
E2-Sat(d) that works by reducing it to Max E3-NAE-Sat(Zy). In fact, we prove
that for any finite group G which is not of the form Zs x Z5 x -+ x Z5, Max
E3-NAE-Sat(G) is hard to approximate within a factor (1 — 1/|G|? + ¢).

We remark that the above hardness results hold with perfect completeness;
in other words, the stated approximation factors are hard to obtain even on
satisfiable instances of the concerned constraint satisfaction problems.

Conclusions: We are not able to completely resolve the status of the 2-CSP
problem over larger domains. Using reductions, we prove a hardness result of
1 — 2(1/d?) for Max E2-Sat(d), which compares reasonably well with the (1 —
1/d?) random assignment threshold. For satisfiable instances of Max E2-Sat(d),
we prove a hardness result of 1 —2(1/d?®). Nevertheless, we conjecture that there
is an approximation algorithm beating the random assignment threshold for Max
E2-Sat(d), and hence for all instances of 2-CSP.

Organization: We begin with a brief Section[2 highlighting why Max E2-Sat(d) is
the hardest Max E2-CSP(d) problem in terms of beating the random assignment
threshold. Next, in Section[3 we prove that every Max Co-BILJ(d) problem admits
an algorithm that beats the random assignment threshold, and record some of its
consequences. In Section @] we prove that Max E3-NAE-Sat(G) is approximation
resistant for most groups, including G = Z; (the case of most interest in the
context of Max E2-Sat(d)). Finally, we record results that directly apply to Max
E2-Sat(d) in Section

2 The “Universality” of Max E2-Sat(d)

We note that the existence of an approximation algorithm that beats the random
threshold for every 2-CSP is equivalent to the existence of such an algorithm for
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Max E2-Sat(d). Thus, an algorithm for Max E2-Sat(d) with performance ratio
better than (1 —1/d?) will imply that no 2-CSP is approximation resistant, thus
resolving our conjecture that every 2-CSP is “easy”.

This claim is seen by a “gadget” reducing an arbitrary CSP(d) to Max E2-
Sat(d). Given an instance of any 2-CSP, construct an instance of Max E2-Sat(d)
by repeating the following for every constraint C' in the original 2-CSP: For every
non-satisfying assignment to C, add one 2SAT(d) constraint which has precisely
this non-satisfying assignment. If an assignment satisfies C' then it also satisfies
all the 2SAT(d) constraints in the gadget, and otherwise it satisfies precisely
all but one of the 25SAT(d) constraints. Using this fact, it is straightforward to
show that if Max E2-Sat(d) can be approximated beyond the random threshold,
the above procedure gives an approximation algorithm that approximates an
arbitrary 2-CSP beyond the random threshold. Conversely, if any 2-CSP at all
is approximation resistant, then Max E2-Sat(d) must be approximation resistant.

3 Approximation Algorithm for Max Co-B1J(d)

To construct an approximation algorithm for Max Co-BIJ(d) we combine a mod-
ification of the semidefinite relaxation used by Khot [0] for the Max BIJ(d)
problem with a modification of the randomized rounding used by Andersson [1]
for the Max d-Section problem. Recall that a specific clause in the Max Co-
BIJ(d) problem is of the form (z,z’,7), where x and 2’ are variables in the
Max Co-BIJ(d) instance and 7 is a permutation, and that the clause is satisfied
unless x = j and 2’ = m(j) for some j. In our semidefinite relaxation of Max
Co-BIJ(d) there are d vectors {uf,... ,u}_,} for every variable z in the Max
Co-BIJ(d) instance. Intuitively, the vector uj sets the value of the variable x
to j. It is straightforward to see that the semidefinite program in Fig. Mland that
the barycenter b = %Zj;é uj is independent of z for any feasible solution to
the program. To establish a bound on the performance ratio of the algorithm in
Fig. 2, we use local analysis:

Lemma 1. For any clause (z,2',m) in the Max Co-BIJ(d) instance, the algo-
rithm in Fig.[d satisfies (z, ', m) with probability at least

(1 - di(ﬂ? Ufr/oﬂ) /B<1 - é + Kjlr%) dP(r)

Jj=0

where K is any positive constant, the vectors ui and uf,, are as described in the
algorithm, B = {r € R?>* : |r| < 1/Kd}, and P is the probability distribution of
a 2d-dimensional Gaussian with mean zero and identity covariance matrix.

Proof. Consider an arbitrary clause (z,7',7) and the corresponding values ¢,;
computed by the algorithm. Let B = {r € R?? : |r| < 1/Kd}. When r € B,
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a—1

maximize Z W 2/ 7T(1 — Z(uf,uﬁ(jQ)
such that (uf,u?/)ZO Vee X,2' € X,j € Zy,j' € Zqg

(uj,uj) =0 Vee X, (j,j') €235 #7

d—1

Z(uf,uf}:l Ve € X

=0

d—1 d—1 )

(uj,ufry =1 VY(z,2') € X*:x#a
7=0j'=0

Fig. 1. Semidefinite relaxation of Max Co-BIJ(d) with variable set X. A clause in the
Max Co-B1J(d) instance is denoted by (z,z’,7) where x € X and 2z’ € X are variables
and m: Zg — Z4 is a permutation. The clause is satisfied unless z = j and =’ = 7(j)
for some j € Z4. Each clause (z,2’,7) has a non-negative weight w, ,/ . associated
with it.

. Solve the semidefinite program in Fig. [T]
. Denote by uj the vectors obtained from the solution.
. For every (z,j) € XxZa, let v =uj — 1 ;té i
. Select r from a dn-dimensional Gaussian distribution.
. Set qoj = = 4+ K(r,v}) for all (z,j) € XX Zg.
. For each x € X,
— set Poj = Qoj if qoj € [0,2/d] for all j € Zg;
—set pg; = 1/d for all j € Z4 otherwise.
7. For each z € X, let x = j with probability p,;.

S UL W N

Fig. 2. Approximation algorithm for Max Co-BLJ(d) with variable set X. The algo-
rithm is parameterized by the positive constant K.

both ¢,; and g,/; are in the interval [0,2/d]; hence the clause (3,4, 7) is satisfied
with probability

d—1 d—1
1
1- E pxjpw’,ﬂ(j) § ( +K T U, >> (d +K<T7’UT((])>>
j=0

7=0

1 d—1
=1l-5- Z ) vz )
=0

given r in this case. Using the definition of U'J’-‘ from the algorithm, and integrating
over B, we can lower bound the probability that the clause (,4',7) is accepted
by

/B<1 — é + K? <d<r, b)(r, b) — dz_i(r, ui)(r, ufr/(j)>>) dP(r).

=0
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where b is the barycenter of the vectors {uf : j € Zg}, which is indepen-
dent of z. To compute the integral of (r, b><r, b), introduce an orthonormal
basis {er} such that b = 61/d and write r = ), 7pep in this basis. Then
S (r,b)(r,b) dP(r &[5 ), where the last integral is actually inde-
pendent of the ba&s smce both P and B are spherically symmetric. To compute
the integral of (r,uf)(r, u’”/(j)> we proceed similarly: Introduce an orthonormal

basis {ey} such that uf = z1e1 and ul ;) = yie1 + yaea. Then

7r(J)
rou =z | 12 r) = um-,uﬁ/- 2 T).
/B<, 2, u ) dP(r) y/B dP(r) = (u? <J>>/B dP(r)

To conclude, we can write the probability that the clause is satisfied as a — cx
where

Since a > ¢ > 0, a—czx > a(1—x); therefore the clause is satisfied with probability
at least a(1 — ), which equals

(1- dfwf,u;ﬁ%m) [ (1= 3+ 58 are.

J=0

Using standard calculus, it can be shown that

1 K22 1 0.07
1— =+ dP(r) >1— =4 —_
/B< d' d > () at

with the parameter choice K = 1/v/13d3. Together with the above lemma, this
proves our main theorem:

Theorem 1. The algorithm in Fig. [d with K = 1/v/13d3 is a randomized poly-
nomial time approzimation algorithm for Maxz Co-BIJ(d) with expected perfor-

mance ratio 1 — d~' + 0.07d~* and thus better than the random assignment
threshold.

3.1 An Approximation Algorithm for Max E2-Lin(d)

We can use the above algorithm for Max Co-BIJ(d) to construct an algorithm
also for Max E2-Lin(d): Simply replace an equation ax + by = ¢ with the d — 1
inequations ax + by # ¢; for all ¢; # ¢. Then an assignment that satisfies a linear
equation satisfies all of the corresponding linear inequations and an assignment
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that does not satisfy a linear equation satisfies d — 2 of the d — 1 corresponding
linear equations.

Run the following two algorithms and take the assignment producing the
largest weight as the result: The first algorithms selects a random assignment
to the variables; the second algorithm runs the above algorithm for Max E2-
Lin(d). This algorithm gives a performance ratio of 1/d+2(1/d*) which improves
significantly on the previously best known ratio of 1/d+£2(1/d'*) [2]. The formal
proof is omitted from this extended abstract.

Theorem 2. For all d > 4, the above algorithm is a randomized polynomial
time approximation algorithm for Max E2-Lin(d) with expected performance ra-
tio d=1 4+ 0.05d4.

Corollary 1. For alld > 2, there is a polynomial time approximation algorithm
for Max E2-Lin(d) with expected performance ratio d~*+0.05d=* and thus better
than the random assignment threshold.

Proof. Algorithms for d = 2 and d = 3 have been provided by Goemans and
Williamson [4[5], for d > 4 the result follows by Theorem [2I

3.2 An Approximation Algorithm for Regular 2-CSPs

We can obtain an approximation algorithm for all regular CSPs by a straight-
forward generalization of the ideas from the previous section. Given an r-regular
2-CSP, we proceed as follows for every relation R defining the CSP: Decompose
R¢, the “bipartite complement” of the graph defined by R, into (d — r) perfect
matchings 7k, 7%, ... , 7% " Then let these matchings define the Max Co-BIJ(d)
instance. An assignment that satisfies R satisfies all of the d —r matchings while
an assignment that does not satisfy R satisfies d — r — 1 of them. Run the fol-
lowing two algorithms and take the assignment producing the largest weight as
the result: The first algorithms selects a random assignment to the variables;
the second algorithm runs the above algorithm for Max Co-BIJ(d). The formal
proof is, again, omitted.

Theorem 3. For all d > 2 and all 1 < r < d — 1, the above algorithm is a
randomized polynomial time approximation algorithm for r-reqular CSPs with
expected performance ratio r/d + 2(d=%).

It is not necessary that the various constraints be r-regular for the same r, and
a similar argument also shows that every regular 2-CSP can be approximated in
polynomial time beyond its random assignment threshold.

4 Hardness Results for Max E3-NAE-Sat(Z,)

In this section, our aim is to prove that unlike the Boolean case, for every d > 3,
Max E3-NAE-Sat(Z,) is approximation resistant. We will actually prove that
Max E3-NAE-Sat(G) is approximation resistant for pretty much every finite
Abelian group. Specifically, we will prove:
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Theorem 4. For every constant € > 0 and every finite Abelian group G that is
not isomorphic to Z3* for any positive integer m, it is NP-hard to distinguish
instances of Max E3-NAE-Sat(G) that are satisfiable from instances where at
most a fraction (1 — |G|~2 + €) of the constraints are simultaneously satisfiable.

Inevitably, the proof of the above theorem will involve the machinery of prob-
abilistically checkable proofs (PCP). We first give a rapid introduction to the
necessary background, and then indicate the kind of PCP verifiers that yield
Theorem Hl

4.1 Background on PCP Constructions

Our hardness of approximation results are proved by constructions of suitable
probabilistically checkable proofs (PCPs) for NP. Our PCP constructions follow
the by now standard paradigm used by Hastad; we refer the reader to Hastad’s
paper [6] for the complete details. The basic construction methodology is to
start with an instance of 3SAT, called p-gap E3-Sat(5), where there is a gap in
the optimum (either the formula is satisfiable or at most a fraction p of clauses
are satisfied by any assignment) and each variable occurs in exactly five clauses.
One then uses Raz’s parallel repetition theorem to obtain a two-prover one-
round (2P1R) system with completeness 1 and arbitrarily low soundness. The
verifier in the 2P1R system picks a set W of u clauses of the 3SAT instance at
random and also picks a set U of u variables, one in each of the picked clauses,
at random. The first prover P is expected to give an assignment to the variables
in U and the second prover P, is expected to give an assignment that satisfies
all the clauses in W. The verifier accepts if the answer of the P, is consistent
with the answer of P;. This protocol has soundness at most c* for some absolute
constant c.

In order to prove that several constraint satisfaction programs are non-
approximable beyond the random assignment threshold, we use a verifier whose
acceptance predicate is closely related to the particular CSP we want to ana-
lyze. The final verifier expects as proof encodings of the answers of P; and P;
in the Raz 2P1R, and then checks very efficiently, by making very few queries,
that the proof is close to valid encodings of answers that would have made the
2P1R verifier accept with good probability. To get hardness results for CSPs
over domain size d, the specific encoding used is the Long G-Code where G is
an Abelian group of order d.

Definition 3. Let U be a set of variables and denote by {—1,1}V the set of
assignments to the variables in U. The long G-code of some assignment x to the
variables in U is a function Ay .: {—1,1}V — G defined by Ay .(f) = f(z).

Definition 4. Let W be a set of clauses and denote by SATY the set of sat-
isfying assignments to the clauses in W. The long G-code of some satisfying
assignment y to the clauses in W is a function Aw,y: SATY — G defined by

AW7y<h) = h(y).
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The proof is a standard written G-proof with parameter u:

The verifier acts as follows:

1. Select a sequence W of clauses, each clause uniformly
and independently at random from &.

2. Select a sequence U of variables by selecting one variable
from each clause in W, uniformly and independently.

3. Let m: SAT" — {—1,1}Y be the function that creates
an assignment in {—1,1}Y from an assignment in SAT"

4. Let F =G and H = gSAT,

5. Select f € F and h € H uniformly at random.

6. Select e € H such that independently for every y € SATY,
e(y) is uniformly distributed in G \ {1}.

7. Accept if Ay (f), Aw (k) and Aw ((f o w) " 'h?e) are not all equal;
Reject otherwise.

Fig. 3. The PCP used to prove optimal approximation hardness for Max E3-NAE-
Sat(Zg4) for odd d. The PCP is parameterized by the constant v and tests if a y-gap
E3-Sat(5) formula @ is satisfiable.

The proof expected by the PCP verifier now consists of purported Long G-
Codes of the assignments to the u variables in U and the u clauses in W for each
possible choice U, W of the 2P1R verifier. We call such a proof in such a format
the Standard Written G-proof with parameter u.

The PCP design task now reduces to designing an “inner” verifier to check if
two purported Long G-Codes encode assignments which are consistent answers
for P; and P, in the 2P1R. One designs such a verifier with an acceptance
predicate closely tied to the problem at hand, and its performance is analyzed
using Fourier analysis. The basic strategy here is to show how proofs that make
the “inner” verifier accept with high probability can be used to extract good
strategies for P; and P, in the 2P1R protocol.

4.2 Intuition Behind Our PCP Constructions

For lack of space, we defer the analysis of our PCPs to the full version of our paper
and only give the intuition behind the constructions here. The first construction
turns out to work for all Abelian groups of odd order. A verifier in a PCP
typically first selects sets U and W uniformly at random and then checks a
small number of positions in tables corresponding to U and W. Specifically, the
standard way to get a PCP with three queries is to query one position in a table
corresponding to U and two positions in a table corresponding to W. The three
values obtained are then tested to see if they satisfy some given constraint—
such a construction gives a hardness result for the CSP corresponding to the
type of constraint checked. To get a hardness result for Max E3-NAE-Sat(G) the
constraint checked by the verifier therefore has to be a not-all-equal constraint.
Moreover, we want the verifier to have perfect completeness, i.e., to always verify
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The proof is a standard written Z4-proof with parameter wu:

The verifier acts as follows:

Steps 1-5 are as in Fig.[B applied to G = Z,.

6. Select e; € H such that independently for every y € SATYW,
e1(y) is uniformly distributed in {w?*?, w4i+1}fié_1.
Select ez € H such that independently for every y € SATY,
e2(y) is uniformly distributed in {w4i+1,w4i+2};z‘éfl.
Let e = e1es.

7. Accept if Ay (f), Aw (k) and Aw ((f o w) " 'h?e) are not all equal;

Reject otherwise.

Fig. 4. The PCP used to prove optimal approximation hardness for Max E3-NAE-
Sat(Z4) where d = 2™ for integers m > 2. The group Z, is represented by {w’ ?:_01
where w = €2™/¢ and multiplication is the group operator. The PCP is parameterized
by the constant u and tests if a pu-gap E3-Sat(5) instance @ is satisfiable.

The proof is a standard written G-proof with parameter wu:

The verifier acts as follows:

Steps 1-5 are as in Fig.[3l

6. Select e by selecting independently the components of e(y)
according to Step 6 in Figs.[3 and Ml respectively.

7. Accept if Ay(f), Aw(h) and Aw ((f o ) 'h%e) are not all equal;
Reject otherwise.

Fig. 5. The PCP used to prove optimal approximation hardness for Max E3-NAE-
Sat(G) for any finite Abelian group G = GoX Zaay X Zaaz X - -+ X Zaas where G, is a
finite Abelian group of odd order and a; > 1 for all i. The PCP is parameterized by
the constant u and tests if a p-gap E3-Sat(5) formula @ is satisfiable.

a correct proof. We accomplish this by querying the positions Ay (f), Aw (h) and
Aw (f~th?%e) where f and h are selected uniformly at random and e is selected
such that e(y) is selected independently and uniformly at random from G \ {1}
(see Figure[3)). Here, the function f~h2eis the map y — (f(y|v)) "1 (h(y))?e(y).
For a correct proof of a satisfying assignment, the answers to these queries will
be f(y|v), h(y) and (f(ylv)) 1 (h(y))%e(y) where y is a satisfying assignment to
the clauses in W. These three values can never be all equal, since f(y|v) = h(y)
implies that (f(y|v))"t(h(y))%e(y) = h(y)e(y) # h(y). Therefore the verifier
always accepts a correct proof and we prove in the full version of our paper that
the verifier accepts a proof corresponding to an unsatisfying assignment with
probability at most 1 — |G| =2 + ¢, where ¢ > 0 is an arbitrary constant.

To obtain results for the Abelian groups Zy, where d = 2™ for some m > 2,
we need to change the verifier slightly. The reason that |G| being odd was very
useful in the above mentioned analysis is the following: For a random function h
with range in G, h? is also a random function when |G| is odd. This is no longer
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the case when |G| is even. We get around this obstacle by a different, clever
choice of the error function e. The PCP verifier is described in Figure @l This
verifier also has perfect completeness and we prove in the full version of our
paper that it has soundness 1 — |G| =2 + ¢, where € > 0 is an arbitrary constant.

Finally, in order to obtain a hardness result for every Abelian group except
powers of Z5, we construct a verifier that essentially runs several of the verifiers
described previously in parallel. This verifier is described in Fig.[5. We prove in
the full version of our paper that the analysis of the previous two types of verifiers
can be combined into an analysis that works in this case, which establishes the
proof of Theorem 4.

5 The Status of Max E2-Sat(d)

For the Max E2-Sat(d) problem itself, we present some hardness results below.
We first prove a result for domain size 3 and then prove a result for general
domains.

Lemma 2. For every constant € > 0, the predicate (x # a) V (y = b) over
domains of size 3 is hard to approzimate within (23/24 + ) with perfect com-
pleteness.

Proof. Consider the following 2P1R interactive proof system for 3SAT: The first
prover is given a variable and returns an assignment to that variable, the second
prover is given a clause and returns an index of a literal that makes the clause
satisfied. The verifier selects a clause at random, then a variable in the clause at
random, sends the variable to Pj, the clause to P, and accepts unless P, returns
the index of the variable sent to P; and P; returned an assignment that does
not satisfy the literal. It is known that there are satisfiable instances of 3SAT
such that it is NP-hard to satisfy more than 7/8 + ¢ of the clauses, for any
constant € > 0 [6]. When the above protocol is applied to such an instance of
3SAT, the test has perfect completeness and soundness (1 —1/24+¢). To obtain
the hardness for the claimed constraint satisfaction problem, we just use the
following reduction: x specifies the name of a clause, y specifies a variable in this
clause, a specifies the location of y in = (encoded as 0,1 or 2), and b specifies a
Boolean assignment to y (encoded over 0,1,2, where 2 is meaningless).

Theorem 5. For every constant € > 0, it is NP-hard to approximate Max F2-
Sat(3) within 47 /48 + & with perfect completeness.

Proof. Follows from Lemma Plsince (z # a) V (y = b) can be written as a two
E2-Sat(3) clauses.

Theorem 6. For every d > 3 and every constant € > 0, Maz E2-Sat(d) is hard
to approximate within a factor of (1 —d~—* + €) with perfect completeness.
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Proof. We reduce Max E3-Sat(d), which is known to be hard to approximate
within (1 — d=3 + de) with perfect completeness to Max E2-Sat(d). A con-
straint SAT(x,y, z), which requires that at least one of z,y,z does not equal
0, is replaced with the constraints SAT(z,t), SAT(x,t + 1), SAT(z,t 4+ 2), ...,
SAT(z,t +d — 3), SAT(y,t + d — 2), SAT(2,t + d — 1), where ¢ is an auxiliary
variable specific to this constraint and the additions are done modulo d. If all d
2SAT clauses are satisfied, the 3SAT clause has to be satisfied; if the 3SAT clause
is not satisfied we can satisfy d — 1 of the 2SAT clauses. Therefore it is hard to
distinguish the case when all the constraints are satisfied from the case when a
fraction % (d(1—d =3 +de)+ (d—1)(d "3 —de)) = (1—d~* +¢) of the constraints
are satisfied.

Theorem 7. Max E2-Sat(d) is hard to approzimate within a factor 1 — (d=?)
with mon-perfect completeness. It is also hard to approxrimate within a factor
1 — 2(d=3) with perfect completeness for all d > 3.

Proof. We reduce d-CUT, which is hard to approximate within 1—1/34d+¢ with
non-perfect completeness [7], to Max E2-Sat(d). A clause CUT(x, y) is replaced
with the clauses SAT(z + i,y + ¢) for all ¢ from 0 to d — 1. A d-CUT instance
with n constraints corresponds to a 2SAT(d) instance with dn constraints and
an assignment satisfying all but k& 2SAT(d) constraints satisfies all but k& d-
CUT constraints. The hardness result with perfect completeness follows by a
reduction from Max 3-CUT on 3-colorable graphs (i.e., Max 3-CUT with perfect
completeness), which is known to hard to approximate within a factor v for some
absolute constant v < 1 [10], to Max d-CUT for d > 3. Such a reduction which
preserves perfect completeness and shows the hardness of approximating Max d-
CUT within 1 — §2(1/d?) exists. Combining with the above gadget that reduces
d-CUT to 2SAT(d), we get the claimed 1 — 2(1/d®) hardness for satisfiable
instances of Max E2-Sat(d) for all d > 3. We omit the details.

The result of Theorem [Blis not entirely subsumed by the result of Theorem [7l for
satisfiable instances, since the constant in front of 1/d® implies that the result of
Theorem [6] will actually be stronger for small values of d. An interesting question
is whether a factor (1 — §2(d~2)) hardness can be shown for satisfiable instances
of Max E2-Sat(d).

Conjecture. Although we did not completely resolve the status of Max E2-
Sat(d), we conjecture at this point that the problem is not approximation resis-
tant.

Acknowledgments. We would like to thank Subhash Khot for providing us
with a copy of [9]; his algorithm for Max BIJ(d) directly inspired our algorithm
for Max Co-B1J(d).
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Volumes and Distance to Affine Spaces, and
Their Algorithmic Applications
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Abstract. Let X be a subset of n points of the Euclidean space, and let
0 < e < 1. A classical result of Johnson and Lindenstrauss [JL84] states
that there is a projection of X onto a subspace of dimension O(¢~2 log n),
with distortion < 1 + . Here we show a natural extension of the above
result, to a stronger preservation of the geometry of finite spaces. By a
k-fold increase of the number of dimensions used compared to [IL84], a
good preservation of volumes and of distances between points and affine
spaces is achieved. Specifically, we show it is possible to embed a subset of
size n of the Euclidean space into a O(e ™2k log n)- dimensional Euclidean
space, so that no set of size s < k changes its volume by more than
(14€)*~!. Moreover, distances of points from affine hulls of sets of at most
k — 1 points in the space do not change by more than a factor of 1+¢. A
consequence of the above with k£ = 3 is that angles can be preserved using
asymptotically the same number of dimensions as the one used in [JL84].
Our method can be applied to many problems with high-dimensional
nature such as Projective Clustering and Approzimated Nearest Affine
Neighbor Search. In particular, it shows a first poly-logarithmic query
time approximation algorithm to the latter. We also show a structural
application that for volume respecting embedding in the sense introduced
by Feige [EFei00], the host space need not generally be of dimensionality
greater than polylogarithmic in the size of the graph.

1 Introduction

The dimension of a normed space that accommodates a finite set of points plays
a critical role in the way this set is analyzed. The running time of most geometric
algorithms is at least linear in the dimensionality of the space, and in many cases
exponential in it. To represent the metric of n points in the Euclidean space, one
clearly needs no more than n — 1 dimensions. By relaxing the notion of isometry
to near-isometry, the underlying structure of these points is well represented
in a space with a much smaller number of dimensions; In their seminal paper
[JL84], Johnson and Lindenstrauss show that far more efficient representations
capture almost precisely the metric nature of such sets. They present a simple
and elegant principle that allows one to embed such an n-point set into a t-
dimensional Euclidean space, with ¢t merely O(¢~2logn), while preserving the

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 239-253] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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pairwise distances to within a relative error of €. One simply needs to project
the original space onto a random ¢-dimensional subspace (and scale accordingly)
to obtain a low-distortion embedding with high probability. Their argument
therefore supplies a probabilistic algorithm for producing such an embedding.

Modifications that relate to the exact way the randomization is applied, and
further improvements in the parameters were later proposed. For example it
was shown that by using a projection onto t independent random unit vectors,
a similar result can be achieved. In [Ach01], Achlioptas shows an even simpler
probability space for the desired embedding, by projecting the space onto ran-
dom vectors in {—1,1}" . It is interesting to note that these simplifications
do not require higher dimensionality to satisfy the same quality of embeddings.
In [EIO02], a derandomization of the probabilistic projection is given, leading
to an efficient deterministic algorithm for finding such low-dimensional embed-
dings. Among the other simpler proofs to the result of Johnson and Lindenstrauss
(which we sometimes call JL-lemma) are [FMS8SIMISILLRISIDGI9/AVII].

For metric spaces (X,dx) and (Y,dy), and an embedding f : X — Y, we

define the distortion of f by sup, ,cx W " SUP, yex %. By

this definition a good embedding is one that preserves the pairwise distances.
However, a set X of points in the Euclidean space has many more characteristics
in addition to the metric they represent, such as the center of gravity of a set
of points and its average distance to them, the angles defined by triplets of
points, volumes of sets, and distances between points to lines, planes and higher
dimensional affine spaces that are spanned by subsets of X. Regarding (some
of) these characteristics as part of the structure of X, we redefine the quality of
an embedding to be one that preserves both the volumes of (certain) subsets of
X and the distances of points from affine hulls of subsets of X.

We define the volume of a set of k points in the Euclidean space as the
(k — 1)-dimensional volume (Lebesgue measure) of its convex-hull. For k = 2
this is just the distance between the points. For k = 3, this is the area of the
triangle with vertices that are the three points of the set, etc. Throughout this
paper we denote the volume of a set S in the Euclidean space by Vol(S). When
considering a general metric space (not necessarily Euclidean), it is not a-priori
clear whether there is a reasonable way to define a volume. In [Fei(l]] Feige de-
fined a notion of volumes for general metric spaces, and measured the quality of
an embedding from general metric spaces into Euclidean spaces (he calls such
embeddings volume respecting embeddings. The volume preservation there ap-
plied to two different definition of volumes, the one in general metric spaces,
and the one in Euclidean space. This line of work led to important algorith-
mic applications, most notably a polylogarithmic approximation algorithm for
the bandwidth problem [Fei00], and an approximation algorithm to a certain
VLSI layout problem [Vem9§|. Our attention focuses on the case where both
the original and the image space are Euclidean, and consequently the volume
preservation notion is a well defined one and need not use the more involved
definition of [Fei00|. Accordingly, our result should not be confused with results
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in the aforementioned framework, most notably Rao’s result [Rao99], that deals
with Euclidean metric, but with respect to its metric structure alone.
Consider an embedding f : RY — R’ that does not expand distances in

_1
X c RY. We say f distorts the volume of a set S C X of size k by (#((SS)))) =

The exponent in this expression should be thought of as a natural normalization
measure (and was introduced in [Fei00]).

Our Result: Let e < 1, X be an n-point subset of RY, and let t = O(e 2k logn).

We show that there is a mapping of RY into R’ that (i) does not distort the
volume of subsets of X of size at most k to by more than a factor of 1 + . (ii)
preserves the distance of points from affine hulls of subsets of X of size at most
k — 1 to within a relative error of ¢.

To see how our result is achieved, we take a closer look into JL-lemma. The
JL-lemma is based on the following lemma that can be found (in slightly different
formulations) in [AchO1DGIIIINMIE].

Lemma 1. Let e < %, v E RN, and let f be a random projection onto t dimen-

stons, multiplied by ,/ﬁ. Then

pr| L < il < ol 2 1 e )

For a low distortion embedding, (Z) vectors (the unsigned pairwise differences

between the points) should maintain their norms approximately, and so ¢ is cho-
sen so that the above probability is smaller than 1/ (g) resulting in O(e=2logn)
needed dimensions.

In this paper we show that in order for a linear embedding to preserve volumes
and affine-distances of sets of size at most k to within a relative error of ¢, it
is sufficient to preserve the norms of a certain set of exp(O(klogn)) vectors,
to within a relative error of £/3. The result is then achieved by taking ¢ to be
O(e72klogn) which guarantees a positive probability for the preservation of the
norms of that many vectors.

Applications. In [IM98], Indyk and Motwani describe the way projections can
be used for designing efficient algorithms for the Approximate Nearest Neigh-
bor problem. The generalization of this problem from a set of points to a set
of k-dimensional affine spaces is the Approzimate Nearest affine neighbor. For
k =1, i.e., this is the problem of finding the closest line to a query point. This
is a natural proximity problem, that has appeared few times in the literature.
Using Meiser’s result for point location in arrangements of hyperplanes together
with our result yields a randomized poly-logarithmic query-time approximation
to the Approzimate Nearest affine neighbor problem, which is to the best of our
knowledge the first. In Section 6] we show how exactly this can be achieved.
Our result can be applied to another classical problem in computational geom-
etry that stems from data mining. Consider a data set in RY, where the “true
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dimensionality” is anticipated to be much smaller than N. In other words, it is
assumed to be possible to cover (up to proximity) the set by a small number
of k-dimensional affine spaces. The problem is known to be NP-hard even for
dimension 2. Currently, there are approximation algorithms for the cases of two
and three dimensions. For the higher dimensions, our method provides a way to
reduce the problem to e~ 2k logn dimensions.

There are also straight forward applications of our result to other problems
which extend metrical questions to ones that consider volumes. In particular,
the problem of finding the diameter of a set of n points, can be extended to
finding the biggest volume subset of size k. It is immediate by our result that
this can be approximated when dimensionality is reduced to O(klogn).

Can Feige’s volume-respecting embeddings benefit from our result? We briefly
describe the general framework in those embeddings. Consider an embedding of
a graph on n vertices into the Euclidean space that does not increase distances.
Such an embedding is good if the (Euclidean) volumes of sets of size at most k&
are big. Typically the value of k is O(logn). Our result shows that by combining
a volume-respecting embeddings with a random projection onto a low dimension,
the distortion is asymptotically the same. Specifically, for £ = O(logn) as often is
the case, we get that the restriction to O(log2 n)-dimensional embeddings entails
only an extra constant factor to volume-distortion of the embedding.

2 Preliminaries and Notation

The norm || - || always stands for the Euclidean norm. We say that an embedding
¢ : X = RY is a contraction if for every z,y € X, |¢(z) — ¢(y)|| < |z — y].
Whenever the dimensionality of an Euclidean space is immaterial, we call it R
without explicitly defining N. We will sometime refer to an affine space as a flat.
An affine subspace of RY that is spanned by points of X C RY is called X-flat
(analogously, we define X-lines, X-planes, X-k-dimensional flats, etc.).

For a set S C RY of size v, we denote by £(S) the affine-hull of S, that
is £(S) = {37 Niai| ;M = 1}. For a set S C RY and « € RY we define
P(z,S) to be the projection of z onto L£(S). The affine distance of x to S,
ad(z, S), is defined to be the distance of z to the affine-hull of S, or equivalently
|l — P(x, S)||. The affine distance will occasionally referred to as height. Let
T1,T2...,7,_1 be an arbitrary set of orthonormal vectors in L(S)El. We now
define the corner points of the pair (x,S). The i-th corner point ¢;(z,S) is
defined as P(z,S) + ad(x,S) -1y, for 1 <i < v —1. When s = 2 we let ¢(z, 5)
denote ¢;(z,5). See figure Bl

! We exclude the case where S is affinely dependent: Since we consider only linear
mappings, the image of affinely dependent set will also be affinely dependent, and so
degenerated case will remain degenerated in the image. Also notice that ad(z,S) =
ad(z,S") where S’ C S is an affinely independent set for which £(S’) = £(S), and
that if ad(z, S) = 0 then ad(f(z), f(S)) = 0.
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3 Preserving Distances to Lines and Preserving Areas of
Triangles

Consider the problem of finding a low-dimensional Euclidean embedding of a
finite subset X of the Euclidean space, such that pairwise distances, areas of
triangles, and distance of points from X-lines do not change by much. Note that
this is a special case of the the general problem we consider (here k = 3), as
volumes of triplets of points are simply areas. This case is easier to analyze and
moreover, the analysis of the general case uses some of the structure of the two
dimensional case. The current case also gives a preservation result for angles as
we later note.

The natural thing to try in order to reduce dimensionality and preserve
geometrical features is simply to apply JL-lemma: after all, in an isometry not
merely distances are preserved, but also volumes, affine distances and angles. One
might expect that when f is nearly an isometry (i.e. f has small distortion) it will
follow that volumes and affine distances are being quite reasonably preserved.
We show that in general, this is very far from the truth: Consider a triangle with
a very small angle. A low-distortion embedding can be applied to it, so that it
is changed to a triangle with dramatically different angles, area and heights (see

Figure ).

CMA & o(B)

b O(A)

Fig. 1. Areas and affine distances can dramatically change and practically vanish, even
under a low-distortion embedding. Here, the distortion of @ is very small, but A’ < h

We next show a certain class of triangles for which small distance-distortion
does imply small heights-distortion.

Lemma 2. Let A, B,C be the vertices of a right angle isosceles triangle, where
the right angle is at A, and let & be a contracting embedding of its vertices
to a Fuclidean space, such that the edges do not contract by more than 1+ ¢,
where e < &. Let h be the length of [AC] (h = ad(C,{A, B})), b be the vector
&(B) — P(A), and c be the vector P(C) — P(A). Then

1. |{b,c)| < 2¢-h?
2. h/(1+ 2¢) < ad(6(C), {B(A), B(B)}) < h.

Remark 1. The first assertion of the lemma says that the images of the perpen-
dicular edges of the triangle are almost orthogonal too. This fact is used later in
the analysis of the general case.
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Proof. Let a = ||b — c||, and let 6 be the angle between b and ¢. Now, |[(b,c)| =
[I16]]2 + ||c/|* — a?|/2. A simple analysis shows that this quantity is maximized
(while satisfying the conditions on @) when ||b|| = ||c|| = h/(1+¢) and a = V/2h.
Hence |(b,c)| < 2h%- (2 —2/(1+¢)?) < 2¢- h%. As can be easily verified, these
values of a, ||b||, ||| also maximize |cos@| = |||b]|? + ¢* — a?|/(2]|b||||c||). Hence
|cosO] < |(2 —2(1+¢€)?)/2| = 2e + &2, and accordingly sinf = /1 —cos26 >

V1—4e2 —4e3 — e > 11:255 for £ < }. Finally,

h/(1+2¢) = < i - ff; < ad(®(C), {B(A), B(B)}) = csinf < h.

In order to conclude that under a low-distortion embedding of the set X, areas
and affine distances do not change by much, one would like to eliminate bad cases
such as those in Figure[dl Think of the following physical model: Edges are rubber
rods that can slightly contract due to a shock. Figure [[] demonstrates that this
shock may very well change the areas and heights of triangles significantly. The
remedy we propose is to supplement this rubber triangle with some additional
rods to keep it stable. If the contraction of these rods is also limited, then placing
them in appropriate locations, will eliminate cases such as the mapping @ in
Figure [l This mental experience translates to an additional set of vectors whose
norms must be approximately preserved.

Our strategy is therefore choosing “rods” such that nice triangles as in
Lemma Bl emerge. This, together with the fact the embeddings we consider are
linear, enables us to bound the changes of the heights. Area preservation then
immediately follows.

X

.m f | f(x)
z P(x.S) ((x.8) f(
y

1(y)

Fig. 2. The triangle f(z),w,u is the f-image of a right angle isosceles triangle. Height-
contraction is estimated via these triangle (dashed lines)

Theorem 1. Let e < % and let n,t be integers for which t > 60c~2logn. Then
for any n-point subset X of the Euclidean space RY | there is a linear contracting
embedding f : X — R", under which the areas of triangles in X are preserved to
within a factor of (1+€)?, the distances of points from X -lines are preserved to
within a factor of 1+ €, and angles (of triplets of points from X ) are preserved
to within a (double-sided) factor of 1+ £ . \/e.

Proof. For every pair S = {y,z} of elements of X, and every element z €
X — S, we consider the right angle isosceles triangle {z, P(x, S), c¢(z,S)}. Let V
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be the collection of the unsigned vectors corresponding to these triangles (x —
P(x,S),c(x,S)—P(x,S) and x—c(x, S)) over all choices of S and x, together with
all pairwise differences between the points of X. Let f be a random projection
onto t dimensions, multiplied by , /ﬁ. By Lemma [T, the probability that
f does not expand norms of vectors in V', and that it does not contract them by
more than 1+¢/2 is at least 1—|V]exp(—&t(5)?). A little closer look shows that
V' contains merely 3(3) different directions : the directions of X-lines, and their
rotations by 7/4 and by 7/2. Since f is linear, vectors in the same direction are
preserved simultaneously, and therefore to establish the existence of f as above

we need )
1 3<2) exp ( 15t(5/2) ) >0

which is satisfied when ¢ > 602 log n. Next we show that f satisfies the preser-
vation statements of the theorem. Consider three different points z,y,z € X.
Let w = f(P(z,{y, 2}) and u = f(c(x,{y,2})). Now let f be the angle between
f(z) —w and f(y) —w (see Figure[d). Since z, P(x, {y, z}) are collinear and f is
linear, f(z),w,u, f(y) are also collinear. We now apply the second assertion of
Lemma [2 with P(z,{y, z}), c(z,{y, 2}) and z for A, B and C and /2 the error
parameter. It follows that

ad(z,{y, 2})/(1 + ) < ad(f(2),{f(2), f(y)}) < ad(z,{y, 2}).

For the area estimates, we get

2 o YoI(/(5)) _ If(w) = f(AII ad(f (). {f(w). F(2)})

VA+er < <5is) ly ==l wiofyzh)
Finally, let o = £(zyz) and o = £(f(z)f(y)f(z)). We have that
1 sina _ ly—=|  ad(f(z),{f(), f(z)}) <l4e (1)

L+e = sina | f(y)— f(2)] ad(x, {y, 2})

We now turn to analyze the relative change of the angles themselves. For the
case a,a’ < /2, we use the following fact that holds for any 0 < 8,7 < 7/2:
if sin 3/siny < 1+ ¢ then 8/ < 1+ +/e. This fact together with inequality I
implies that 1/(1 + /€) < o//a < 1+ 4/e. The case where o, a’ > 7/2 can be
easily reduced to the previous case, by replacing o, o’ by m — a, ™ — o’. Last,
assume that o > 7/2 and o’ < 7/2. Using the fact that a linear embedding is
an isometry times a scalar when restricted to a line, and in particular that the
order of points along a line does not change under a linear embedding, we get

1f(x) = wl = |[f(x) = f(y)ll. Now,

1/ (=) = FW)ll

1£) = wll < I = Pla {3, 211 = lle — ] -sina < B

- sin «,

and therefore sina > 1/(1 + §) which means o < 7/2 + (/2. Analogously, we
can show that o' > m/2 — \/e. Therefore a — o’ < 2y/e. When the angle changes
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from acute to obtuse we similarly obtain that o/ — «a < 24/e. Summing it all up,
we get
1/(1+€)<a/a<1+¢,

where ¢/ = & . /¢ always holds.

s

4 The General Case

Analogously to the k& = 3 case, we look for a set of vectors with the following
properties: (i) it is not too big and (ii) if a linear embedding does not change the
norms of the vectors by much, then it also does not change affine distances and
volumes by much. We first restrict our attention to one affine distance, ad(z, S)
with |S| = s < k. We construct a set of vectors in a way which is determined
by the relation between € and s. When s is small with respect to 1/¢ we extend
the previous construction (for the case k = 3) in the natural way. The right
angle isosceles triangle is substituted by a simplex spanned by [z, P(z,S)] and
by orthogonal vectors in £(S) of size ad(x,S) (call this a nice simplex). When
s is bigger than 1/e we use, in addition to this set of vertices, a dense enough
set of points. The analysis is mostly algebraic one. It relates to the geometry of
interest in the following simple way: Let V;_1 be a simplex on s points, V;_5 be
the facet of V,_1 opposite one of the points, and H be the distance from that
point to the facet, then Vol(V,_1) = H-Vol(Vs_3)/(s—1). The simplices we take
are the images of the nice simplices under the linear low distortion embedding.
The actual estimate Vol(Vs_1)/Vol(V;_2) is then achieved by means of analysis
of determinants of matrices with constraints resulting from the low distortion
embedding on the set of auxiliary points we added.

Similarly to the case k = 3, we make use of the linearity of our embeddings
to claim that it is enough to bound the contraction of heights in nice simplices to
get the actual bound for all the required affine distances X (refer again to Figure
Bl for the exposition). Eventually, the guarantee for the volume preservation is
achieved by an iterative use of the relation Vol(Vs_1) = H - Vol(V;_2)/(s — 1).

Proposition 1. Let ¢ < %, let S C R™ be a set of size s < k points, and let

z € R" — 5. Then there is a subset W = W, g. of R" of size < (58)%5, such
that if f : R™ — R! is a linear embedding that does not expand distances in
W and does not contract them by more than 1 + ¢, then ad(x,S)/(1 + 3¢) <

Proof. Let Wy = {z, P(z,5),c1(x,S),...,cs—1(x,S)}. Recall by definition that
— Vi, ci(z,S) € L(S).
— The vectors {x — P(z,S),c1(x,S) — P(x,5),...,cs—1(x,S) — P(x,S)} are
orthogonal and are of the same length, namely ad(z, S).
Clearly, ad(x, S) = ad(z, {P(z,S),c1(x,S),...,cs—1(x,5)}. Now, by linear-
ity of f, ad(f(z), f(5)) = ad(f(x), {f(P(z,5)), f(c1(x,5)), ..., fes—1(z,9))}),

and so it is enough to prove that
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X

S:{XI’X27 XS}

[ i =

Fig. 3. The set Wy consists of the vertices of the 'nice’ simplex (dashed lines). Notice
that the height [z, P(z,S)] is common to the original simplex (solid lines) and to the
nice simplex, and that the linear images of these two simplices also share the same
height

1 < ad(f(x), f{P(z,S),c1(x,S),...,cs—1(x,S)} <1
1+3 ~  ad(z,{P(x,9),c1(x,9),...,cs_1(x,S)} —

Since f is linear, we may simplify and assume that P(z,S) = 0 (the zero vector),
ad(z,S) = 1 and that £(S) is spanned by the first s — 1 standard vectors (so
ci(z,S) = e;) and also that z = e;. We now need to show that

1/(1+3) < H< 1. 2)

where H is the affine distance ad(f(es), {0, f(e1),..., f(es—1)})-

The right inequality is immediate, since H < ||f(es)]| < 1. We proceed to
the more interesting left side of inequality Bl The operation of f on the first s
coordinates can be described as a t X s matrix U. Now, the volume of the the

simplex P which is the convex hull of 0, f(e1),..., f(es) is 1/det(UtU)/(s — 1)L
Let P be the facet of P opposite f(es). Similarly, P has volume 1/det(UtU) /(s —

2)!, where U is obtained be removing the last column of U. Consequently

H = (s — 1) - Vol(P)/Vol(P) = \/det(UtU)/ det(UtU).

We let A = UU, and B = U'U, and note that A;; = (f(e;), f(e;)), and that B
is the principal minor of A that is obtained by removing its last row and column.
Our aim is therefore to bound det A/ det B from below. At this point we divide
our analysis depending on the relation between 1/¢ and k. The definition of W
is dependent on this relation too.

Case 1: 1/e > 4s. We start with the following algebraic lemma.
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Lemma 3. Let p < ﬁ, and let A be a real s X s matrixz, such that

|A — Il < p. Denote by B the principal minor as described above; then
det(A)/det(B) > 1 —2pu.

The proof of Lemma [3]will be given shortly. We now show that for the case 1/ >
4s it implies proposition [} Indeed, we take W = Wj. Since f is a contraction with
distortion < 1+ on W, for all 4 we have that v/1 —2e < 1/(1+4¢) < ||f(e;)| < 1.
Now for i # j consider the triangle e;,0,e;. The first statement of Lemma
says that |(f(e;), f(e;))| < 2e. We take A and B to be the matrices described
above, and we take p = 2e. We have just established that |A — I|j < u,
and since 1/ > 4s it follows that p < ﬁ By the proceeding analysis,
H = \/detA/det B > 1 —2p = /1 —4e > 1+3 for ¢ < % To conclude,
notice that |W| = s+ 1 < (5s)2°. We now prove Lemma [3

Proof. (Lemma [3) We first observe that if y € R® and v = By, then ||[v]e >
]lylloc : Assume without loss of generality that |y1| = [|y||oc. Now,

[V][oo = v1] = |Zyi(l1,i| = ly1 + Zyi(au —01,4)

i<s i<s

1 1
> il =) lwil = il = (s = Daslon| > Sloal = 5 lvllo
i<s
(0;,; denotes the Kronecker Delta, which is 1 if ¢ = j and 0 otherwise). One
immediate consequence of the above is that B is nonsingular, since it implies
that if v is the zero vector then so is y.

Now, let v be the vector (a1 s, a2, ..,as—1,5). Forevery j < s, let BU) be the

matrix B with the j-th column replaced by v. We next argue that \dzt i B) \ <

2u for all 1 < j < s. Let y; = dfite(t]f;; . Recall that by Cramer’s rule, y =

. . . &)
(y1,92,---,Ys—1) is the (unique) solution to By = v. We now get |d32(tj(83))| =

il < llylleo < 2[|v][oc = 2maxics ;s < 2p.
Now,
det(A) = a det(B) + » (—1)"F*a,; det(B").
i<s

Therefore

det(A) n det(B®)
— Usys 1582721_ - -1 -2 21_2
det(B) ~ %0 ; det(B) po (s = Dp-2p K

Case 2: 1/e < 4s. In this case W alone is too sparse to provide us with the
needed bound on the contraction of H. The approach we take here follows an
argument used by Feige in [FeiOOE: Instead of taking just Wy we add to it a

2 || M||oo denote the maximal absolute value of the elements of the matrix M.
3 although considerably modified for the present use



Dimensionality Reductions That Preserve Volumes 249

much denser set, namely an O(n)-net in the unit ball, where n = ¢/4/s. Such a
net in the present case where 1/¢ < 4s is not too big as a function of s, but still
good enough for the bound on the contraction of H.

We turn to the details of this construction. Call a set n-separated if the
distance between any two distinct points in the set is greater than n. We take
W to be an inclusion-maximal n-separated subset of the unit ball. By standard
arguments, for any point v in the unit ball there is a point v € W such that
[lv—=2'|| < n (otherwise, W | J{v} would also be a n-separated subset of the ball).
Without loss of generality we can assume that W O W,. We now assume that f
does not contract distances in W by more than 1 + €. We first bound the norm
of U (as a linear operator). Since f is a contraction on Wy, the columns of U
are of (Euclidean) norm at most 1. This means that |Ul|s = max{||Uv|| : ||v|| =
1} < /s. We next show that if v is a unit vector then |[|[Uv|| > 1 — 3e. Indeed,
let v’ be a vector in W such that ||v —v'|| < 7. Now

[Tv]| = UV + U v =) | 2 U] = U = o) = ﬁ —Vsllv =2l =

1+€—17\[_7—\[7>1—28

Now, let 0 < Ay < Ay < ... < A4 be the eigenvalues of A, and let o1 < g9 <
. < 0s_1 be the eigenvalues of B. It is known that A\; < o; < A;11, and so

S
jetA ILi 1 i
et B H 1 O

We now use the standard fact that A\; = min{||Uv||? : ||v|| = 1}. It follows that

=+/det A/det B > /A1 = min{||Uv| : ||v]| =1} >1—2¢ > 1/(1 + 3¢)

for e < 1/12. It remains to show that T is not too big. Since W is n-separated,
by a volume argument || < (2-5-777)5 Therefore |W| < (2'*‘7’7)5 =1+ Q\Tﬁ)s <

(5s)7°

Corollary 1. Lete < i, let S C R™ be a set of size k points, and let z € R"—S.

Let f be a random projection onto t dimension multiplied by 4/ f(1+6) Then

Prad(z,5)/(1+¢) < ad(f(z), £(5)) < ad(x, 5)] > 1 — exp(3k(2 + log k) — %tf )

Proof. Let W = W, 5 /3. By Lemma [[l we get that the probability that f is a
contraction with distortion < 1+¢/3 on W is at least 1 — (IVQV‘) exp(—&t(£)?).
By proposition M such an embedding satisfies ad(z, S)/(1+¢) < ad(f(x), f(5)) <
ad(z, S). Now |[W| < (5k)2* and so (IV;/I) < W2 < (5k)%F < exp(3k(2+1logk)),
and the bound in the lemma follows.
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Remark 2. The different approaches we use for the two cases in Proposition
seem to be necessary, in the sense that no one of them can be applied to the
other case: suppose we apply the approach of case 1 when ¢ = 2%9, then the linear
embedding f(e;) = e; — 1 3. f(e;) has distortion < 1+¢, but in the same time
makes H zero!. If, on the other hand, we use a dense net when 1/¢ >> n it means
that |[W| > n®, which in turn leads to a dimensionality O(¢~2klog(1/¢)) rather
than O(e~2klogn).

4.1 The Main Theorem

Theorem 2. Let ¢ < i and let k,n,t be integers greater than 1, for which

t > 70e=2(klogn+3k(2+logk)). Then for any n-point subset X of the Euclidean
space R™, there is a linear mapping f : X — R, such that for all subsets S of
X, 1< S| <k,

Vol(S)/(1 + &) < Vol(f(S)) < Vol(S),

and forx € X — S,
ad(z,9)/(1+4¢) <ad(f(z), f(5)) < ad(z, 5).

Proof. We apply Corollary [l to all choices of S and z as above, and then use
union bound. We get that as long as

k
n 2
Zs<s> exp (3k(2 +logk) — ﬁte > <1,

s=2

the probability that a random projection onto ¢ dimensions is a contraction on
X and all relevant affine distances are preserved to within 14 ¢, is positive. Now
"/ 2 2

3k(2 +loghk) — —=te? | <n” 3k(2+1loghk) — —=te? | =
Z;s<s>exp( (24 logk) 1355>_n exp( (2+logk) T3 te

s=

2
exp (k logn + 3k(2 +logk) — 135t€2> .

Setting t = 70e~2(klogn + 3k(2 +log k)) = O(e 2k logn) then, guarantees that
with positive probability f preserves all affine distance of sets of size at most &
to within relative error of e.

We turn to the other part of the theorem, namely volume preservation.
Let S, = @1,%3,..., 2. It is known that Vol(S,) = o2y - [Ti=; ad(wit1, i),
and so the volume distortion of S, (Vol(S)/Vol(f (S)))ﬁ is simply the ge-
ometric mean of {ad(w;y1,5;)/ad(f(wis1), £(Si))}iZ;. We now conclude that

1 < (Vol(S)/Vol(£(S)))™T < 1+e.
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5 Applications

5.1 The Approximated Nearest Neighbor to Affine Spaces Problem

Let F1,Fa, ..., F, be k-dimensional flats in Rd, and let z € R? be a query point.
To answer a Nearest Neighbor to Affine-Spaces is to find the flat closest (in the
Euclidean sense) to x. In [Mei93] Meiser presents a solution to the point location
problem in arrangements of n hyperplanes in R? with running time O(d®logn)
and space O(n®*!). That paper was a breakthrough in that it was the first
time (and to the best of our knowledge also the last) where an algorithm to the
problem was presented, that is not exponential neither in d nor in logn. We
show that by combining this result with ours, a considerable improvement to
the problem of approximating the Nearest Affine Neighbor can be achieved. Let
Di: R? — R be the functions that are the squares of distances from the flats, i.e.
pi(x) = dist(z,F;). Note that p? are polynomials of degree 2 in 1, ...,z4. We
now use the following standard linearization of such polynomials. We use the
transformation ¢ : R* — R? which is the assignment transformation to all the
monomials of degree at most two in x1,...,x4. For example, if d = 2, {(z) =
E((z1,22)) = (1,21, 2, x122). Clearly, d' = (g) +2d + 1. Next, we introduce the
functions p) defined by p.(£(z)) = p?(x). It is easy to see now that the p) are
linear functionals . We can now reduce the Nearest A ffine Neighbor problem
with query point x to the Vertical Ray Shooting problem from x: ‘Shoot’ a ray
from (£(x), —o0) 'upwards’, in other words to the positive direction of the last
coordinate. Let S; be (one of) the first surface this ray hits. Then F; is the closest
of F1,Fs,...,Fs to x. This vertical ray-shooting query in linear arrangements
can be easily answered using the data-structure of Meiser.

The Preprocessing time, as well as space needed for the above are O(ndlﬂ) =
O(n?’), and the query time is O(d’®logn) = O(d'°logn). We now apply our
result in the following way.

For each flat F;, take an affinely-independent subset of k + 1 points. We can
embed these O(kn) points to O(e~2klog(kn)) = O(s¢~2?klogn) dimensions, and
for k constant this is just O(¢ =2 log n). Concatenation of the above yields a query
time of O(¢=2%1log'! n), and a preprocessing time (and space) of nO(elog”n)

The standard problem in this approach remains: we need to answer queries
on any point of the space, and not on a predetermined set. Looking into the proof
of Theorem [ we easily notice that by taking ¢t = e 2Qklogn we get that the
probability that a fixed projection is good in the sense that it does not distort
affine distances from a random point x on the sphere to sets of size at most k— 1
in X is n=(@ . We can therefore approximate the answer to all but a small
fraction of the query points, with only a constant factor sacrifice in the number
of dimensions needed.

4 The p} are no longer defined on the whole space, but this should not be of any
concern to us.
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5.2 Projective Clustering

Projective Clustering is a well known problem which has important applications
in data-mining. This special variant of clustering, relates very closely to the ge-
ometric structures that are discussed in this paper. Here is the problem: Given
an n-point set X in RY and an integer s > 0, find s k-dimensional flats (k-flats),
hi,...,hg, so that the greatest distance of any point in X from its closest flat
is minimized. In other words, this is a s-clustering problem, where a cluster is
defined by a k-flat, and the quality of the clustering, its width, is the maximal
distance of any point from its corresponding flat B. The “regular” clustering is in
fact a special case, where k = 0. There are different ways to define the solution
for the projective clustering problem: the optimal width, the clustering, and the
k-flats themselves. In [PCOQ], Agarwal and Procopiuc give an efficient approx-
imation algorithm for the planar case where the flats are lines, i.e. N = 2 and
k = 1. In [HV02], Har-Peled and Varadarajan give a dnC (e los(1/2)) algorithm
that approximates the solution to within 1+ . Here we show that under certain
restrictions one can reduce the problem to one in which the space is of dimension
that depends logarithmically in n, such that only a small inaccuracy incurs.

In [PCO0], the original problem is reduced to the variant where the candidate
flats are only the X-k-flats. Namely only affine-subspaces that are spanned by
k + 1 points from X are considered. We call this variant the Median Projective
Clustering. Agarwal et al. show that by this reduction an additional factor of at
most 2 is added to the approximation. We claim

Theorem 3. An instance of the Median Projective Clustering with X C RN
and k the dimensionality of the flats, can be reduced to a t-dimensional space in-
stance with a 1+¢ approximation to the optimal width, where t = O(s~2klogn),.

Proof. Using Theorem ] we can map X to R, such that the distance of points
in X to k-dimensional X-flats do not expand, and do not contract by more than
a factor of 14+¢ Therefore any solution w* in the reduced problem corresponds to
a solution w in the original problem, with w* < w < 2w*, and we immediately
get that 7 < 7 < 27%, where 7,7* are the optimal solution to the original
problem, and the optimal solution to the reduced problem respectively. Note
that the clustering for that width can also be given from the reduced problem.
It is not clear, however, how to reconstruct the k flats from the ones in the
reduced problem, as the k-flats in the smaller space do not map back to the
original space (a projection is not injective).

Acknowledgments. I thank Robert Krauthgamer and Nati Linial for discus-
sions that led to the question of this paper, to Uri Feige for his suggestion to
use a dense net in case 2 of Proposition [I] to Piotr Indyk and Sariel Har-Peled
for the Computational-Geometry relevant Background and references, and many
suggestions for Applications. In particular to Sariel, who pointed out the way to
use Meiser’s result in Section .11

5 Any other variant, such as average distance, sum and sum-of-squares is probably as
applicable here.
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Abstract. We show that the largest eigenvalues of graphs whose highest
degrees are Zipf-like distributed with slope « are distributed according to
a power law with slope a/2. This follows as a direct and almost certain
corollary of the degree power law. Our result has implications for the
singular value decomposition method in information retrieval.

1 Introduction

There has been a recent surge of interest in graphs whose degrees have very
skewed distributions, with the ith largest degree of the graph about ci~¢, for
some positive constants ¢ and «. Such distributions are called Zipf-like distribu-
tions (the Zipf distribution being the one with a«=1) or power laws. In contrast,
the degrees of random graphs in the traditional Gy, , model [12] are, by the law of
large numbers, exponentially distributed around the mean. It had been observed
for some time that the graph of documents and hyperlinks in the worldwide web
follow such degree distributions; in fact, there are several papers proposing plau-
sible models (based on “preferential attachment” [BI62//319], or “copying” [21]) for
explaining, with varying degrees of persuasiveness and rigor, this phenomenon.

More recently, in [14] it was pointed out that the Internet graph (both the
graph of the routers and that of the autonomous systems) also has degrees that
are power law distributed, with an exponent a between .85 and .93. This created
much interest in the Internet research community, because the graph generators
used by researchers had theretofore lacked this property; generators that are
realistic in this sense have since appeared [I823|2426]. In [13] a theoretical
explanation of this phenomenon was proposed, in terms of a model of network
growth driven by the trade-off of two optimization criteria (connection costs and
communication delays), predicting a power law degree distribution.

Another very interesting, intriguing, and as of yet unexplained observation
in [I4] is that the (twenty or so) largest eigenvalues of the Internet graph (that
is, the largest eigenvalues of its adjacency matrix) are also power law distributed,
with o between .45 and .5. This is in line with similar observations in physics
with a = .5 (see [IB|16] where a heuristic explanation is described). In fact,

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 254-262] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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all graph generators aiming to accurately simulate Internet topologies use the
eigenvalue power law as a performance measure [18]2324/26].

The distribution of the largest eigenvalues of Internet-related graphs is of
additional special interest for the following reason: Spectral techniques [19/27]
4l1] based on the analysis of the largest eigenvalues and eigenvectors of the
web graph have proven algorithmically successful in detecting “hidden patterns”
such as semantics and clusters in the worldwide web. Is the Internet graph also
amenable to such analysis?

In this note we provide a very simple, intuitive, and rigorous explanation of
the eigenvalue power law phenomenon: We point out that it is a rather direct
and almost certain corollary of the degree power law. In particular, we consider

a random graph model whose degrees are, in expectation, dy,...,d, and show
that, if these degrees are power-law distributed, then, with high probability, the
few largest eigenvalues of the graph are close to v/di,+/ds,... —and therefore

follow a power law with exponent half of that of the degrees. This is in good
agreement with the findings of [I4], where the eigenvalue exponent is a little
larger than half that of the degree exponent.

There is a negative implication of our result: By being essentially determined
by the largest degrees (a very “local” aspect of a graph), the largest eigenvalues
are unlikely to be helpful in analyzing and understanding the structure of the
internet topology (the corresponding eigenvectors are highly concentrated on
the largest degrees). In [25] we show experimental evidence that spectral anal-
ysis of the Internet topology becomes useful only after the high degrees have
been suitably normalized. A similar problem in the use of spectral methods in
“term-document” contexts is known as the “term norm distribution problem”
[I77); it is considered the main bottleneck in the use of spectral filtering for in-
formation retrieval. Extending our study from the context of undirected graphs
(symmetric matrices) to the context of terms and documents (general matrices)
is an interesting technical problem with direct practical significance.

The rest of the paper is organized as follows: In Section 2 we review some
basics from algebraic graph theory and matrix perturbation. We state a first
theorem that indicates the effect of high degrees on the spectrum. In Section
3 we show that for a rich class of random graphs whose high degrees are Zipf
distributed follow a power law on their highest eigenvalues, almost surely. In Sec-
tion 4 we discuss implications of our results for the singular value decomposition
method.

2 Eigenvalues and Degrees

We begin by recalling certain basic facts from algebraic graph theory and matrix
perturbation. For a symmetric graph G with n nodes, we denote by A\ (G) >
A2(G) > -+ > X\, (G) the eigenvalues of its adjacency matrix in non increasing
order. E denotes the set of edges, and d; the highest degree of the graph.

Fact 1. (See Lovéasz [22], pages 70-73.)

1. For any graph G, |\;(G)| < min{dy, /|E]}.
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2. If G is a star with n—1 leaves, then A\ (G) = vVn—1,\,(G) = —v/n—1 and
/\l(G) :O,i = 2,...,71—1.

3. The multiset of the eigenvalues of a graph G is the union of the eigenvalue
multisets of its connected components.

Now let A and B be symmetric n X n matrices and let A;(A) > Ag(A) > -+ >
An(A) and A1 (B) > Aa2(B) > - -+ > A\, (B) be their eigenvalues in non increasing
order.

Fact 2. (See Wilkison [30], page 101.)
A(A) + An(B) < M(A+ B) < \i(4) + Mi(B).

Now the following theorem is immediate:

Theorem 1. Suppose that an undirected graph G can be decomposed into

— Vertex disjoint stars S; with degrees d;, i=1,... k.

— Vertex disjoint components G; with corresponding mazimum degrees d(G;)
and number of edges e(G;), such that min{d(G;),/e(G;)} = o(dy), j =
1,...,m. In addition all the components G; are disjoint from all the stars
Si.

— A graph H with mazimum degrees d and E edges such that min{d, \/E} =
o(dy), where H can have arbitrary intersections with the S;’s and the G;’s.

Then the largest eigenvalues of G are \/d;(1 — o(1)) < X\; Vd;(1 + o(1)), i =
1,... k.

Remark 1: It is clear that the spectrum of G is dominated by the spectrum
of the highest degree stars. It is worth noticing how much information this
dominance can hide. In particular, H could be any sparse graph: connected,
disconnected, with or without clusters, a tree, an expander. However, we would
not be able to retrieve the structure of H from the spectrum of G. If G was
the topology of the Internet, H could be the network backbone, and yet, all
information about this structure would be lost. Indeed, in experiment, we
have been able to decompose the Internet topology analyzed in [14] precisely
along the lines of Theorem [ The mere numbers are striking: For high-
est degree vertices in November 2000 d(UUNET)=2034, d(Sprint)=1079,
d(C&WUSA)=793, d(AT&T)="742, d(BBN)=529, d(QWest)=483,
d(AboveNet)=405, d(Verio)=363, d(Buslnter)=347, d(GlobCros)=311 and
d(Level3)=274, the highest eigenvalues squared were \? = 3113, \3 = 1135,
A3 = 787, A\ = 676, \Z = 590, A\2 = 515, A2 = 424, \} = 395, \3 = 289,
A2y =277, A2, = 268.

Remark 2: A technical statement analogous to Theorem [Il can be made about
the stability of eigenvectors that correspond to largest eigenvalues (along the
lines of Stewart [29]). As expected, the statement is that these eigenvectors
of G are very “close” to the eigenvectors of the stars, and are hence highly
concentrated on the vertices with the highest degrees.
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3 Random Graphs

We next consider a distribution of graphs with prescribed degrees. Let d =
(d1,da,...,d,) be a vector of integers between 0 and n, in decreasing order.
Denote > ;_, d; by D;, and assume that di < D,. Define now G,(d) to be
the distribution of graphs with n nodes generated by the following experiment:
Edges are added by 1ndependent draws where, for i,j=1,...,n the probablhty
that the edge [¢, j] is added is D
convenience that does not affect the highest degrees much. Notlce also that, by
definition, node i has degree d;, in expectation. This random graph model has
been also considered in [§] and is known to have robust connectivity properties.
Our main result is the following:

Theorem 2. For any constant v, with 0 < v < 1, for any constant «, with
% <a<1, for any constant 3, with 0 << 12_77, and for any positive integer c,
ifd:(dl,dg, ey dn), with

d?:Dn:@(n1+’y) (1)

and

dizﬁ, for i=1,...,k=0(n"), (2)
Z(X

then, for any constant 5, with 0 <3’ <, the eigenvalues of G, (d) satisfy
Vidi(1=0(1)) <X < Vdi(1+0(1)), fori=1,....K'=0n"),  (3)
with probability at least 1—O0(n~°), for large enough n (n>ng(a,7,c)).

Proof. We decompose G into the following graphs:

— (1 is a union of vertex disjoint stars Si, ..., S where, for i= ,k, S; has
node ¢ as its center and leaves those nodes from among k—|—1, ...,n which
are adjacent to ¢ and not adjacent to any node in {1,...,i—1}.

— G contains all edges of G with one endpoint in {1,...,k} and the other in
{k+1,...,n}, except those in Gj.

— Gy is the subgraph of G induced by {1,...,k}.

— (3 is the subgraph of G induced by {k,...,n}.

We will show that the spectrum of G; dominates and that each star S; has
degree very close to its expectation d;. Let s; be the expected degree of S; in
G1. To get a lowerbound, define F; as the subset of vertices {k+1,...,n} not
adjacent to {1,...,i—1} and notice:

=k D,L ZleF Z,Ll
=d; Zl kH D,L - 2 T H
> d; Zz k+H D A — D, -

(4)
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In the above expression we need to argue about the quantities Y ;. 1 g—’ and
E[|F;|]. For the first sum first notice:

S dj=di Y e

11—«
~ d kl_a , by approx with an integral
nHTW nPl—) .
=T , by equations (I) and (&)

()

Lty
-5t ,B0—a)
—pltyn_ 2 n? "

(11_a) , which for 8 < 12_—07 becomes

< nl""'yim
(1—a)n'~ 2=

(l—a)nl_W

Now (@) and (B) imply

I=k+1
It can be seen that equation () above can be satisfied provided the average
degree of nodes k+1 through n is 2(D,,/n). But the maximum expected degree
of these nodes is dy, which implies that ndy = 2(D,,). From equations () and
() this is equivalent to n - n'E e = 2(n'*+7), which is indeed satisfied for
3 as in the statement of Theorem
For E[|F;|] we have:

i—1 d;d
E||F;|] = 22:11 ek B
= T Y B

~ % , by approx with an integral and equation ().
< dlkl—a
- l-a -
(7)
Now combining (@), (6) and (@) we get:
didi k'
si =2 di(1 - 5H—y)
2 —Ba, B(l—a)
=d;(1- %) ,by substitution (8)
=d;(1 - nﬁ(172°‘)) ,with a0 > %
Combining [§ with the obvious upper bound we get
dz(]. — nﬁ(l_m)) <s; <d; ,with a > % (9)

To argue about sharp concentration of the degrees of the S;’s around their means
we will use the standard Chernoff bounds for small probabilities of success [[28],
Lecture 4]: For independent random variables X7, ..., Xy, such that such that
Pr[X;=1]=p; and Pr[X;=0]=1—p;, and where p= (vazl pi)/N:

N 52 43
P Y X, —pN| > s] < ¢ ¥ mr (10)
=1
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It can be readily checked from (@) and (IQ) that for some constant ¢, the actual
degrees $; are concentrated as follows:

d; —+/cdilogn < §; < d; ++/cd;logn (11)

and the probability that (II)) fails even for one i =1,...,k is at most n=¢/4.
Now Fact 1 implies that the largest eigenvalues of G are

Vdi(1—0(1)) < M(Gy) < Vdi(1+0(1)), i=1,....k (12)

and the probability that ([[Z) fails even for one i=1,...,k is at most n=¢/4.
Let m; be the expected degree of vertex i in the graph G, i=1,...,k=n".
Then using the calculations of ([7) and straightforward substitutions we get:

=5 2er, G
e ilat)

i (13)

l—«
pfa-2

1—a
) nB(2a—1)
? -«

, with a > %

For the expected degree of vertex ¢ in the graph G} when i=k+1,...,n we have
the obvious bound d; < dj. This together with (I3)) and the Chernoff bound (I0)
suggest that, for some constant ¢’ all actual degrees t; of G satisfy:

t; < dp ++\/c"dilogn (14)

and the probability that ([4)) fails even for one i=1,...,n is at most n=¢/4.
The total number of edges for the graph G is:

k k  did; di —k koo
>ic1 Zj:l D. = D, Dm0 Zj:1 J
3
< gilkﬂl*a) (15)

nZnB(l—a)

The above together with (I0) suggest that, for some constant ¢’’’ the actual total
number of edges e(Gz) satisfy

Prle(Ga) > n?P(1=%) 4 \/¢n28(1-a) logn] < n=¢/4. (16)

For the graph G35 we have the obvious bound that all its degrees are in expec-
tations bounded by dj, and hence are at most di + +/c”dy logn with probability
as in ([{4)). Combining this with ([4]), (I6) and Fact 1 we get that the largest
eigenvalues of each one of the graphs G/, G2 and G5 are

Xi(GY), Mi(Ga), \i(G3) < V(1 +o(dy)), i=1,....k (17)
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and the probability that (7)) fails even for one i =1,...,k is at most 3n~¢/4.
We may now combine (I2)) and (7)) and see that, for any 3 < 3, we have

hence the statement of the Theorem follows.

Remark: We stated our result for the case in which the highest d;’s follow an
exact power law; obviously, essentially the same conclusion holds if the degrees
follow a less precise law (e.g., if the degrees are within constant multiples of
the bounds). Finally, the d? < D,, assumption is useful for keeping the G, (d)
model simple; unfortunately, it does not hold for the Internet topology. However,
the Internet, as measured in [14], does satisfy the assumption, if its few (5 or
6) highest-degree nodes are removed. These high-degree nodes do not affect the
other degrees much, and do not harm our argument, no matter how adversly
they may be connected.

4 TImplication on SVD Method for Information Retrieval

Spectral filtering and, in particular the singular value decomposition (SVD)
method is repeatedly invoked in information retrieval and datamining. It has
also been ameanable to theoretical analysis and has yielded a remarkable set
of elegant algorithmic tools [T927/4T]. However, in practice, SVD is weakened
by the so-called “term norm distribution problem”: this arises when terms are
used in frequencies disproportionately higher than their relative significance, and
several heuristics (so-called “inverse frequency normalizations”) are known, how-
ever, none of them is known to perform adequately in theory or in practice (see
[I7] for a nice exposition). The term norm distribution problem appears very
similar to the problem of high degrees that we treated here. It would be inter-
esting to study the term norm distribution problem in a theoretical framework
and quantify the proposed heuristics to overcome it. For the Internet topology
of [I4], in practice we solved the problem of high degrees by pruning small ISP’s
(leaves and a few more nodes) [25]. However, we do not have a formal frame-
work for this method, and we do not know how it would extend in the case of
term-documents or directed graphs.

The effectiveness of several of the SVD-based algorithms [4[T] requires that
the underlying space has “low rank”, that is, a relatively small number of signif-
icant eigenvalues. Power laws on the statistics of these spaces, including eigen-
value power laws, have been observed [7J20/T0] and are quoted as evidence that
the involved spaces are indeed low rank and hence spectral methods should be
efficient. In view of the fact that the corresponding eigenvalue power law on the
Internet topology was essentially a restatement of the high degrees and thus
revealing no “hidden” semantics (see Remark 2 in Section 2), it is intriguing
to understand what kind of information the corresponding power laws on the
spectra of term-document spaces convey (or hide...)
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Classifying Special Interest Groups in Web
Graphs

Colin Cooper

Department of Mathematical and Computing Sciences,
Goldsmiths College,
London SW14 6NW, UK.
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Abstract. We consider the problem of classifying special interest groups
in web graphs. There is a secret society of blue vertices which link pref-
erentially to each other. The other vertices, which are red, are unaware
of the distinction between vertex colours and link to vertices arbitrarily.
Each new vertex directs m edges towards the existing graph on joining
it. The colour of the vertices is unknown. We give an algorithm which
whp classifies all blue vertices, and all red vertices of high degree cor-
rectly. We also give an upper bound for the number of mis-classified red
vertices.

1 Introduction

1.1 Definition of the Problem

We assume we have a graph which models the link structure of the world wide
web. The vertices of this graph have a colour, either red or blue. The colour of
a vertex is initially unknown to us. For example, this colour may indicate the
response to some query, such as ‘find all web pages which have property P’. Thus
blue pages are those which have property P, and red pages are those which do
not have this property.

In the classification problem, we attempt to determine which vertices are
red and which vertices are blue. There are several versions of the classification
problem. In some versions the colour can be decided by inspecting the page or
the address of the page (eg. a vertex is blue if the url is xxx.ac.uk). In other
cases a vertex would be blue if the page contained enough key words of the
required type (eg. graph, web, colour).

The problem we consider here, is the problem of secret societies. The blue
vertices form a special interest group, and link preferentially to each other. The
red vertices are unaware of the colour distinction and can link to vertices of
either colour. A blue vertex would never admit to being blue, ie. there is nothing
on the page to allow a vertex colour to be discovered by inspection. The problem
is to try to find the colours of the vertices using the structural properties of the
graph.

J.D.P. Rolim and S. Vadhan (Eds.): RANDOM 2002, LNCS 2483, pp. 263-275] 2002.
© Springer-Verlag Berlin Heidelberg 2002



264 C. Cooper

Thus the problem is akin to the problem of finding a hidden vertex partition
in a graph. Problem of this type have been studied in the context of standard
random graphs (eg. G, ) by many authors. See for example [16] for a compre-
hensive discussion of this problem and an extensive bibliography. The analysis
for web graphs differs from these cases, in that a web graph is not a standard
random graph, web graphs are extremely sparse, continuously growing so that
the partition is augmented at each step, and the edge probability of a vertex in
a web graph is dependent on its age.

In a belief propagation model [8]9] the perceived colour (or probability of
colour) of each vertex is iteratively updated in a Bayesian manner, based on
the opinions of neighbours. Such an algorithm requires an initial classification of
vertex colours in which each node of the graph is (independently) assigned clas-
sification (perceived colour) based on some rule. This estimate is then improved
on the basis of the classification of neighbours, next neighbours and so on, until
some sort of stable value is (hopefully) arrived at.

The algorithm (cLASSIFY) which we describe here, is a simple two pass algo-
rithm which processes the vertices sorted by decreasing degree. The algorithm
first makes an initial classification (based on vertex degree). This is followed by a
restricted one pass belief propagation, in which the classification of some vertices
is updated based on the perceived colour of in-neighbours.

We claim that the algorithm can work well for classifying vertices of high
degree (hub-authority vertices) and quite well for vertices of low degree. For the
simple web-graph model on which we evaluate the algorithm, a more precise
statement of performance is given in Theorem [I]

The performance of the algorithm depends on a parameter 14, (A = red ,
blue). n4 is a simple function of the probability p that a vertex is red. We assume
that p is known, or could be estimated. The maximum in-degree of the red (resp.
blue) vertices is about "% (resp. t7%). As p — 1, nr — 1/2 and np — 2/3. This
difference in the degree sequences of the red and blue vertices is exploited by the
algorithm.

A web graph is a sparse connected graph designed to capture some properties
of the www. Studies of the graph structure of the www were made by [4] and
[7] among others. There are many models of web graphs designed to capture
the structure of the www found in the studies given above. For example see
references [1], [2], [3], [5], [6], [10], [IT], [12], [14] and [15] for various models.

In the simple model we consider, each new vertex directs m edges towards
existing vertices according to the degree of existing vertices (copy model). With
probability p the new vertex takes the colour red, and with probability ¢ =1—p
it takes the colour blue.

The new vertex v; selects m vertices of G(t — 1) as neighbours, and directs
edges from itself to these vertices. We require that the colour of these neighbours
depends on the colour of v; as follows: In the model we consider, the blue vertices
are biased, so a new blue vertex always chooses existing blue vertices as neigh-
bours. The red vertices are arbitrary in their choice of neighbours, in the sense
that they do not discriminate on vertex colour, or are even perhaps unaware of
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the distinction. We model this arbitrariness by allowing a red vertex to choose
a mix of red and blue vertices according to a binomial process, Bin(m, p).

At each step the decision to add a red vertex is made by an independent
Bernoulii Be(p) process, so that the expected number of red vertices added in
steps 1,...,t is pt. Thus, provided ¢ — oo, |R(¢)| ~ pt, so that p ~ |R(¢)|/|V (t)],
and p good approximation for the probability that a red vertex is selected when
a neighbour vertex is chosen arbitrarily.

Once the number of red and blue neighbours of the new vertex has been
decided, then the actual neighbour vertices are selected. Suppose, for example,
that at step ¢, a blue vertex is to be selected as the i-th neighbour (1 < i < m)
of v;. Let d(B,t — 1) be the total degree in G(¢t — 1) of the set B(t — 1) of blue
vertices existing at step t — 1. Let w < ¢ — 1 be a blue vertex of G(t — 1) of total
degree d(w,t — 1), then

Pr(v; chooses w) = m
This sampling is repeated independently and with replacement for all edges
directed out of v; towards blue vertices. The sampling of red neighbours occurs
similarly.

We suppose the initial graph G(0) upon which G(¢) is built, is of constant size,
is connected, and consists of some non-trivial mixture of red and blue vertices.
We do not assume that the initial graph G(0) is acyclic, but we require that all
vertices of G(0) have out-degree m.

Let V(t) denote the vertex set of G(t). Thus V(¢) = V(G(0)) U{1,...,t}. At
time ¢, G(t) has t = t + |G(0)| vertices. For simplicity we assume ¢ — oo so that
t is well approximated by t.

We assume that we know the edges of G(t), including their direction. The
vertices are labelled in some arbitrary order which gives no information about
their age. Each vertex v has exactly m out-edges, directed away from v, arising
when v was added to G. Any other edges incident with v are directed towards
.

We suppose that do not know the colours of the vertices of G(t). At first
glance, there is not much about the structure of G(t) which allows us to deter-
mine the colour of the vertices by inspecting the graph.

We describe a deterministic algorithm (algorithm CLASSIFY) which classifies
the vertices of G(t) into two sets R, B. The set R contains the vertices which
we suppose to be red, and B those we suppose to be blue.

The algorithm classifies the vertices using the sorted degree sequence of the
underlying graph. The only other information the algorithm uses is the directed

adjacency structure of the vertices.

Let nr = iy, 18 = 515 Let a =1k /(nr +m(1 = np)[(1 — €)*nz — nr))

where € > 0 is a constant (eg e = 0.01). Let dy = t“ logt.
Let A be the smallest non-negative solution of A = (g + Ap)™.

Theorem 1. whp algorithm CLASSIFY
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i) Correctly classifies all blue vertices.

ii) Correctly classifies all red vertices of degree at least dy.

iii) Provided q > X, correctly classifies all red vertices of degree at least K logt.
iv) Mis-classifies at most a limiting proportion A of red vertices.

The time complexity of the algorithm is dominated by sorting the vertices of
G(t) into decreasing degree sequence, and building an adjacency list structure
for G(t).

A red vertex which chooses m blue vertices (an event of probability ¢™) can
be considered to be re-coloured purple. Red vertices which choose a mixture of
blue and purple vertices also become purple. A major problem for the algorithm
will be to correctly classify purple vertices.

We make the convention that w = w(t) is a generic function of ¢ which tends
slowly to infinity.

2 Algorithm cLASSIFY-I

At the end of algorithm CLASSIFY-I we claim that whp

(i) All blue vertices are correctly classified.
(ii) All red vertices of degree at least dy are correctly classified.
(iii) All non-purple (distinctly red) vertices are correctly classified.

begin-algorithm-CLASSIFY-I

Let R be the set of vertices classified as red and let B be the set of vertices
classified as blue. Initially R, B are empty.
Let U =V \ (R U B) denote the set of unclassified vertices. Initially U = V.
Any vertex which is added to RU B by the algorithm is simultaneously removed
from U.

A1l Put all vertices of degree at least A = (tﬁw logt) into B.
A2 If any vertex v € B has an edge pointing to any w in U, when w is classified
blue and added to B, until this no longer occurs.
A3 Let d be the maximum degree of U.
Let 0(d) = (d/(wlogt))(A—<)ns/mr,
Let K(d) = {u € B :d(u) > d(d)}.
Pick a vertex v € U of degree d.
Let F'*(v) be the fan-out of v within U.
If F*(v) contains a directed cycle C, add the vertices of C' to R.
A4 For each w € F'*(v) we consider only the m edges pointing out of w.
Choose w € F*(v) such that all out-edges of w point to RU B.
If any out-edge of any w points to R add w, to R.
If any w points to K (d) with all m out-edges, add w to R.
Otherwise add w to B.
A5 Repeat Steps A3-A4 until all vertices are classified.

end-algorithm-CLASSIFY-]
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Analysis of Algorithm CLASSIFY-1

The main problem is that we would like to make our analysis using the time when
a vertex was born, whereas the only information we have about the vertices is
their degree. The distribution of degree d(s, t) of any vertex s in G(t) is a function
of its age and colour. The following facts are established in the Appendix.

Lemma 1. Let da(s,t) be the degree after step t of the vertex born at step s,
then

i) The expected degree at step t of an A-coloured vertex (A = B, R) born at

step s 18
t nA
pats.t) = (£) (1 o)
where g = ﬁ, np = gizg We note that ng > nr for all p € [0,1].

ii)

Pr(d(s, ) < a) < e "(«(2)"" 7 =0)

)

where c,e > 0 constant and h = h(e), constant.

iii)
t n
Pr (d(s,t) > () wlogt) <t K,
s
where w — 0o arbitrarily slowly and K is an arbitrary constant.

Step A1l This initialization step classifies all vertices of degree at least
AR(tﬁwlog t) as blue. This is correct whp , as by Lemma [I] (iii) no red
vertex can have degree this large.
Step A2 This ensures that edges point from U to B U R. The algorithm main-
tains this at all future steps by processing the fan-out F*(v) of the selected
vertex v.
Step A3 If F™(v) contains a directed cycle C then C C G(0), as G(t) is acyclic
apart from (possibly) G(0). Of necessity, all vertices of this cycle have the same
colour, which must be red, as all the blue vertices of G(0) have been moved into
B during Al.

As the fan-out F'*(v) is acyclic, we can always find a fringe vertex w with all
m out-edges pointing towards classified vertices R U B. We reduce the fan-out
from the fringe inwards to v.

There is a technical point here. The fan out of v, F*(v), may contain vertices
w of degree d(w, t) less than d. However, the correct classification of these vertices
is assured. If w is blue, the analysis for A4 assures us that w cannot point only
to K(d). If w is red, then w was born before v, and can only point to red vertices
of R or blue vertices of K(d).
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Step A4 Given a vertex v of degree d, which points exclusively to B, how can
we decide if it is red or blue?

The birth time of an A-coloured vertex (A = red, blue) of degree d lies in
the interval I4(d) = (14,T4) whp , where

eN1/((=oma)  [wlogt) V™
IA(d)—(t(d) ,t( o ) .

At time ¢ the lowest possible degree of a blue vertex born at or before time Tx

is
¢ ne(l—¢) d ne(1—€)/nr
0(d) =2c| — =2 .
@=2()" =2 (50m)

If v points exclusively to B-vertices of degree at least 0 (ie: to K (d)) we put v in
R. This would result in a mis-classification if a blue vertex of degree d pointed
exclusively to blue vertices of degree at least §.

The latest possible birth time of a blue vertex of degree §(d) is T’ = Tp(4(d))
where

_, (wlogt 1/"3_ (wlogt)l/’lB+(1—e)/nR
TB(5(d))—t< W)) LG D

Let B(T") denote blue vertices born at or before T”. Given v is blue, let 7(v)
be the probability that v only chooses its neighbours from B(T").

At time T” the degree of B(T") was 0gT'(1 4 o(1)), where 85 = mq(2 + p).
At time v the degree of B(T") is at most

vA\"

B
d(B(T"),v) = 05T’ (T) wlogw.

Thus

931)

o= -+ () < (o (2) 7))

Now d > c(t/v)(1=918 50

) < (oo (2)")

where £ = (14 (1-np)(1/n5 +1/nr)) and A = (1 —np)((1 - €)*np/nr — 1).
We will choose vy such that >, _ ~m(v) = o(1). Now

(wlogt)SymA+t
v<vg

Let
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1
0(1>tm)\ T+mA t nr

= (L do =logt [ —
”” (<wlogt>5> LT () ’

then vy, dy are respectively the birth time and degree of the last red vertex which
is whp guaranteed correctly classified by CLASSIFY-1. Below dy, purple vertices
may appear in B.

3 Algorithm-CLASSIFY-11

The purpose of algorithm-CLASSIFY-II is to re-classify those purple vertices of
degree between dy and K logt which have been mis-classified as blue. We regard
all vertices of degree dy as correctly classified by algorithm-CLASSIFY-I.

We give an upper bound on the proportion of mis-classified red vertices of
degree at most K logt.

Let (g = 1/(1 + p),Cr = A/(q¢ + Ap) where X is the smallest non-negative
solution of A = (¢ + Ap)™. We assume (g > (R.
begin-algorithm-CLASSIFY-11

Initially all vertices of B of degree at most dy are unprocessed.

Pick an unprocessed vertex v of maximum degree d. Mark v as processed.
If d(v) > 2(¢p + ¢r)(d(v) — m) return v to B, else place v into R.

Any vertex which points to a red vertex is classified red.
end-algorithm-cLASSIFY-11

Some care is needed in defining what we mean by a purple vertex in the
context of the algorithm. It may well be that every red vertex of G(0) points
only to blue vertices, so that every red vertex of G(¢) is (in this sense) purple.
However we are assured whp no red vertex of degree at least d is in B. Thus
a purple vertex is a red vertex of degree at most dy mis-classified into B.

As an upper bound on the probability a vertex is purple, we can consider the
extinction probability 3 of a binomial branching process Bin(m, p). The process
becomes extinct if all branches eventually have zero progeny (eventually only
blue vertices are reached). The value of § is the smallest non-negative root of
g(z) = (¢g+pz)™—=x. The value of 3 is an upper bound on the limiting proportion
A(t) of purple vertices in G(t) for several reasons.

i) G(t) is finite so B(t) < B. This follows because extinction probabilities are
monotone non-decreasing as the number of levels in the branching increases.

ii) If the branching process hits a red vertex of degree at least dy(t), it cannot
become extinct.

iii) Red neighbours are selected based on degree, so the process is biased towards
red vertices of degree at least d.

We can imagine our branching process modified as follows. After the number,
j say, of red descendants of vertex ¢ + 1 is sampled, there is a second sampling
process, based on degree, to determine the labels of the descendants. If the
descendant 7 has degree d(7) > dy then the process is halted without extinction.
When a label 7 is selected then further branching can only occur to labels less



270 C. Cooper

than 7. The second sampling process occurs with replacement, so there is a
possibility that a vertex may be hit more than once during a branching. However
this is also biased towards vertices of larger degree.

Let t > 7. Let dp(t) denote the total degree in G(t) of purple vertices, then

dp(t+1) = dp(t) + 1{c(t + 1) = R} x |
2 (5o (+ () S () (- 28) )

Now E dp(t) > 2mpq™(t — 7) and Edp(t) < E dg(t) as there is a positive
probability (1— /) of a red vertex surviving in the worst case binomial branching.
Thus E dp(t) = c(t)t for t > .

The values dp(t),dr(t) are sharply concentrated within O(v/tlogt) of their
expected values whp (see [I0]), so for 1 < j < m, E (dp(t)/dr(t))? is well
approximated by f(t) = (E dp(t)/E dg(t))’. Thus

o1t + 1)~ 650403 (" )" I om0 + £0),
Noting that g = mp(1 + p) we obtain

1+p)ft+1) = A +p)f(t) + (a+ f(O)p)™ +pf(?).

If f(t) ever increases to f(t) = At where X is the smallest non-negative root of

A= (q+p)™. (1)

We should in principle be able to discriminate between a blue vertex v and
a purple vertex w of the same degree d, based on the number of edges directed
into v (resp. w) from B (vertices classified blue/purple) and from R (vertices
classified red).

Lemma 2. Let (g = 1/(1 + p), ¢p = A/(q + Ap). Provided (g > (p
whp algorithm CLASSIFY-II can correctly re-classify all purple vertices in B of
degree at least K logt into R.

Proof.

Let d4(s,t) denote the in-degree after step t of an A-coloured vertex s, from
A-coloured vertices 7, (s < 7 < t).

E dy(s,0) | d(s, 1), c(s) = B = ﬁ(d(s,t) —m)(1+ (1))

A

Edp(s,t) [ d(s,1),e(s) = P = =

(d(s,t) —m)(1+ o(1)).

The random variable d,(s,t) is the sum of [ = d(s,t) — m independent {0, 1}-
indicator variables.
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We first consider the case where s is blue. What is the probability that s will
be chosen by vertex 77

A7) (1 4 0(1 =R
Pr(7 chooses s,¢(1) = A | ¢(s) = B) = {melé‘?T()T)l( Of ) e(r) _g"
Mg (11 o(1)) e(r) =

Thus

Pr(c(r) = B | 7 chooses s,¢(s) = B) = (1+ 0(1))ﬁ7

and

E dg(s,t) | d(s,t),c(s) =B = (1+ 0(1))ﬁ(d(s,t) —m).

We next consider the case where the colour of s is purple (P).

Pr(7 chooses s | ¢(s) = P) = mp? C(li(;&:)) (14 o0(1)).
Pr(7 chooses s, ¢(1) = P) = pz <Zn>p7 (ZZE:;) . qm_jj(fl(;éz)) (1+0(1))
— (1+ ol + 2 T
Thus
Pr(c(t)=P | 7 chooses s,c(s)=P) = (g + A\p)" (1 +o(1)) = p _:\)\p(l +o(1)).

By the Hoeffding inequality [13]
Pr(d,(s,t) € [(1 —€)Ed a(s,t),(1+e)Ed a(s,t)]) <2exp (—G;CAd(s,t)> .

If v is an un-processed vertex of B of degree d(v) the algorithm classifies v as
blue if

d5(v) > ~(Cp +Cp)(dv) —m),

which corresponds to the value of eg = %(CB —(p)/CB, and ep = %(CB —(p)/Cp.
Thus the probability that a vertex of degree w is mis-classified is O(e™).
Choosing w = K logt where K is a large constant, Theorem [I(ii) follows.
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Appendix: Distribution of Vertex Degree

Let A can mean either red or blue, and B is the opposite colour (local change
of notation). Let N(¢) be the number of edges directed out of vertex ¢ which

are

incident with A-coloured vertices other than t¢. Let ps be the probability

that vertex t is A-coloured, and let g4 = 1 — p4 be the probability that vertex
t is B-coloured. Let p be the probability of an A-coloured vertex choosing an
A-coloured neighbour, and ¢ be the probability of a B-coloured vertex choosing
an A-coloured neighbour. The distribution of N(¢) is given by

N(t) ~ 14Bin(m,p) + 1gBin(m,q), (2)
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where Bin(m, p) is a Binomial random variable with parameters m,p and 14 =
1{c(t) = A} is the indicator for the event that vertex ¢ is A-coloured.

In the notation of the main body of this paper, when A denotes red, then
pa =D, ga =q=1—p, p=p, ¢ =0, and when A denotes blue, then

pa=¢p=1q=q
Let d(A,t) be the total degree of the A-coloured vertices of G(t). Then
E d(A,t) = t(pm + pmp + gmq) = 0 at,

say. Thus in red, blue notation g = mp(1 + p) and g = mq(2 + p).
The value of d(A,t) is the sum of ¢ independent {0, ..., 2m}-random variables
and is sharply concentrated in t. The inequality

d(A, 1) = 04t (1+o(\/@)) 3)

holds simultaneously with probability 1 — o~ 5T for all ¢ > to and ¢y > 0.
Let X; = X;(v) denote d(v,t) the degree of vertex v at time ¢.
Expected value of vertex degree.
Let na = m(pap + qaq)/04. Let v be A-coloured. For any v < 7 < t let d(v, 7)
be given, then whp

E d(v,t) =d(v,T) (:)"A (1+o(\/@)> : (4)

From ) X;y1 = X; + Y41 where
Yoo = Bin (5.2 ) (1a() 7 07 + 15(0) @ 7).
. "d(A,t) J j
Thus

m(pp +
E X, = X, <1+M)

d(A,t)

The result @) follows from iterating the expectation of this identity and applying

@).
Lower bound on vertex degree.
Let X; = X:(s). The lower bound will follow from

Pr(X, < a) < eE (e7"%1),

As before, let X; = X;_ 1 +Y;. Let Zy = Z;_1 + U; where U; is a Bernoulii

random variable Be(n'Z;—1/(t — 1)) and ' = n; = n(1 — O(y/logt/t)). Thus
Y, is a Binomial random variable with the same parameter as U;. Hence X,
stochastically dominates Z;, and thus

E (e "X) <E (e "%).

We now prove that



274 C. Cooper

E (%) < e~heom(£)7"

)

where ¢; > 1 is a constant depending on s and € = €(h) is such that 1 — e~h >
(1 —e)h.

/

Z,
E (e | Z)=1- 1251 —e )

Thus
E (efhzt) < E exp (—h (1 + %) Zt_l)

con(-m T[T (1+25))

< exp (—hm (zjﬂe)n (ﬁo(ﬁ))) .

The result follows on choosing cs = (1+O(\/%)>.

Upper bound on vertex degree.
This will follow from

Pr(X; >a) < e M E (thf) ,

on choosing

1 /s\7 t\"
h= " (%) a= (s) wKlogt.
Let A = X;/d(A,t) then from (@)
E (" [ Xy) = p(1+PA(" = 1) +q(1+gA(e" —1))™.
Now, for h <1, e —1 < h + h? and Ah = O(h) as h — 0. Thus
E (" | X)) < 1+ m(pp+q@) Ak + h*) + O((Ah)?)
1+ hXt?(l +O(h)) (1 +0( (logt)/t)> :
Thus
E Xt < B eht-1Xe-1

where

hio1 = hy (1 + t_Ll(l +O(hy)) (1 +0 ( IOtgt;l))) .
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Let h = (1/w)(s/t)", and let hy = h. We claim that, for 7 <t

We note first that

AN O(hy) |, O((1+h,)log(r—1))1/2
hT—lcrh<T) (14’%4’ = + ) 208 )

T—1 (r—1)372

t " c o 1))/2
—h (T1> er (14 iy + S0 o+ Q) 4 OLbec/edloglri) 2

where the second line follows from expanding (7 — 1)/7)” and multiplying out.
Now, certainly ¢; = 1 and suppose ¢, ..., ¢, are §2(1). Let ¢* = max(c, ..., ¢;).

Cro1 = H (1 n o(1) n O(c*ht") N O(logr)l/Q)

r2 S r3/2

r=r...t

< exp (0(1) (Z %2 +he' (i)n + 0(1)\%@»

o (01 ).
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